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C H A P T E R 5

Power Curve Modeling
and Analysis

P
art II of this book focuses on modeling ft(y|x), where y is the wind
power output and x is the vector of environmental variables, including

wind speed. A common list of elements in x is given in Section 1.1. The
variables in x are also called covariates, especially in the statistical literature.
The dynamics of ft(y|x), which speaks to the innate change in a turbine’s
aerodynamic characteristics, is much slower as compared with the dynamics of
the environmental covariates, particularly that of wind speed. For this reason,
analysts often drop the subscript t and express the aforementioned conditional
density as f(y|x). This notation does not mean that f(y|x) is a constant
function over time; rather, it means that modeling the dynamics is not the
focus here.

Modeling f(y|x) embodies the power curve analysis. As explained in Sec-
tion 1.2, f(y|x) depicts a probabilistic power response surface, and the cor-
responding conditional expectation, E(y|x), is the power curve, when x is
reduced to wind speed, V . In practice, E(y|x) is used more frequently than
f(y|x), as it is easier to model and to use. But modeling the conditional
density, f(y|x), is also beneficial, as doing so lays the basis for uncertainty
quantification.

The importance of power curve modeling goes without saying. Two pri-
mary areas of impact are, respectively, for wind power forecasting and for
turbine performance assessment. In Chapter 2, we note that wind power fore-
casting can be done by forecasting wind speed first and then converting a
speed forecast to a power forecast through the use of a power curve. In the
three chapters comprising Part I of this book, the use of the power curve is
repeatedly mentioned. The second principal use of the power curve is for tur-
bine performance assessment and turbine health monitoring [133, 205, 216], in
which a power curve is used to characterize a turbine’s power production effi-
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ciency. In both applications, accurate modeling of the power curve is essential,
as it entrusts subsequent decision making.

In Chapter 5, we dedicate ourselves to various methods for power curve
modeling and analysis. Chapter 6 discusses the relevance of power curves in
turbine efficiency quantification. Chapter 7 focuses on one particular type of
turbine change, known as turbine upgrade via retrofitting, and shows how
data science methods can help quantify the change in power production due
to an upgrade. Chapter 8 presents a study concerning how the wake effect
affects a turbine’s production performance.

5.1 IEC BINNING: SINGLE-DIMENSIONAL POWER CURVE
The current industrial practice of estimating the power curve relies on a non-
parametric approach, known as the binning method, recommended by the
International Electrotechnical Commission (IEC) [102]. The basic idea of the
binning method is to discretize the domain of wind speed into a finite number
of bins, say, using a bin width of 0.5 m/s. Then, the value to be used for
representing the power output for a given bin is simply the sample average of
all the data points falling within that specific bin, i.e.,

yi =
1

ni

ni∑
j=1

yi,j , (5.1)

where yi,j is the power output of the jth data point in bin i, and ni is the
number of data points in bin i.

The physical law of wind power generation [1, 15] states that:

y =
1

2
· Cp · ρ · πR2 · V 3, (5.2)

where R is the radius of the rotor and Cp is the power coefficient, which is
believed to be a function of (at least) the blade pitch angle and the turbine’s tip
speed ratio. What else might affect Cp is still a matter under debate. Currently
no formula exists to express Cp analytically in terms of its influencing factors.
Cp is therefore empirically estimated. Turbine manufacturers provide for a
specific turbine its nominal power curve with the corresponding Cp values
under different combinations of wind speed, V , and air density, ρ. The above
expression also provides the rationale why temperature, T , and air pressure,
P , are converted into air density, ρ, to explain wind power, rather than used
individually.

Even though the expression in Eq. 5.2 on the surface suggests that the
electrical power that a wind turbine extracts from the wind is proportional to
V 3, an actual power curve may exhibit a different nonlinear relationship. This
happens because the tip speed ratio is a function of wind speed, V , making
Cp also a function of V and adding complexity to the functional relationship
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between wind speed and wind power. Another complexity is brought by tur-
bine controls. The power law in Eq. 5.2 governs the wind power generation
before the rated wind speed, Vr. The use of the pitch control mechanism levels
off, and ultimately caps, the power output when it reaches the rated power
output, yr. Recall the shape of the power curve shown in Fig. 1.2. The power
curve has an inflection point somewhere near the rated wind speed, so that
the whole curve consists of a convex segment, between Vci and the inflection
point and a concave segment, between the inflection point and Vco.

Given the physical relation expressed in Eq. 5.2, the wind industry rec-
ognizes the need to include air density as a factor in calculating the power
output, and does so through a formula known as the air density correction. If
V is the raw average wind speed measured in a 10-minute duration, the air
density correction is to adjust the wind speed based on the measured average
air density, ρ, in the same 10-minute duration, namely

V ′ = V
( ρ
ρ0

) 1
3

, (5.3)

where ρ0 is the sea-level dry air density (=1.225 kg/m3) per the International
Organization for Standardization’s atmosphere standard. The binning method
with air density correction uses this corrected wind speed, V ′, and the power
output, y, to establish a power curve. In the subsequent numerical analysis,
by “binning method” we refer to this air density corrected version, unless
otherwise noted. To make the notation simpler, we continue using V to denote
the wind speed even after the air density adjustment.

Another adjustment analysts practice in the wind industry is to identify the
free sectors for a wind turbine. A free sector is a subset of wind directions under
which a wind turbine is supposedly free of wake effect from its neighboring
turbines. The use of a free sector is effectively a filtering action, which often
removes as many as two-thirds of the raw data.

Please note that the IEC binning method only provides the estimation of
the average power curve, not that of the conditional density. One simple way
to get the conditional density is to assume a distribution type for a given bin,
say, Gaussian, and use the data in that bin to estimate the parameters in the
assumed distribution. In this way, the density estimation for the whole input
region is the collection of a bunch of bin-based individual density estimations.

5.2 KERNEL-BASED MULTI-DIMENSIONAL POWER CURVE
Wind power production is apparently affected by more than just wind speed.
The current IEC method, explained above, primarily considers wind speed,
while using the air density information in an ad hoc manner. The IEC method
does not actually use the wind direction information—it simply controls for
that condition. The power curve established under the free sector has a poor
predictive capability for wind power production under general wind condi-
tions. In this sense, the IEC method is not created for power prediction or
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turbine performance assessment purposes. Rather, the IEC’s intention is to
create a standardized condition when a turbine’s power production can be
compared and verified. Accomplishing this is important for activities like con-
tracting, in which a manufacturer’s claim of its wind turbine’s production
ability ought to be verified at the time of a transaction, under a condition
agreed upon by both parties.

For the purposes of wind power prediction, turbine control, and turbine
performance assessment, all under general wind directions, it is more desirable
to have a multi-dimensional power curve that can account for the effects of as
many environmental variables as possible. Some works [17, 109, 165, 191] study
the impact of having wind direction incorporated as one of the input variables,
or as an additional covariate, and find that much can be gained by this inclu-
sion. Bessa et al. [17] also include in their power curve a third covariate, in
addition to wind speed and wind direction, which is either the time of the day
or a look-ahead time step. Lee et al. [132] present one of the first truly multi-
dimensional power curve models, referred to as the additive-multiplicative
kernel (AMK) method, for both mean estimation, namely E(y|x), and for
the density estimation, namely f(y|x). The AMK power curve model can, in
principle, take as many inputs as possible, although the test cases included
in [132] use up to seven covariates.

5.2.1 Need for Nonparametric Modeling Approach
The underlying physics of wind power generation expressed in Eq. 5.2 pro-
vides some clues concerning a preferable power curve model. The following
summarizes the observations:

1. There appear to be at least three important factors that affect wind
power generation: wind speed, V , wind direction, D, and air density, ρ.
This does not exclude the possibility that other environmental factors
may also influence the power output.

2. The functional relationships between the environmental factors and the
power response are generally nonlinear. The complexity partially comes
from the lack of understanding of Cp, which is affected by many en-
vironmental factors (V , D, and ρ included). As there is no analytical
expression linking Cp to any of the influencing factors, the functional
form of the power curve is unknown.

3. The environmental factors appear in a multiplicative relationship in the
power law equation, Eq. 5.2, indicating interactions among the factors.

The lack of precise physical understanding in power curve modeling
presents an opportunity for data science methods. While developing data-
driven power curve models, the second observation above makes it a com-
pelling case for needing a nonparametric modeling approach to model a power
curve, because the specific functional form of power curves is not known and
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FIGURE 5.1 Scatter plots of the power output versus three environmen-

tal factors for 3.5 < V < 20, 0◦ < D < 360◦. Left panel: power ver-

sus air density; middle panel: power versus turbulence intensity; right

panel: power versus wind shear. (Reprinted with permission from Lee

et al. [132].)

can be rather different under various circumstances. A parametric approach,
by contrast, is to assume a function of a known form with a set of unknown
parameters, say, a polynomial function to some degree, and then estimate
the unknown parameters using the data. The major shortcoming of the para-
metric approaches is its lack of flexibility, as there is no guarantee that the
assumed functional form captures the true relationship between the power and
the environmental inputs. The nonparametric approach, on the other hand,
follows the philosophy of “let the data speak for itself ” and can be much more
adaptive without making too many assumptions. The IEC binning method is
in and by itself a nonparametric method.

The third observation above touches upon the issue of factor interactions.
To see this aspect more pointedly, consider the scatter plots in Figs. 5.1
and 5.2. Fig. 5.1 presents the scatter plots between wind power and three
environmental variables. These scatter plots are unconditional on wind speed
and wind direction. Under this setting, these environmental factors show no
obvious effect on the power output. Fig. 5.2 presents the scatter plots be-
tween the same variables but instead under different wind speeds and wind
directions. One does observe nonlinear relationships in the conditional plots,
and the relationships appear to be different depending on the wind condi-
tions. This implies that interaction effects do exist among wind speed, wind
direction, and other environmental factors. A power curve model should hence
characterize not only the nonlinear effects of wind speed and wind direction,
but also the interaction effects among the environmental factors. The existence
of interaction effects suggests that purely additive models or generalized ad-
ditive models (GAM) are unlikely to work well in modeling a power curve.
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FIGURE 5.2 Scatter plots of power output versus environmental factors

under specific wind speeds and wind directions. Top panel: 6.1 < V <

6.2, 270◦ < D < 300◦; middle panel: 9.1 < V < 9.2, 270◦ < D < 300◦;

and bottom panel: 11.1 < V < 11.2, 270◦ < D < 300◦. (Reprinted with

permission from Lee et al. [132].)
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5.2.2 Kernel Regression and Kernel Density Estimation
Kernel regression or kernel density estimation methods have been used for
modeling power curves [17, 109, 132]. The kernel-based methods appear to be
a capable statistical modeling tool, not only capturing the complicated higher-
order interaction effects but also avoiding the need to specify a functional form
of the power curve relationship.

A kernel regression [86] is a type of localized regression method, which is
to make an estimation, ŷ, at a target input value, x0, by using observed data
points close to x0. This can be accomplished by a weighted average of the
data points falling into a local neighborhood, such as

ŷ(x0) =
∑

xi∈N(x0)

wiyi,

and
∑
i

wi = 1,
(5.4)

where N(x0) is the neighborhood of x0, however it is defined, yi is the observed
response corresponding to input xi, wi is the weighting coefficient associated
with yi, and the constraint,

∑
i wi = 1, is to ensure that the magnitude of ŷ

is consistent with that of y.
In the kernel regression, the localization is achieved by employing a weight-

ing function symmetric with respect to x0, known as the kernel function and
denoted by K(x0, xi). A kernel function is supposed to be integrable to one,
following the same rationale above of requiring the summation of wi’s to be
one. The kernel function has a bandwidth parameter λ that controls how
fast the function decays from its peak towards zero and effectively defines the
neighborhood, N(x0). Consider the one-dimensional Gaussian kernel function,
taking the form of a normal probability density function,

Kλ(x0, xi) =
1√

2πλ2
exp

(
−‖x0 − xi‖2

2λ2

)
, (5.5)

where λ is equivalent to the standard deviation in a normal pdf. This ker-
nel function is mathematically equivalent to the kernel function used in the
support vector machine in Section 2.5.2. The term, 1/

√
2πλ2, in the above

equation is the normalization constant to ensure that Kλ(x0, x) is integrable
to one. When K(·, ·) is used to define the weighting coefficient, wi, the nor-
malization constant appears in both the numerator and denominator, so that
it is cancelled out. For this reason, analysts have practically omitted the nor-
malization constant and simply write the Gaussian kernel as

Kλ(x0, xi) = exp

(
−‖x0 − xi‖2

2λ2

)
. (5.6)

This expression looks the same as that in Eq. 2.48 if one lets φ = 1/(2λ2).
What matters in the kernel function is the difference, or the distance,
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between x0 and xi, just like in a stationary covariance function. Therefore,
analysts choose to simplify the input arguments in K(·, ·) to be a single vari-
able, say, u = x0 − xi. As such, the kernel function in kernel regression is
often denoted by one of the following interchangeable expressions: Kλ(u) or
Kλ(‖x0 − xi‖) or Kλ(x0, xi).

Another way, arguably more common, to write the Gaussian kernel func-
tion is to first express it with a unit bandwidth, namely λ = 1, as

K(u) =
1√
2π

exp

(
−‖u‖

2

2

)
. (5.7)

This K(u) is integrable to one. It is then used as the building block for kernel
function, Kλ(u), with an arbitrary bandwidth λ—Kλ(u) is referred to as the
scaled kernel. Using K(u), Kλ(u) is written as

Kλ(u) =
1

λ
K
(u
λ

)
, (5.8)

which gives back the expression in Eq. 5.5. The Gaussian kernel expression in
Eq. 5.7 and Eq. 5.8 is used throughout the book when a kernel regression or
a kernel density estimation is concerned.

Fig. 5.3, left panel, presents an illustration of a Gaussian kernel function.
Suppose that one only has three data points, marked as #1, #2, and #3,
respectively, and the corresponding data pair is {xi, yi}, i = 1, 2, 3. One wants
to assess the response, ŷ(x0), at x0. The weighting coefficient associated with
each one of the data points is decided through the kernel function. Specifically,

wi(x0) =
Kλ(‖x0 − xi‖)∑3
j=1Kλ(‖x0 − xj‖)

, i = 1, 2, 3,

and using this weighting coefficient function, one has

ŷ(x0) = w1(x0)y1 + w2(x0)y2 + w3(x0)y3.

In this example, as illustrated in Fig. 5.3, left panel, points #1 and #2 have
positive weights associated with them, whereas point #3 has a virtually zero
weight, so that ŷ(x0) is effectively the weighted average of y1 and y2 at points
#1 and #2, respectively. Other data points that are even farther away from
x0 than #3 hardly affect the estimation of ŷ(x0) at all. One may consider
that the neighborhood of x0, N(x0), covers a certain distance from x0 on
either side and contains #1 and #2 but not #3. Eq. 5.4, once factoring in the
neighborhood constraint for this three-point case, can be expressed as

ŷ(x0) = w1(x0)y1 + w2(x0)y2, w1(x0) + w2(x0) = 1.

If one moves x0 continuously from one end of the input domain to the other
end and estimates ŷ(x0) at every x0 using the same kernel-based localized
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FIGURE 5.3 Gaussian kernel function versus rectangular window func-

tion used in IEC binning. (Reprinted with permission from Ding et

al. [50].)

regression, one practically estimates the input-output functional relationship
between x and y. Let us drop the subscript “0” from the input variable, as
it is now a generic input variable. The estimated relationship is denoted by
ŷ(x). The kernel regression leading to ŷ(x), based on n pairs of data points,
{(x1, y1), . . . , (xn, yn)}, is

ŷ(x) =
n∑
i=1

wi(x)yi,

where wi(x) =
Kλ(‖x− xi‖)∑n
j=1Kλ(‖x− xj‖)

.

(5.9)

This estimator in Eq. 5.9 is in fact the Nadaraya-Watson kernel regression
estimator [152, 226]. The kernel function used therein does not have to be
always the Gaussian kernel. The Gaussian kernel function does not go exactly
to zero unless ‖x − xi‖ → ∞. There are other kernel functions, for instance,
the Epanechnikov kernel function, that defines a window, so that the kernel
function value is precisely zero outside the window.

The kernel regression is considered a nonparametric approach not because
the kernel function does not have parameters or not use a functional form; in
fact it does have a parameter, which is the bandwidth. Being a nonparametric
approach, the kernel function is different from the target function, y(x), that it
aims at estimating. While the target functions may vary drastically from one
application to another, the kernel function used in the estimation can remain
more or less the same. The non-changing kernel regression is able to adapt
to the ever-changing target functions, as long as there are enough data. The
parameter in the kernel function serves a role differing substantially from the
coefficients in a linear regression. The coefficients in a linear regression play a
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direct role in connecting an input x to the response y, while the bandwidth
parameter in kernel functions, by contrast, defines the neighborhood and plays
a rather indirect role in connecting x to y.

Comparing the kernel regression with the binning method, one notices that
the binning method can be considered as a special kernel regression that uses a
uniform kernel function; see the illustration in Fig. 5.3, right panel. A uniform
kernel function is a rectangular window function, giving equal weights to all
data points within the window, regardless of how far away they are from x0.
Once a data point is outside the function window (point #1), its weight is
zero. The final estimate at x0 is a simple average of all y’s associated with the
data points within the window (points #2 and #3 in this case). Of course, the
IEC binning method is not really a kernel model due to another important
reason: in the kernel regression, the kernel function moves continuously along
the x-axis, producing a continuous, smooth curve, while the window functions
in the binning method are disjoint, so that the resulting function response
from the binning method, if magnified enough, is discretized.

When analysts use the weighted average of y values of the data points
falling under the kernel function, the resulting outcome is a point estimate
of the function value at a given input x. The kernel method, nonetheless,
is capable of producing the estimate of a probability density function of y,
conditioned on x, namely f(y|x). The way of doing this is very similar to that
in Eq. 5.9 but notice a different requirement here—for a density estimation,
the left-hand side is supposed to be a density function, rather than a point
estimate. One idea is to replace yi with a density function, centered at yi, so
that the weighted averaging acts now on a series of density functions and thus
results in a density function as well. Recall that the Gaussian kernel function
is in fact a density function, and as such, a conditional density estimation [99,
184] can be obtained through a formula like

f̂(y|x) =
n∑
i=1

wi(x)Kλy (y − yi), (5.10)

where wi(x) is likewise defined as in Eq. 5.9, but λ is to be replaced with λx,
as the bandwidth parameters associated with x may differ from that with y.

5.2.3 Additive Multiplicative Kernel Model
The AMK method [132] is a kernel-based approach. Prior to AMK, a bivariate
conditional kernel density including wind speed and direction is used in [109]
and a trivariate kernel density is used in [17]. AMK goes beyond the plain
version of a kernel density estimation or a kernel regression and employs a
special model structure that allows it to handle the multi-dimensional inputs
in power curve modeling.

Recall the conditional density estimate f̂(y|x) in Eq. 5.10. For a multivari-
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ate input, denoted by x, let us re-write Eq. 5.10 as

f̂(y|x) =
n∑
i=1

wi(x)Kλy (y − yi), (5.11)

where

wi(x) =
Kλλλx(‖x− xi‖)∑n
j=1Kλλλx(‖x− xj‖)

, (5.12)

λλλx = (λ1, . . . , λq) is the vector of the bandwidth parameters associated with
the environmental factors in x, and q is the number of explanatory variables
in x. In the above formulation, Kλλλx(‖u‖), where u = x−xi, is a multivariate
kernel function and is composed of a product kernel that is a multiplication
of univariate kernel functions, such as

Kλλλx(||u||) := Kλ1(u1)Kλ2(u2) · · ·Kλq (uq). (5.13)

Here Kλj (uj) is generally a univariate Gaussian kernel, except for wind direc-
tion, D. The kernel function for D is chosen to be the von Mises kernel [212],
because D is a circular variable that may cause trouble in numerical compu-
tation, had a Gaussian kernel been used. For more discussion regarding the
handling of circular variables, please refer to [143, 144, 145]. The von Mises
kernel function can characterize the directionality of a circular variable and
takes the form of

Kν(D −Di) =
exp{ν cos(D −Di)}

2πI0(ν)
, (5.14)

where I0(·) is the modified Bessel function of order 0, and ν is the concentra-
tion parameter of the von Mises kernel, which has now taken the role of the
inverse of the bandwidth parameter λD.

In addition, the mean of the conditional density estimator in Eq. 5.11
provides an estimation of the conditional expectation, ŷ(x) := E(y|x), as

ŷ(x) =

∫
yf̂(y|x)dy. (5.15)

Hydman et al. [99] note that the estimator in Eq. 5.15 is equivalent to the
Nadaraya-Watson regression estimator in Eq. 5.9 with the input variable in
Eq. 5.9 replaced by its multivariate counterpart, x.

The AMK method [132] does not simply use the multivariate kernel as is.
The reason is two-fold. One is concerning data scarcity in a multi-dimensional
space. With wind data arranged in 10-minute blocks, one year’s worth of data
translates to slightly over 52,000 data pairs, which could still become scarce
in a multi-dimensional factor space. The dimensionality of the input space,
if using the list of elements in x given in Section 1.1, is seven. When 52,000
data points are dispersed into the seven-dimensional space, certain combi-
nations of environmental conditions could have very little data or even no
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data at all, thereby deteriorating the performance of the resulting multivari-
ate kernel model. In the future, technology innovation will almost surely make
additional measurements available, so that a truly multi-dimensional power
curve model should be able to entertain as many input variables as realisti-
cally possible. The scalability issue is also the reason why the IEC binning
is not used for multi-dimensional cases. The second difficulty is that running
a multi-dimensional kernel-based conditional density estimation takes longer
computational times than analysts typically prefer. It is thus desirable to use
fewer input variables to form the multivariate product kernels if possible.

Lee et al. [132] tailor the power curve modeling to an additive-multivariate
model structure, which gives their kernel model the name AMK. The idea is
to form a series of product kernel functions taking three input variables each,
allowing up to three-factor interactions to be modeled. The use of trivariate
kernels helps alleviate the data scarcity concern, as a trivariate kernel only
needs to handle a three-dimensional space, low enough to avoid the curse
of dimensionality. For high-dimensional covariates (more than three), AMK
pools multiple trivariate product kernels together in an additive structure.

For notation simplicity, let us designate the first two elements of x, namely
x1 and x2, as V and D, respectively. Other environmental variables are de-
noted by xj , j = 3, ..., q. AMK employs the following model structure,

f̂(y|x) =

n∑
i=1

1

(q − 2)
[wi(x1, x2, x3) + · · ·+ wi(x1, x2, xq)]Kλy (y − yi),

ŷ(x) =
1

(q − 2)
[ŷ(x1, x2, x3) + · · ·+ ŷ(x1, x2, xq)] .

(5.16)

In the above expression, AMK keeps the multivariate kernels but limits them
to be product kernels of three inputs. Based on the observations from Fig. 5.2,
it is believed that it is important to include V and D, incorporating wind
speed and direction information, in every multivariate kernel so that the tri-
avarite kernels can capture the interaction effect between the third environ-
mental factor with wind speed and wind direction. AMK can be used for
high-dimensional data without causing computational or data sparsity prob-
lems. When additional explanatory variables become available, AMK would
include extra additive terms, each of which has the same structure as the
current terms, namely a trivariate kernel having inputs of V , D, and a third
explanatory variable.

5.2.4 Bandwidth Selection
The key parameters in AMK are the bandwidth parameters, λy and λλλx. Lee
et al. [132] employ a data-driven selection criterion, known as the integrated
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squared error (ISE) criterion [61, 83], as follows,

ISE(λλλx, λy) =

∫ ∫ (
f(y|x)− f̂(y|x)

)2

f(x)dydx

=

∫ ∫
f̂(y|x)2f(x)dydx− 2

∫ ∫
f̂(y|x)f(y|x)f(x)dydx

+

∫ ∫
f(y|x)2f(x)dydx

= I1 − 2I2 + I3.

(5.17)

With this criterion, one would choose the bandwidths that minimize the ISE.
Because I3 in the ISE expression does not depend on the bandwidth selection,
it can be omitted during the minimization of ISE. For I1 and I2, Fan and
Yim [61] suggest using a leave-one-out cross-validation estimator as

Î1 =
1

n

n∑
i=1

∫ (
f̂−i(y|xi)

)2

dy, and

Î2 =
1

n

n∑
i=1

f̂−i(yi|xi),
(5.18)

where f̂−i(y|xi) is the estimator f̂(y|xi) with the i-th data pair {xi, yi} omit-
ted. The data-driven bandwidth selection is simply to choose the bandwidths
λλλx and λy that minimize Î1 − 2Î2.

Using this cross-validation algorithm could, however, take a long time.
In order to have a faster bandwidth selection for practical purposes, Lee et
al. choose to employ a simpler, greedy procedure to select the bandwidth
parameters one at a time, as described in Algorithm 5.1.

In the algorithm, to handle the von Mises kernel, Lee et al. [132] follow
an approach suggested in [212] that ties the concentration parameter ν to the
bandwidth parameter λ2 as ν = 1/λ2

2. Then, λ2 can be selected together with
other bandwidth parameters for the Gaussian kernels.

In R, the package kernplus implements the kernel regression, i.e., the mean
function estimation ŷ(x) in Eq. 5.16. Suppose that wind data is stored in the
matrix windpw. The syntax to fit a multi-dimensional power curve is

pc.est <- kp.pwcurv(windpw$y, windpw[, c(‘V’, ‘D’, ‘rho’, ‘I’,

‘Sb’)], id.spd = 1, id.dir = 2),

where the two arguments, id.spd=1 and id.dir=2, indicate the first two
columns in the data matrix are, respectively, the wind speed and wind direc-
tion data. Five covariates are included in this example, i.e., x = (V,D, ρ, I, Sb).

5.3 OTHER DATA SCIENCE METHODS
Addressing the multi-dimensional power curve problem is essentially a regres-
sion problem. For this matter, other data science methods, especially those
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Algorithm 5.1 Greedy kernel bandwidth selection.

1. Consider only a simple univariate kernel regression corresponding to
individual environmental variables in x.

2. Calculate the bandwidth for each univariate kernel following the direct
plug-in (DPI) approach suggested in [187]. This DPI estimator can be
obtained by using the dpill function in the KernSmooth package and
performing it on one input variable at a time, such as

λ̂j <- dpill(xj, y).

3. Denote the resulting bandwidths as (λ̂1, λ̂2, . . . , λ̂q);

4. Use a basic power curve model that includes only the wind speed, V
and wind direction, D as inputs, and fix the bandwidths for the two
univariate kernels corresponding to V and D as λ̂1 and λ̂2, respectively.
Then, estimate the bandwidth λ̂y that minimizes Î1 − 2Î2.

of semi-parametric or nonparametric nature, can be employed as well. Two
methods introduced previously, the support vector machine in Section 2.5.2
and artificial neural network in Section 2.5.3, can certainly be applicable. As
argued in Section 5.2.1, parametric regression methods are less effective and
not robust in power curve modeling.

In this section, we would like to introduce three more data science methods:
k-nearest neighborhood (kNN), tree-based methods, and spline-based meth-
ods; please also refer to [86] for the basics about these methods. Most of the
methods produce only the mean estimation, ŷ(x), but Bayesian additive re-
gression trees (BART) [36], being a Bayesian method, naturally produces the

posterior distribution, leading to the density estimation, f̂(y|x).

5.3.1 k-Nearest Neighborhood Regression
The idea of kNN is fairly simple. For a prediction at any target site, the
method uses the average of the closest k data points. Suppose that we have
n data points in the training set and want to make a prediction at x0. Then,
the kNN regression at x0 is

ŷ(x0) =
1

k

∑
xi∈Nk(x0)

yi, (5.19)

where the subscript k in the neighborhood notation, Nk, signifies that this
neighborhood contains exactly k data points. The parameter in kNN is the
neighborhood size, k, which needs to be selected a priori, usually through
cross validations. In the power curve modeling, kNN is used for regression.
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It can also be used for classification in other applications. For classification,
a data instance will be assigned to the class to which the majority of data
instances belong in the neighborhood.

One may notice that the kNN above looks awfully similar to the kernel
regression in Eq. 5.4, especially once letting wi = 1/k for all i’s. But there
are a couple of differences. The kNN regression uses a simple average of all
data points in its neighborhood, whereas the kernel regression uses a weighted
average. In the terms of averaging, kNN is the same as the binning method
that uses the uniform kernel.

A more important difference between kNN and kernel regression is in the
definition of the neighborhood. The neighborhood in the kernel regression
is decided through the use of a specific kernel function and its bandwidth
parameter λ. Kernel regression does not directly control the number of data
points in its neighborhood but once λ is chosen, the size of the neighborhood is
more or less decided. By contrast, the kNN regression decides its neighborhood
through setting a specific amount on the data points closest to the target site.
The closeness metric used in kNN is usually based on the Euclidean distance,
although it could be other distance alternatives.

To appreciate the difference of neighborhood definition between kNN and
kernel regression, consider the following analogy. Pretend that two kids in
a kindergarten want to decide who can be their friends. Alexandra declares
whoever is similar enough to her (based on her definition of similarity) is
her friends, and that it does not matter how many friends she ends up with.
Nicholas says that he wants precisely k friends and those k kids who live
closest in distance to him are his friends, regardless of how different they
may be from each other. Alexandra uses the same approach as in the kernel
regression, whereas Nicholas uses the kNN approach.

To use kNN for regression, analysts can call the knn.reg function in the
FNN package. The syntax is

knn.reg(training inputs, test inputs, y, k).

If k is not specified, the default value is three.

5.3.2 Tree-based Regression
A tree-based model is commonly known as the Classification and Regression
Trees (CART) [86]. Consider the objective of regression. Recall the learn-
ing formulation of SVM in Eq. 2.47. In fact, that formulation is extendable
to a general class of learning problems, known as machine learning through
regularization, which entails three key components: a loss function, L(·, ·),
a penalty function, Penalty(·), and the structure of the hypothesis space,
H, in which the optimization is conducted. Given a set of training data,
{(x1, y1), (x2, y2), . . . , (xn, yn)}, the learning problem can be loosely formu-
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lated as,

ĝ = argmin
g∈H

[ n∑
i=1

L(yi, g(xi)) + γ · Penalty(g)
]
, (5.20)

where γ is the penalty coefficient, trading off between the loss function and
the penalty function. Note that Eq. 2.47 uses γ/2 as the penalty coefficient
but the inclusion of the constant, “2,” is for mathematical convenience and
does not fundamentally change the learning outcome.

The learned function, ĝ(·), is used to make a prediction at a target site,
say, x∗, such that ŷ(x∗) = ĝ(x∗). In the SVM regression, the loss function is
the ε-sensitive error loss function, the penalty is a squared function, and H
is the reproducing kernel Hilbert space, so that g(x) =

∑n
i=1 αiK(x,xi). In

CART, the loss function is a squared error loss function, the penalty function
is the tree size, and the most important difference is that the hypothesis space,
H, is piecewise constant.

Basically, a CART partitions the input data space into J regions, each
of them denoted by Rj , j = 1, . . . , J . For each region, CART uses a single
constant, cj , to represent it. As such, a CART model is represented by the
following parameters: {J ;R1, . . . , RJ ; c1, . . . , cJ}. Then, the prediction using
CART can be expressed as

ŷ(x) =

J∑
j=1

cj · 1(x ∈ Rj).

Since CART uses a squared error loss function, the representation for each
region is the sample average of all data points falling into that region, meaning
that the estimate of cj is ȳj for Rj .

Practically, a CART is built through a greedy algorithm, which is to per-
form a binary splitting on a variable, one at a time. The action every time
splits an input domain into subregions. Once a splitting is carried out, it will
not be revisited, even if it may not be the optimal splitting in hindsight. This
greedy algorithm runs efficiently, in the complexity of O(pn log n), where p is
the dimension of the input space and n is the data amount.

If one carries out this binary partition process, the process can be visualized
through the growing of a binary tree—this is how the method gets its name.
One such example in a two-dimensional space is presented in Fig. 5.4. In the
tree, the whole region corresponds to the root node and the final subregions
correspond to the terminal nodes. When one region is split to two subregions,
the two subregions correspond to the two children nodes of the same parent
node. Two nodes sharing the same parent node are called sibling nodes. The
tree size is decided by the number of terminal nodes. Once a tree is established,
the data points scattered in the original space, i.e., in the root node, are now
dispersed into the respective terminal nodes.

The tree growing process starts with all the data. At each step, it considers
a splitting variable j and split point s and defines the pair of the half-planes
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FIGURE 5.4 The two-dimensional example of binary splitting in the cre-

ation of a tree model.

as,
R1(j, s) = {x|xj ≤ s} and R2(j, s) = {x|xj > s}.

Note that R1 and R2 are the generic notations for any half planes at a splitting
action and do not correspond to those same symbols used in Fig. 5.4. The
tree model is built by searching all p elements in x, one at a time, and decide
the best splitting variable and the corresponding split point at each step, by
minimizing the following objective function,

min
j,s

 ∑
xi∈R1(j,s)

(yi − ĉ1)2 +
∑

xi∈R2(j,s)

(yi − ĉ2)2

 (5.21)

where ĉj is the sample average of all data points in Rj .
The above is done by treating that the tree size, J , is fixed. The tree

size represents the model complexity of CART. If the resulting tree is too
small (too simple a model), the piecewise constant approximation is crude,
causing a high bias in prediction, whereas if the resulting tree is too large
(too complicated a model), then it fits the training data too hard, causing
overfitting and again leading to poor prediction. Selecting an appropriate tree
size is therefore important. A practical procedure of deciding the tree size is
the bottom-up pruning. The basic idea is to build the largest possible tree
first and then prune the large tree to an appropriate size. Pruning is the
action of merging terminal nodes to reduce the size of the tree, as outlined in
Algorithm 5.2.
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Algorithm 5.2 Tree pruning procedure.

1. Start with the largest possible tree (split until some pre-specified mini-
mum node size is reached);

2. Identify terminal siblings, which are sibling terminal nodes having the
same parent node;

3. Provisionally merge each terminal sibling pair making the respective
parent a terminal node (i.e., remove split);

4. Find the pair that, when merged, increases the fitting error of tree on
training data the least;

5. Remove the corresponding split, making the parent node terminal, and
creating a tree with one fewer terminal node;

6. Go to Step 2 until no splits left (i.e., only one root node).

The final tree size is chosen as J∗ that minimizes the estimate of the test
error using either an independent validation dataset or the cross-validation
method.

Suppose that a tree method is applied to wind power data with a single
input (wind speed). It could produce an outcome that looks like from the
binning method. Using a tree, the final multi-bin result comes out of the iter-
ations of binary splitting. One thing different, though, is that unlike the IEC
binning using bins of equal width, the tree-based method less likely produces
bins of equal size, because the actual split points depend on the solution to
the optimization problem in Eq. 5.21.

According to Hastie et al. [86], Table 10.1, despite many appealing char-
acteristics, CART has a relatively poor predictive power. This understanding
motivates analysts to enhance the predictive power of a tree-based method
through ensembling a set of trees. The general thought process is that a weak
base learner like CART can be made much capable, or appreciably stronger,
when many weak learners are made to work together. Specific ensembling
mechanisms used include bagging, leading to bagged trees or the random forest
(RF), or boosting, leading to the multiple additive regression trees (MART).
Bayesian additive regression trees [36], or BART, a Bayesian version of sum of
trees, is also an ensemble of trees, each of which explains a small and different
portion of the predictive function. Conceptually, BART is closer to boosting
than to bagging.

The technical details in BART are rather involved. For practitioners, it is
advised to use the bart function in the BayesTree package. The syntax of
using BART is

output<-bart(x.train, y.train, x.test),
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where output is an R object and output$yhat.test contains the samples from
the estimated conditional density function, f̂(y|x). Each column is a vector

of samples drawn from f̂(y|x) for a specific x corresponding to a row in the
input argument x.test, and the average of all the samples in that column is
the corresponding conditional expectation, namely the point estimation, ŷ(x).

5.3.3 Spline-based Regression
The spline-based regression is to use piecewise polynomials to model a nonlin-
ear response. One of the popular spline functions used is the cubic spline [86];
see Fig. 5.5, middle panel, for an illustration. A cubic spline partitions the
input domain into a few segments, which is in fact an action of binning, and
models each segment using a cubic polynomial. In order to produce a smooth,
coherent model for the whole domain, a cubic spline imposes continuity and
smoothness constraints at the partition points, known as knots. In Fig. 5.5,
two knots are used and denoted as ξ1 and ξ2, respectively. Although ξ1 and ξ2
partition the input domain in Fig. 5.5 into three roughly equal parts, knots in
general do not have to be evenly spaced. Each cubic polynomial is specified
by four parameters, producing a total of 12 parameters for the three piecewise
cubic polynomials. The constraints imposed at the partition points, however,
reduce the number of actual parameters that need to be estimated. For the
cubic spline in Fig. 5.5, there are three constraints at each knot, which require,
respectively, the equality of the function value, that of its first-order deriva-
tive and that of the second-order derivative, at each of the partition points.
With the six constraints considered, the number of actual parameters to be
estimated for the cubic spline is six.

One may have noticed that the spline method in fact injects the idea of
binning into its action of modeling. If only using the idea of binning with-
out the boundary constraints, however, the response looks like the plot in the
right-most panel of Fig. 5.5. The three unconstrained piecewise cubic poly-
nomials need a total of 12 parameters to specify. When a single global cubic
polynomial is used to model a response, it uses four parameters, but its mod-
eling adaptivity to local features is far worse than the other two alternatives.
With only a slight increase in model complexity (measured by the number of
parameters), the cubic spline is endowed with the level of modeling adaptivity
as a binning method allows.

Analysts may argue that the binning method can use a single constant
for each bin, so that the number of parameters for the right-most example in
Fig. 5.5 can be three, instead of 12. The problem of this argument is that when
using a constant to model a bin, the bin width needs to be much smaller, or
equivalently, the number of bins needs to be much greater, so that a piecewise
constant function can approximate a nonlinear response with sufficient accu-
racy. It is not unusual that with one single input variable such as wind speed,
analysts need to use 20 bins to model the whole response. With 20 bins, the
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𝜉1 𝜉2 𝜉1 𝜉2

Global cubic polynomial Cubic spline Local cubic polynomial

FIGURE 5.5 Global cubic polynomial, cubic spline, and local cubic poly-

nomials. (Reprinted with permission from Ding et al. [50].)

number of parameters cannot be fewer than 20, already producing a model
that is unnecessarily complicated.

To use spline-based regression on actual applications, there are a few tech-
nical problems to be resolved. One of the problems is that the behavior of
polynomial fit to data tends to be erratic near the boundaries. To fix the
problem, analysts introduce the natural cubic spline, which postulates that
the response function be linear beyond the boundary knots. This constraint
translates to the continuous and continuous first derivative requirements at
each boundary knot but it no longer requires continuous second derivatives,
because the linear function outside the boundary knot does not have a second
derivative.

Another technical problem is how many knots one should choose and where
to position them. For addressing the knot selection problem, analysts intro-
duce the smoothing spline. The smoothing spline finds a function that mini-
mizes the following objective function,

ĝ = argmin

{
n∑
i=1

[yi − g(xi)]
2

+ γ

∫
t

{g′′(t)}2dt

}
. (5.22)

This optimization formulation is consistent with the general regularization
learning problem expressed in Eq. 5.20. Here the loss function is a squared
error loss, the penalty function is the integration of the second derivative
on g(·), and the hypothesis space H is that g(·) should have two continuous
derivatives. When γ = 0, then g can be any function that interpolates the
training data points, making the loss function zero, while when γ = ∞, it
forces g′′(t) = 0 ∀t, resulting a simple least squares line fit.

The solution of the above optimization formulation is that the smoothing
spline is a natural cubic spline with knots at the unique values of every xi in
the training dataset. At the face value, a natural cubic spline with knots at
each and every xi implies that the spline may have as many as n knots and
may cause over-parametrization and overfitting. In actuality, when γ > 0, the
number of effective knot positions, or the effective number of parameters in
the resulting model, can be much smaller than n. Which one of the xi’s to be
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selected as a knot, or which other to stay away, depends on the outcome of
the optimization in Eq. 5.22.

In Exercise 3.1, we mention that for a linear smoother with a smoother
matrix S, the effective number of parameters is tr(S). The spline regression
can in fact be expressed as a linear smoother, so that the effective number
of knots or the effective number of parameters can be decided by the trace
of the smoother matrix (see Exercise 5.4). The resulting effective number of
parameters apparently depends on the choice of γ, the cost coefficient trading
off between the loss function and the penalty function.

One may have noticed that we use a scalar xi in Eq. 5.22, implying a
univariate regression and smoothing. This is because the spline-based regres-
sion, in its most general form, is not particularly scalable. When it comes to
handling multivariate covariates like in the circumstance of building a multi-
dimensional power curve, the plain version of smoothing splines is difficult
to use. There are two popular multivariate extensions of the spline methods.
One is the smoothing spline ANOVA (SSANOVA) [79] and the other one is
the multivariate adaptive regression splines (MARS) [68]. MARS is used in
Chapter 10 for extreme load analysis. The smoothing spline ANOVA is used
here to be one of the alternatives for multi-dimensional power curve modeling.

SSANOVA employs a functional ANOVA (analysis of variance) decompo-
sition that limits the interactions to the two-way interactions and ignores the
higher-order terms, so as to help rein in the curse of dimensionality. A higher-
order interaction can be included but through a recursive two-way interaction
mechanism. For instance, a four-way interaction is modeled as adding one ex-
tra factor to an already existing three-way interaction term. This strategy is in
fact similar to what is used in MARS, as MARS accomplishes the scalability
also through a hierarchical inclusion of interaction terms.

Analysts can use the ssanova function from the gss package in R for
implementing the smoothing spline ANOVA method.

5.4 CASE STUDY
Two datasets are used in this case study, the Inland Wind Farm Dataset1

and Offshore Wind Farm Dataset1. Table 5.1 summarizes the specifications
of the datasets; for certain entries an approximation rather than the accurate
value is given for the protection of the identities of the turbine manufacturers
and wind farms. Fig. 5.6 presents the turbines/masts layout and turbine-to-
mast distances.

5.4.1 Model Parameter Estimation
The quality of point estimation is to be evaluated using RMSE, while that
of the density estimation is to be evaluated using CRPS. An out-of-sample
test is to be conducted based on a five-fold cross validation. In each iteration
of the five-fold cross validation, a dataset is divided into a partition of 80%
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TABLE 5.1 Specifications of turbines in the two wind farms.

Wind farm Inland Offshore

Number of met masts Multiple Single
Number of wind turbines 200+ 30+
Hub height (m) 80 70
Rotor diameter (m) about 80 about 90
Cut-in wind speed (m/s) 3.5 3.5
Cut-out wind speed (m/s) 20 25
Rated wind speed (m/s) around 13 around 15
Rated power (MW) 1.5–2.0 around 3
Location Inland, U.S. Offshore, Europe

Source: Lee et al. [132]. With permission.

ILWF OSWF 

0.271km 

WT2 WT1 

WT3 

WT4 

MAST1 

MAST2 

0.365km 

MAST3 

WT5 

WT6 

FIGURE 5.6 Layout of the turbines and masts and turbine-to-mast

distances. ILWF: inland wind farm; OSWF: offshore wind farm.

(Reprinted with permission from Lee et al. [132].)
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for training and 20% for testing. Then, the average of the five error values
is reported to represent a method’s performance. Note that in Part II of the
book, the performance metrics are computed in terms of wind power, requiring
a change in notation to be made to the formulas of the performance metrics
presented in Section 2.6. Specifically, we use

RMSE =

√√√√ 1

ntest

ntest∑
i=1

(ŷ(xi)− yi)2
, and

CRPS =
1

ntest

ntest∑
i=1

∫ (
F̂ (y|xi)− 1(y > yi)

)2

dy.

(5.23)

Algorithm 5.1 works well for estimating the bandwidth parameters. For
point estimation, Lee et al. [132] are able to use all the training data for
bandwidth selection and the computational time is of no concern at all. But
for density estimation, even with the greedy algorithm, the last step (Step 4 in
Algorithm 5.1) that finds the bandwidth for y would still take a long running
time, had all the training data been used. In the end, Lee et al. decide to
randomly select 25% of the training data for estimating the bandwidth used
in density estimation.

For the out-of-sample testing, Lee et al. are able to use all the testing data
points for computing the out-of-sample RMSEs. But for computing the CRPS
values, using all the testing data again requires a long time. Lee et al. find
that using 1,000 randomly sampled data points to calculate the CRPS values
remains reasonably stable over different random sampling. As such, the CRPS
values reported here are based on 1,000 test data points.

Note that the RMSE values of the same method in this section may differ
slightly in different studies because of the random split of the training and test
datasets. The RMSE values here see a more noticeable difference from those
presented in [132] because of two reasons: (a) the RMSE values associated
with AMK are computed using the kernplus package. Although based on the
algorithm originally developed in [132], the implementation in the kernplus

package made small changes to deal with certain application complexities. (b)
What is reported here is the average of a five-fold cross validation, whereas
what was reported in [132] was based on a one-time 80-20 random split. De-
spite the numerical differences, the main message from the numerical studies
stays the same as in [132].

5.4.2 Important Environmental Factors Affecting Power Output
Based on the physical understanding hinted by the power generation law in
Eq. 5.2, it is apparent that wind speed, direction, and air density are important
factors to be included in a power curve model. The question is what else may
also need to be included.

To address that question, the first set of results is to show the RMSEs when
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AMK includes a single additive term from x = (x1, x2, x3) to x = (x1, x2, xq),
where q = 5 in the Inland Wind Farm Dataset1 and q = 7 in the Offshore

Wind Farm Dataset1. Recall that each additive term is a trivariate kernel
with the first two of the variables always being the wind speed, V , and wind
direction, D.

The baseline model for comparison is chosen to be the kernel model that
has only the wind speed and wind direction (V,D) in a product kernel, which
is in fact the same as the one used in [109]. This bivariate kernel model is
referred to as BVK.

The results are shown in Table 5.2, in which the notation of (·, ·, ρ) means
that the additive term included in the model has the wind speed, V , and
wind direction, D, and air density, ρ, as its inputs, where the wind speed and
wind direction are shorthanded as two dots. Other notations follow the same
convention. These results lead to the following observations:

1. In both the inland wind farm and offshore wind farm, air density, ρ, is
indeed, after the wind speed and wind direction, the most significant
factor in wind power generation. Including ρ in the model delivers re-
ductions in RMSE from 9% to 17% across the board. This outcome is
consistent with the physical understanding expressed earlier.

2. For the offshore wind turbines, humidity, H, appears to be another im-
portant factor in explaining variations in power outputs. Because humid-
ity measurements are not available in the Inland Wind Farm Dataset1,
it is unknown whether humidity is also a significant factor there.

3. The remaining three factors, namely turbulence intensity and the two
wind shears, which each represents some other aspects of wind dynamics,
show also positive impact, except for the case of WT5. The impact of
turbulence intensity is rather pronounced for the inland turbines, nearly
as significant as humidity on the offshore turbines. The impact of the
below-hub wind shear is noticeably positive, although not as much as
turbulence intensity. Both factors have shown more obvious effects for
the inland turbines than for the offshore ones, but the significance of
their impact is definitely after that of ρ.

The next step undertaken is to determine which other factors may im-
pact the power output when AMK includes more than one additive term,
conditional on the factors that have already been included. Based on the ob-
servations expressed above, for both inland and offshore turbines, the first
additive term included is always (V,D, ρ). For the inland turbines, in addition
to this first term, there are two more terms that have either turbulence inten-
sity, I, or the below-hub wind shear, Sb. For the offshore turbines, a second
additive term, (V,D,H), is also always included. In addition to the first two
terms, there are three more terms that have either the two wind shears, Sa,
Sb, or turbulence intensity, I. The two wind shears are always included or ex-
cluded together in the numerical analysis to keep the total number of model
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TABLE 5.2 Impact on RMSE when including different environmental
factors. The percentages in the parentheses are the reduction in terms
of RMSE when the corresponding model’s point estimation is
compared with that of BVK.

WT BVK (·, ·, ρ) (·, ·, I) (·, ·, Sb) (·, ·, Sa) (·, ·, H)

WT1 0.0884
0.0748 0.0856 0.0869 · ·

(15.3%) (3.1%) (1.7%) · ·
WT2 0.0921

0.0814 0.0887 0.0894 · ·
(11.6%) (3.8%) (3.0%) · ·

WT3 0.0817
0.0681 0.0755 0.0747 · ·

(16.7%) (7.6%) (8.6%) · ·
WT4 0.1163

0.1030 0.1093 0.1109 · ·
(11.4%) (6.0%) (4.6%) · ·

WT5 0.0907
0.0824 0.0928 0.0917 0.0922 0.0858
(9.1%) (−2.2%) (−1.1%) (−1.6%) (5.4%)

WT6 0.0944
0.0815 0.0939 0.0918 0.0927 0.0873

(13.6%) (0.5%) (2.7%) (1.7%) (7.5%)

TABLE 5.3 Model comparison using data in the Inland

Wind Farm Dataset1. RMSE values are reported in the
table. Boldface values are the smallest RSME in the
row.

WT (·, ·, ρ) (·, ·, ρ, I) (·, ·, ρ, Sb) (·, ·, ρ, I, Sb)

WT1 0.0747 0.0743 0.0742 0.0751
WT2 0.0816 0.0800 0.0802 0.0802
WT3 0.0680 0.0651 0.0645 0.0646
WT4 0.1028 0.1001 0.1010 0.1004

comparisons manageable. Tables 5.3 and 5.4 present the model comparison
results.

For some of the inland turbines, the best AMK explaining their power
output includes the input factors of the wind speed and wind direction (V and
D), air density (ρ), and turbulence intensity (I), while some others include the
wind speed and wind direction (V and D), air density (ρ), and wind shear (Sb).
These versions differ marginally. For the offshore turbines, it is rather clear
that the model with the wind speed (V ), wind direction (D), air density (ρ),
and humidity (H) produces the lowest RMSE. Including other environmental
factors in the model could instead increase the RMSE. The increase in RMSE
is consistent and can be as much as 5.1% for WT6. If the above analysis is
repeated using CRPS, the insights remain the same, but the presentation of
the CRPS results is omitted.
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TABLE 5.4 Model comparison using data in the Offshore Wind Farm

Dataset1. RMSE values are reported in the table. Boldface values are the
smallest RSME in the row.

WT (·, ·, ρ,H) (·, ·, ρ,H, I) (·, ·, ρ,H, Sa, Sb) (·, ·, ρ,H, I, Sa, Sb)

WT5 0.0790 0.0801 0.0810 0.0818
WT6 0.0800 0.0816 0.0822 0.0832

5.4.3 Estimation Accuracy of Different Models
In this subsection, we compare various power curve methods. In the compar-
isons, AMK is selected based on the best subset of variables revealed in the
previous section. Other methods use the same subset of variables to level the
playground.

Let us first take a look at the prediction errors of IEC binning method and
AMK. The binning method used here is the air density corrected version. Only
the RMSE values are presented, because the IEC binning does not produce a
density estimation.

Table 5.5 presents the comparison. The reduction in terms of RMSE made
by AMK over IEC is astonishing, but it may not be that surprising. Recall that
we mention earlier in this chapter that the IEC method’s intention is to provide
a benchmark for verification purpose, rather than providing a method for real-
life performance assessment or wind power prediction. Consider the following
analogy in the context of vehicle fuel economy. At the time of sale, a new car
is displayed with a published fuel economy, in the unit of miles per gallon. The
published fuel economy value is obtained under a standardized, ideal testing
condition, which cannot be replicated in real-life driving. A car’s real-life fuel
economy based on someone’s actual driving is almost always worse than the
published one. In the wind power production, engineers observe something
similar—using the IEC binning power curve often leads to a conclusion of
under performance, which is to say that the actual power production falls
short of the prediction.

Still, car buyers and car manufacturers feel that the fuel economy obtained
under the ideal condition provides a reasonable benchmark, offering some
ballpark ideas of how fast a car consumes its fuel. However, for consumers
who care very much about the real-life fuel economy, such as in commercial
driving, they are not advised to use the published fuel economy value, as using
the published value will surely lead to biased estimations. The same conclusion
should have been extended to the IEC method, but in actuality, in the vacuum
of robust, reliable, and capable power curve models, the IEC binning method
is routinely used in the tasks or for the missions it is not designed for.

We would also like to articulate one important limitation of the IEC bin-
ning method. From the wind power production law in Eq. 5.2, we understand
that the inclusion of air density is important. That is the reason why the IEC
binning uses the air density correction. The same piece of information (air
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TABLE 5.5 Compare the RMSE between the IEC binning
method and AMK.

Wind Farm Turbine IEC AMK Error reduction

rate over IEC

Inland

WT1 0.1305 0.0742 43%
WT2 0.1158 0.0800 31%
WT3 0.1217 0.0645 47%
WT4 0.1567 0.1001 36%

Offshore
WT5 0.0970 0.0790 19%
WT6 0.1089 0.0800 27%

density) can be included in AMK as well. We wonder—by making use of the
same covariate, which method will benefit more? The benefit of including air
density can be discerned by comparing the same method with and without us-
ing air density while making wind power prediction. For the IEC binning, this
is between the plain version of binning and the air density adjusted binning.
For AMK, this is between the AMK with only wind speed and wind direction
(which is in fact BVK) and the AMK with wind speed, wind direction, and
air density.

Table 5.6 presents the comparison using the four inland turbines, but the
same conclusion is extendable to the offshore turbine data as well. The per-
centage values reported in parentheses are the reductions in terms of RMSE
between the two versions of the same method, rather than the reduction be-
tween the two different methods. Take WT1 as an example. The −0.1% in the
fourth column means a very slight increase in RMSE when using the air den-
sity adjusted binning method, as compared to the plain version of the binning
method, whereas the 15.3% in the sixth column is the reduction in RMSE
when using the AMK with inputs (V,D, ρ), as compared to AMK with inputs
(V,D).

The comparison makes it clear that while air density is an important factor
to be included in a power curve model, the air density adjustment used in the
IEC binning is not optimal. It does help reduce 1 − 2% in RMSE in fitting
the wind power. But on the other hand, the potential benefit of having air
density in a power curve model is much greater. When used in AMK, it can
help reduce RMSE as much as 17%. This example demonstrates the power of
data science methods over a pure engineering heuristics.

Table 5.7 further compares the point estimation, in terms of RMSE, among
the four data science-based multi-dimensional power curve methods: kNN,
SSANOVA, BART, and AMK. In this comparative study, kNN uses the nor-
malized covariates, i.e., each covariate is normalized by its standard deviation,
while the other methods use the raw measurements. The action of normaliza-
tion has a profound impact on kNN but not so much on other methods. When
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TABLE 5.6 Impact of air density on IEC binning and on AMK. Reported
below are the RMSE values.

Wind Farm Turbine IEC Binning AMK

Plain Adjusted BVK BVK + air density

Inland

WT1 0.1303
0.1305

0.0884
0.0748

(−0.1%) (15.3%)

WT2 0.1180
0.1158

0.0921
0.0814

(1.9%) (11.6%)

WT3 0.1237
0.1217

0.0817
0.0681

(1.6%) (16.7%)

WT4 0.1592
0.1567

0.1163
0.1030

(1.6%) (11.4%)

using SSANOVA, a full model considering all possible interactions takes too
long to run. Instead, the main effects and selected interactions are included.
For WT5 and WT6, V , D, ρ, H, V × D, V × ρ, V × H, V × D × ρ, and
V ×D ×H are included in the SSANOVA model. For WT1 and WT3, H in
the aforementioned terms is replaced by Sb, whereas for WT2 and WT4, H
in the aforementioned terms is replaced by I.

The comparison shows that AMK overall performs the best, with kNN
as a close second. BART performs slightly better than kNN on WT1–WT3
cases and slightly worse than AMK, but it does slightly worse than kNN for
WT4 and noticeably worse for WT5–WT6. SSANOVA is the worst performer
among the four. In fact, SSANOVA performs closer to what BVK does, as
shown in Table 5.6 (the fifth column). One closer look reveals that the data
associated with WT4 have the largest variation among the four inland turbine
datasets, as evident by its large RMSE values. This large variation could be
due to the fact that WT4 is located the farthest away from its companion mast
so that the wind measurements taken at the mast are less representative of the
wind condition at the turbine site. For WT5 and WT6, the RMSE in terms
of the normalized power is slightly higher than that of WT1 to WT3, but
because WT5 and WT6 have a higher rated power, almost double that of the
inland turbines, the absolute value of the noises are greater. This observation
appears to suggest that BART is sensitive to the noise level in a dataset and
its performance suffers when the data noise level is elevated.

Next, let us take a look at the density estimation based on CRPS. Note
that the IEC binning method and kNN can produce only point estimation,
while BVK, BART and AMK produce both point and density estimations.
SSANOVA is supposed to produce density estimation as well, but doing so
takes way too long. Therefore, in the CRPS-based comparison, only BVK,
AMK and BART are included, and the baseline model is BVK.

The CRPS-based comparison is presented in Table 5.8, in which the per-
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TABLE 5.7 Comparing various data science-based power curve methods. Reported
below are the RMSE values. The boldface font indicates the best performance.

kNN SSANOVA BART AMK AMK improvement over

kNN SSANOVA BART

WT1 0.0766 0.0870 0.0762 0.0741 3% 15% 3%
WT2 0.0828 0.0907 0.0817 0.0799 4% 12% 2%
WT3 0.0669 0.0766 0.0667 0.0645 4% 16% 3%
WT4 0.1035 0.1118 0.1039 0.1000 3% 11% 4%
WT5 0.0810 0.0947 0.0876 0.0792 2% 16% 10%
WT6 0.0830 0.1039 0.0906 0.0804 2% 23% 11%

TABLE 5.8 Comparing CRPS among BVK, AMK, and BART. Boldface font
indicates the best performance.

Turbine BVK
AMK BART

three inputs four inputs three inputs four inputs

WT1 0.0432
0.0377 0.0370 0.0487 0.0475

(12.7%) (14.3%) (−12.7%) (−9.9%)

WT2 0.0456
0.0413 0.0400 0.0539 0.0518
(9.4%) (14.0%) (−18.2%) (−13.6%)

WT3 0.0378
0.0337 0.0311 0.0419 0.0385

(10.8%) (17.7%) (−10.8%) (−1.8%)

WT4 0.0571
0.0498 0.0473 0.0693 0.0631

(12.8%) (17.2%) (−21.4%) (−10.5%)

WT5 0.0461
0.0408 0.0388 0.0565 0.0553

(11.5%) (15.8%) (−22.5%) (−19.9%)

WT6 0.0462
0.0378 0.0375 0.0561 0.0550

(18.2%) (18.8%) (−21.4%) (−19.0%)

centage values in the parentheses are the reductions in CRPS a method makes
relative to BVK. A negative value suggests an increase, rather than a reduc-
tion, in the respective CRPS. There are two versions of AMK and BART that
are included: the three-input version uses (V,D, ρ) for both inland and off-
shore turbines, and the four-input version uses (V,D, ρ, I) for inland turbines
but (V,D, ρ,H) for offshore turbines.

BART turns out to be the worst performer for predicting the conditional
density among the three models and AMK the best. AMK is 14%–18% better
than BVK, which is in turn 2%–20% better than BART. AMK appears to
exhibit competitiveness and robustness, thanks in part to its model structure
being advised by the physical understanding of wind power production.

To facilitate an intuitive understanding how AMK improves the density
estimation, we present in Fig. 5.7 an illustration of density estimations using
BVK and AMK. To produce the result in Fig. 5.7, WT5 data are used. A
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(a) Two models produce similar CRPS (b) Two models produce different CRPS

FIGURE 5.7 Comparison of the predictive distributions of power output

when BVK and AMK produce similar CRPS values versus when they

produce different CRPS values.

four-input AMK is employed, with input variables as (V,D, ρ,H). The left
panel of Fig. 5.7 shows the predictive distributions of the power output from
the two models, when their CRPS values are not much different. The two
distributions are similar and either model produces a good estimate. The
right panel of Fig. 5.7 presents the predictive distributions of the two models,
when their CRPS values differ considerably. One can see that the distribution
from the BVK model is centered incorrectly.

GLOSSARY
AMK: Additive multiplicative kernel method

ANOVA: Analysis of variance

BART: Bayesian additive regression trees

BVK: Bivariate kernel method

CART: Classification and regression tree

CKD: Conditional kernel density

CRPS: Continuous ranked probability score

DPI: Direct plug-in estimator

GAM: Generalized additive model

IEC: International Electrotechnical Commission
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ILWF: Inland wind farm

ISE: Integrated squared error criterion

kNN: k nearest neighborhood

MARS: Multivariate adaptive regression splines

MART: Multiple additive regression trees

OSWF: Offshore wind farm

pdf: Probability density function

RF: Random forest

RMSE: Root mean squared error

SSANOVA: Smoothing spline ANOVA

SVM: Support vector machine

WT: Wind turbine

EXERCISES
5.1 Use the 10-min data in the Wind Time Series Dataset and treat the

wind power as y and the wind speed as x. Conduct the following exercise.

a. Random split the data into 80% for training and 20% for testing.
Use the training data to build a power curve model, following the
IEC binning method. Select the bin width as 0.5 m/s.

b. Use the 20% test data to calculate the RMSE.

c. Change the bin width to 1 m/s, 1.5 m/s, and 2 m/s, respectively,
and for each one of them, build a respective power curve model and
calculate its corresponding RMSE. Observe how the bin width affects
the quality of the power curve method.

5.2 Suppose that the number of bins used in Exercise 5.1 under different bin
widths are denoted as B(0.5), B(1), B(1.5), and B(2), respectively. Still
use the 10-min data in the Wind Time Series Dataset.

a. Build a CART model with the number of terminal nodes set to be
B(0.5), B(1), B(1.5), and B(2), respectively.

b. Visualize the partition on wind speed by the CART model for each of
the terminal node choices, and compare the partition outcome with
the respective partition used in the IEC binning.
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c. Conduct an out-of-sample test through, again, the 80-20 random
split. Compute the RMSE for each of the choices and compare with
the respective binning outcome.

5.3 Again use the 10-min data in the Wind Time Series Dataset.

a. Build a one-dimensional kernel regression using the Gaussian kernel
function. Set the bandwidth parameter λ to 0.5 m/s, 1 m/s, 1.5 m/s,
and 2 m/s, respectively. Use the 80-20 random split, conduct the
out-of-sample test, and report the corresponding RMSE.

b. Use five-fold cross validations to search for the optimal λ. Is the
optimal λ different from the above prescribed choices?

c. Compare the RMSE of the kernel regression under the optimal λ, the
best binning outcome in Exercise 5.1, and the best CART outcome
in Exercise 5.2. How much are they different? If they do not differ a
lot, does that surprise you? Why or why not? If they do differ a lot,
can you explain why?

5.4 Because the smoothing spline is a natural cubic spline with knots at
every data point xj , j = 1, . . . , n, we can write the smoothing spline
function as

g(x) =

n∑
j=1

hj(x)βj ,

where hj(x)’s are the basis functions used in the natural cubic spline and
n is the number of data points in the training set. For the natural cubic
splines, the first two basis functions are h1(x) = 1 and h2(x) = x. The
other basis functions take the form of a third-order polynomial function
but the detailed expressions are omitted here. Please derive the smoother
matrix S in terms of hj(·) and βj . Show that the degree of freedom of
the smoothing splines, or the effective number of knots, equals n when
γ = 0 and equals two when γ → ∞. Do the two extreme values make
intuitive sense? What this means is that the degree of freedom of the
smoothing splines, or its effective number of knots, is between two and
n, as γ goes from 0 to infinity.

5.5 Rasmussen and Williams [173, pages 138-141] state that if one chooses
a particular type of covariance function (i.e., a kernel function), the
smoothing spline and the one-dimensional Gaussian process regression
(namely kriging) can be made equivalent. To appreciate this understand-
ing, please generate a set of one-dimensional data and do a simple nu-
merical test.

a. Let y = e−1.4x cos(7πx/2) + ε and ε ∼ N (0, 0.5). Use this function
to simulate 200 data pairs, i.e., {(x1, y1), (x2, y2), . . . , (x200, y200)}.
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b. First fit an ordinary kriging model to the simulated one-dimensional
data, and then, fit a smoothing spline using the R function
smoothing.spline in the stat package. Adjust the penalty coef-
ficient used in the smoothing spline fit and see if you could produce
a spline fit close to the kriging fit.

5.6 Use the 10-min data in the Wind Time Series Dataset, and build a
kNN-based power curve model. Test different choices of k, the neighbor-
hood size in kNN. Use the 80-20 random split and conduct an out-of-
sample test. Observe what choice of k produces a model whose RMSE is
close to, respectively, that of the best binning outcome in Exercise 5.1,
that of the best CART outcome in Exercise 5.2, and that of the best
kernel regression in Exercise 5.3.

5.7 Use the WT5 data in the Offshore Wind Farm Dataset1, and build a
CART and a BART, respectively, using all seven covariates. Conduct
an out-of-sample test based on a 80-20 random split and compare their
RMSEs. Does BART outperform CART? Is that what you anticipated?

5.8 Use the WT1 data in the Inland Wind Farm Dataset1, and build an
SVM, an ANN, and an AMK, respectively, using all five covariates. Con-
duct an out-of-sample test based on a 80-20 random split and compare
their RMSEs. How do their performances compare to each other?

5.9 To select the best subset of variables to be included in the final model,
two versions of a greedy strategy are used and referred to, respectively,
as the forward stepwise selection and backward stepwise selection [86,
Section 3.3.2].

• The forward stepwise selection is to screen through all the candi-
date variables, one at a time, and select the one whose addition to
the model reduces the out-of-sample RMSE the greatest. Once cho-
sen, remove the variable from the candidate set and select the next
variable from the remaining candidates, until the addition of a new
variable no longer reduces the out-of-sample RMSE.

• The backward stepwise selection starts off with the whole set of can-
didate variables in the model. Remove one at a time, and select the
one that reduces the out-of-sample RMSE the greatest and remove
it. Screen the remaining variables in the model following the same
fashion and stop when the deletion of an existing variable no longer
reduces the out-of-sample RMSE.

Use the AMK as the power curve model and the WT6 data in the
Offshore Wind Farm Dataset2. Test both the forward stepwise selec-
tion strategy and the backward stepwise selection strategy and see what
subset of variables they select.
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5.10 Take the BVK model, which is the same as AMK with two inputs (V,D),
and the WT1 data in the Inland Wind Farm Dataset1. Build a BVK
model using the original wind speed and then build another BVK model
using the air-density-corrected wind speed, while all other things are
kept the same. Denote the latter BVK model by BVKa, with the sub-
script indicating air density correction. Conduct an out-of-sample test on
BVK and BVKa and observe what type of effect the air density correc-
tion has on the kernel regression. Also compare the RMSE of BVKa with
that of AMK(V,D, ρ) in Table 5.6, i.e., the column under “BVK+air
density,” and see which one performs better. If AMK(V,D, ρ) performs
better, what does that tell us?



C H A P T E R 6

Production Efficiency
Analysis and Power
Curve

T
he use of efficiency metrics for wind turbines is important for evaluating
their productivity and quantifying the effectiveness of actions that are

meant to improve their energy production. The IEC [102] recommends using
(1) annual energy production (AEP), (2) the power curve, or (3) the power
coefficient, for the purpose of performance evaluation of wind turbines. The
drawback of using power output directly, as in the case of AEP, is obvious,
because wind power output is affected by wind input conditions, which are
variable and not controllable. While the total output does matter in an own-
er/operator’s decisions, a wind turbine’s efficiency should be evaluated while
the input conditions are controlled for or set to comparable levels. Generally
speaking, productive efficiency metrics used in the wind industry take the
form of a ratio, which is often the observed wind power production normal-
ized by a benchmark denominator. Different metrics apparently use different
denominators. Power curves as we discuss in Chapter 5 are useful in producing
some of the denominators.

6.1 THREE EFFICIENCY METRICS
We describe three efficiency metrics commonly used for wind power
production—availability, power generation ratio (PGR), and power coefficient.
Please be reminded that the wind speed used is adjusted through the air den-
sity correction in Eq. 5.3, unless otherwise noted.

The efficiency of a wind turbine is usually measured for a specific time
duration, be it a week, a month, or a year, in which the turbine’s efficiency
is assumed constant. Consider the weekly resolution as an example. Analysts

159
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calculate a single value for the chosen efficiency metric for every single week
and evaluate the time series of that metric. The same calculation can be
easily extended to other time resolutions. Denote by (Vt, ρt, yt), t = 1, . . . , n,
the data pairs of wind speed, air density, and wind power, observed during a
unit period under the given resolution.

6.1.1 Availability
One of the efficiency metrics used broadly in the wind industry is availabil-
ity [39, 209] described in the industry standard IEC Technical Specifications
(TS) 61400-26-1 [103]. The availability tracks the amount of time in which
power is produced by a turbine and then compares it to the amount of time
when the turbine could have produced power. A wind turbine is supposed to
produce power when the wind speed is between the cut-in and cut-out wind
speeds, the two design characteristics of a turbine as described in connection
with Fig. 1.2. Turbines are expected to produce power at all times when the
recorded wind speed is within these two limits. If a turbine does not produce
power when the wind conditions allow, the turbine is then deemed unavailable.
The availability is thus defined as

Availability =
#{(Vt, ρt, yt) s.t. yt > 0, Vci ≤ Vt ≤ Vco}

#{(Vt, ρt, yt) s. t. Vci ≤ Vt ≤ Vco}
, (6.1)

where s.t. means such that and #{·} counts the number of elements in the set
defined by the brackets. The denominator in Eq. 6.1 approximates the total
time, in terms of the number of 10-min intervals, that a turbine is expected
to produce power, whereas the numerator approximates the total time that a
turbine does produce power.

6.1.2 Power Generation Ratio
While the availability calculates a ratio in terms of the amount of up run-
ning time, the power generation ratio defines a ratio relevant to the amount
of power output. The idea is similar to that of production-based availability,
recently advocated by the industry standard IEC TS 61400-26-2 [105]. By con-
trast, the availability discussed in Section 6.1.1 is referred to as the time-based
availability. The production-based availability calculates the ratio of actual
energy production relative to the potential energy production, where the po-
tential energy production is the sum of the actual energy production and the
lost production caused by an abnormal operational status of a turbine (e.g.,
downtime, curtailment). The lost production needs to be estimated and its
estimation requires detailed information about a turbine’s operating status,
not something easily accessible to anyone outside the immediate operator of
a wind turbine or a wind farm.

Instead of estimating the lost production, let us make a revision so that
the assessment is easier to carry out. The revision is to use a power curve to
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provide the value of potential energy production under a given wind or weather
condition. The power curve used could be the turbine manufacturer’s nominal
power curve for its simplicity, or the advanced multi-dimensional power curves
as described in Chapter 5 for better accuracy. The resulting ratio is referred
to as PGR, which is in spirit similar to the production-based availability.

Let ŷ(x) denote the potential energy production under input condition x
and y(x) denote the actual energy production under the same condition. In
fact, y(xt) = yt. The PGR of a given time duration (including n observations)
can then be computed as

PGR =

∑n
t=1 y(xt)∑n
t=1 ŷ(xt)

=

∑n
t=1 yt∑n

t=1 ŷ(xt)
. (6.2)

If only the wind speed is considered, then x = (V ) and the potential and
actual energy production are, respectively, ŷ(Vt) and y(Vt).

6.1.3 Power Coefficient
Different from the availability and PGR, the power coefficient explicitly re-
flects the law of wind energy production, as described in Eq. 5.2, and measures
the aerodynamic efficiency of a wind turbine. Power coefficient, Cp, refers to
the ratio of actual energy production to the energy available in the ambi-
ent wind flowing into the turbine blades [229]. Based on Eq. 5.2, Cp can be
expressed as

Cp(t) =
2yt

ρt · πR2 · Vt3
, (6.3)

for any given observation t. Note here that the Cp calculation uses the wind
speed without the air density correction since the calculation itself involves
air density.

Power coefficient, Cp, is typically modeled as a function of the tip speed
ratio (i.e., the ratio of the tangential speed of the tip of a blade and the
hub height wind speed), attack angle (related to wind direction), and air
density. This dependency of Cp on weather-related inputs makes the power
coefficient a functional curve, often plotted against the tip speed ratio. Like
in the binning-based estimation of power curves, analysts bin individual Cp
values by groups of one meter per second according to their respective wind
speed and average the power coefficients in each bin to produce a Cp curve. In
practice, the largest power coefficient on the curve, as the representative of the
whole curve, is used for quantification of the aerodynamic efficiency [123, 126].
The peak power coefficient is a popular efficiency measure used to evaluate
wind turbine designs and various control schemes including pitch and torque
controls. The theoretical upper limit for the power coefficient is known as the
Betz limit (=0.593) [18].

Fig. 6.1 presents a plot of two power curves and a power coefficient curve.
In the left panel, the relative position of a power curve suggests relative pro-
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FIGURE 6.1 Left panel: two power curves indicating relative efficiencies of

wind turbines, in which curve B suggests a higher productive efficiency;

right panel: power coefficient curve and the Betz limit. (Reprinted with

permission from Hwangbo. et al. [96].)

ductive efficiency, whereas in the right panel, point C corresponds to the peak
power coefficient, used to represent a turbine’s efficiency.

6.2 COMPARISON OF EFFICIENCY METRICS
When evaluating the efficiency based on multiple metrics, an immediate ques-
tion to be addressed is whether or not the evaluation from each metric draws
the same conclusion. If the metrics do not always agree with one another (they
indeed do not), then subsequent questions are how consistent the results are
based on the different metrics and which metric provides a better insight into
turbine efficiency.

Niu et al. [155] compare the metrics described in the previous section by
using the Offshore Wind Farm Dataset2. The layout of the offshore wind
farm is sketched in Fig. 6.2.

The wind power data in all datasets associated with the book are nor-
malized by a turbine’s rated power. But to compute the power coefficient, the
actual power output is needed. For the offshore wind turbines in the Offshore
Wind Farm Dataset2, their characteristics follow what is presented in Ta-
ble 5.1, meaning that the rated power of these offshore turbines is around 3
MW. So, we use 3 MW as the rated power to recover the actual power output
in the subsequent calculation.

Temporal resolutions that are examined include weekly, monthly, quar-
terly, and yearly resolutions, with a primary focus on weekly and monthly as
they provide greater numbers of data points and details.

For each temporal resolution, Niu et al. [155] calculate the three metrics of
availability, PGR, and power coefficient as described in Section 6.1; hereafter
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FIGURE 6.2 Basic layout of the offshore wind farm used in the study. Pe-

ripheral turbines are located along the black lines and interior turbines

along the gray lines. A meteorological mast is indicated by a point

along the left edge of the farm. (Reprinted with permission from Niu

et al. [155].)

denoted as M1, M2, and M3, respectively. While the averages of M1 and
those of M2 calculated for each turbine are within a similar range (0.75–1),
the averages of M3 are noticeably lower, at the 0.35–0.5 range, about half the
values of M1 and M2. This is understandable as the power coefficient (M3) is
limited by the Betz limit to a theoretical maximum of 0.593, and commercial
turbines realistically operate around 0.45 [19, page 16]. To make all three
metrics comparable in magnitude, Niu et al. multiply M3 by two and use the
rescaled metric (2×M3) for the subsequent analysis.

Fig. 6.3, left panel, presents the time-series plots of the three metrics at
the monthly resolution over a four-year span. The figure demonstrates that
the metrics follow similar overall trends, with peaks and troughs at similar
periods of time. The level of variation associated with the three metrics looks
similar. In fact, all the three metrics have similar coefficients of variation,
though the one for M2 tends to be slightly higher—on average, 0.264 for M2
compared to 0.254 and 0.252 for M1 and 2×M3, respectively. These patterns
and characteristics are consistently observed in the other turbines on the wind
farm. Similar insights can be drawn for the weekly resolution.

Table 6.1 presents the correlation coefficients between the metrics for the
peripheral turbine. As shown in the first two rows, the correlation coefficients
are above 0.9, indicating strong correlations between the metrics. By consider-
ing the well-aligned time-series and the high correlation coefficients, one may
impetuously conclude that the three metrics are consistent with each other
and they can substitute for one another when evaluating turbine efficiency.
However, if we eliminate some periods of nearly zero power production (for
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FIGURE 6.3 All three metrics plotted at monthly time resolution for

one of the peripheral turbines closest to the meteorological mast. Left

panel: for the full period; right panel: after eliminating the periods in

which the turbine does not operate for most of the time (dashed line).

(Reprinted with permission from Niu et al. [155].)

TABLE 6.1 Correlation between metrics for a peripheral turbine. Weekly and
monthly temporal resolutions are shown below.

M1 vs. M2 M1 vs. 2×M3 M2 vs. 2×M3

Weekly resolution (full) 0.975 0.946 0.959
Monthly resolution (full) 0.986 0.966 0.978

Weekly resolution (reduced) 0.843 0.661 0.785
Monthly resolution (reduced) 0.956 0.876 0.929

Source: Niu et al. [155]. With permission.

example, a period for which any metric is below 0.2; see Fig. 6.3, right panel),
the metrics based on such a reduced period produce significantly lower cor-
relation coefficients—for this particular turbine, as low as 0.661 between M1
and 2×M3 at the weekly time resolution. This implies that the original high
correlation derived from the full period data could be contributed to sub-
stantially by the non-operating periods of the turbine. The lower correlation
based on the reduced period further suggests possible disparity between the
metrics under typical operating conditions. In the following subsections, the
metric values presented are calculated for the reduced period only, for better
differentiating the metrics’ capability in quantifying turbine efficiency.

6.2.1 Distributions
Fig. 6.4 demonstrates the distributions of the calculated metrics for a single
turbine, but it is representative of the other turbines as they all show similar
distribution spreads. While M2 and 2×M3 both have relatively broad spreads
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FIGURE 6.4 Histograms and probability density curves of the metric val-

ues at the weekly time resolution for the peripheral wind turbine. Top-

left panel: availability (M1), top-right panel: power generation ratio

(M2), bottom-middle panel: power coefficient (2×M3). (Reprinted with

permission from Niu et al. [155].)

of data, M1 has a much narrower range. A significant portion of its density is
concentrated near one at which the distribution is truncated with a steep taper
to lower values. In contrast, M2 and 2×M3 both take a shape similar to the
bell-shaped curve with smoother tapers in both directions. M1’s concentration
of values makes it difficult to differentiate between the turbine efficiency at
different time periods, because as more values are within the same range, the
variations in turbine performance are concealed. This can potentially mislead
turbine operators into a conclusion that the turbines operate at a similar
efficiency level, even though the underlying turbine efficiencies differ.

Such a unique distributional characteristic of M1 can be inferred by its
calculation procedure. As expressed in Eq. 6.1, the numerator of M1 counts
the number of elements in a set that is a subset of the one associated with
the denominator, so it has a maximum value of one at all points in time. This
is a desired property for an efficiency metric, which is not observed in M2
or 2×M3. M2 can exceed one because a power curve displays the expected
power values as an averaged measure but particular instances of wind power
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production could exceed the expected productions. The power coefficient itself
is smaller than one, but doubling the power coefficient value, namely 2×M3,
is bounded from above by twice the Betz limit at 1.186, which itself is greater
than one. It is interesting to observe that M2 appears to be bounded by a
value similar to 1.186.

The unique property of M1 when combined with its binary quantification
of whether or not power was generated, however, adversely affects its quan-
tification capability. As long as a turbine is generating power at a point in
time, that point would be counted as a one. Even the cases when the power
production is significantly lower than expected would still be counted as ones.
Averaging over these counts produces the metric weighted heavily towards
one. Using the availability metric, M1, periods with high actual efficiency,
in terms of the amount of actual power production, look the same as low
efficiency periods as long as the power produced exceeds a low threshold.

The methods calculating M2 and M3, on the other hand, allow for a sliding
scale measure of power production so that they account for how much power
is produced. Values of M2 and 2×M3 thus have greater spread and do not
concentrate around any particular value as narrowly as M1 does. This ability
to better distinguish between time periods of differing performance as well as
the distributional features render M2 and 2×M3 stronger metrics than M1.
They allow for a fuller portrayal of a turbine’s efficiency over time as opposed
to M1’s more general overview of whether or not the turbine is in operation.

6.2.2 Pairwise Differences
Fig. 6.5 illustrates the absolute difference between the calculated metrics on a
weekly basis. Darker bars indicate the periods of significantly large differences,
whereas lighter bars are the periods of smaller differences.

Fig. 6.5, bottom panel, shows that the large differences between M2 and
2×M3 are sparsely distributed through the four years. In contrast, as shown in
Fig. 6.5, top and middle panels, there are significantly more instances of large
value differences between M1 and either of the other metrics, especially be-
tween M1 and 2×M3. This implies that both M1 and 2×M3 are more similar
to M2 than to each other. M1 and M2 calculate a ratio of the actual perfor-
mance over the expected performance, although M1 focuses on the amount of
time and M2 examines the amount of power. This sets 2×M3 apart from M1
and M2. On the other hand, M2 and 2×M3 quantify turbine efficiency with
respect to the amount of power production, whereas M1 concerns the amount
of operational time, which makes M1 distinct from the other two.

In Fig. 6.5, the large or medium differences tend to be heavily concentrated
within some specific periods, notably in the second half of 2007 and the first
half of 2010. In fact, these periods represent those in which turbines’ true
efficiencies are relatively low. There are two different aspects describing this
phenomenon.

First, recall from Fig. 6.4 that M1 tends to be heavily weighted towards
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FIGURE 6.5 Magnitudes of absolute pairwise difference between metric

values at weekly resolution for the peripheral wind turbine. Top panel:

availability (M1) versus PGR (M2), middle panel: availability (M1) ver-

sus power coefficient (2×M3), bottom panel: PGR (M2) versus power

coefficient (2×M3). The dashed line in each plot is the average of the

absolute differences in that plot. An absolute difference is considered as

a small difference, if its value is smaller than 0.05, as a large difference,

if its value is greater than 0.15, and as a medium difference, if its value

is in between. (Reprinted with permission from Niu et al. [155].)
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its maximum, overestimating the turbine’s efficiency in the relative scale. If a
turbine produces some power for most time instances within a given period,
its availability should be close to one. The large differences between M1 and
the other two metrics then imply that the turbine is producing some power
for most of the times but the amount of the power production is considerably
lower relative to the expectation. If one refers to Fig. 6.3, one may notice that
M1 is higher than the other two in the later part of 2007.

Secondly, recall that M3 represents a maximum effect (on the Cp curve),
whereas M2 is an integration effect. For a functional response, the two effects
can be understandably different. The large differences between M2 and 2×M3
suggest that a turbine produces a sufficient amount of power only for a small
portion of the given time period. In this case, the turbine’s maximum efficiency
measured by 2×M3 is relatively high, but M2 is relatively low because the
turbine does not produce much power on average during the same period (see
the middle of 2007 and the beginning of 2010 in Fig. 6.3). M1 also measures
an integration effect, but in terms of the operational time, so that the same
argument is applicable to explaining the difference between M1 and 2×M3.
Most of the time when there is a large difference between M2 and 2×M3, a
large difference between M1 and 2×M3 is also observed (see Fig. 6.5, middle
and bottom panels).

All of these observations can be found in the cases of other turbines as well.
Although the concentration periods of large and medium differences vary, all
turbines display the clustering pattern, and such clusters are closely related
to different characteristics of the metrics.

When comparing the mean of the absolute differences between the metrics,
indicated by the dashed horizontal lines in Fig. 6.5, the disparity between the
metrics becomes less pronounced. While a metric pair with the smallest mean
difference varies by different turbines, the metric pair of the largest mean
difference is consistently observed as between M1 and 2×M3. This suggests
that M2 has comparably closer values to M1 and 2×M3. As such, M2 is more
consistent in value with either of M1 and 2×M3 and its values are a better
reflection of all three metrics.

6.2.3 Correlations and Linear Relationships
Table 6.1 shows that the correlation calculated using the reduced period is the
highest between M1 and M2 for most turbines. The correlations between M2
and 2×M3 (or equivalently, between M2 and M3) are also relatively high. For
most turbines, the correlation coefficients between M1 and M2 remain within
the 0.8 range at weekly resolution, whereas those between M2 and M3 are
generally in the 0.7 range.

The lowest correlations are found between M1 and M3 for all turbines and
time resolutions, with the correlation coefficient values usually around 0.5–0.6
but dipping sometimes into the 0.4 range. The values displayed in Table 6.1 are
among the higher values of M1–M3 correlation of turbines. Another turbine
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has an M1–M3 correlation of just 0.417 for the reduced weekly data. This
indicates that the relationship between these two metrics is much weaker,
highlighting the strength of M2 for its much stronger relationship with either
of the other metrics.

Weekly time resolution is best for highlighting differences in correlation
between metrics. Correlations rise as the time resolution becomes coarse;
monthly, quarterly, and yearly resolutions in general return a correlation in
the range of 0.9. Niu et al. [155] state that the averaging effect when using a
coarse time resolution irons out a certain degree of details, making the metrics
based on the coarse time resolutions less differentiating.

To analyze the consistency of the metrics, Niu et al. [155] also evaluate
the linearity between any pair of the metrics around the y = x line. Let us
generate data points (x, y) paired by the values of two selected metrics. If the
data points perfectly fit to the y = x line, an increase in one metric implies the
same amount of increase in the other metric. As such, their ability to capture
change in efficiency is identical, or equivalently, they are consistent.

However, as noted earlier, the scales of the metrics are not the same, e.g.,
M1 and M2 are about twice the unscaled M3. To assess the extent of linearity
around the y = x line requires us to estimate the exact scale between the
metrics.

To align the scales, Niu et al. [155] perform a linear regression upon the
different metric pairs. For example, for the M1–M2 pair, fit a linear model of
M1 = β ·M2 + ε to estimate β, where ε is the random noise. Let β̂ denote
the coefficient estimate. Then, the estimate, β̂, is used to rescale the values
of M2, generating the scale-adjusted data points (M1, β̂·M2). With the scale
adjustment, the data points should be centered about the y = x line. If they
show strong linearity around the y = x line, one can conclude that the metrics
for the corresponding pair are consistent with each other. To determine the
extent of linearity, the average magnitude of the data points’ vertical distance
from the y = x line (in an absolute value) is computed.

Fig. 6.6 presents the scatter plots of the scale-adjusted metrics and the
y = x line. For illustration purposes, two scatter plots are presented, one for
the peripheral turbine used previously and the other is an interior turbine.
For the metrics calculated for the peripheral turbine, the scale adjustment
coefficients (β̂) are 0.97, 1.93, and 1.99 for M1–M2, M1–M3, and M2–M3
pairs, respectively. The coefficient of 0.97 for the M1–M2 pair, for instance,
implies that M2 will have the same scale with M1 after multiplying it by 0.97.
For the interior turbine, the scale adjustment coefficients are 0.98, 2.01, and
2.06, for the three pairs of metrics in the same order, respectively.

In the figure, points are more concentrated near where x and y equal one.
Whenever x refers to M1, there is a very apparent clustering of points at
x = 1 due to the truncation of the distribution of M1 at one. On the other
hand, the data points for the M2–M3 pair are well spread around the region,
a characteristic reminiscent of the metrics distributions examined earlier.

After the scale-adjustment, whenever the y-axis represents a rescaled M3
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TABLE 6.2 Linearity between a pair of performance metrics measured
by the average absolute vertical distances from the y = x line.

M1 vs β̂·M2 M1 vs β̂·M3 M2 vs β̂·M3

A peripheral turbine 0.050 0.068 0.055
An interior turbine 0.046 0.068 0.052

Source: Niu et al. [155]. With permission.

(triangles and diamonds), the data points tend to be placed above the y = x
line for relatively low x values, e.g., less than 0.8. This confirms the difference
between the maximum effect (for M3) and the integration effect (for M1 and
M2) discussed earlier.

As shown in Table 6.2, the average distances between the points and the
y = x line is the greatest for the M1–M3 pair for both turbines, suggesting
that the M1–M3 pair has the weakest extent of linearity. This reinforces the
understanding from the analysis of absolute differences that M1 and M3 are
the least consistent metrics, while M2 has a stronger relationship with both
other metrics.

6.2.4 Overall Insight
According to the previous analyses, while all metrics display some level of
consistency, PGR (M2) is the most consistent with the other metrics. The ab-
solute differences in metric values demonstrate that PGR produces values that
are more representative of the three metrics. Correlations between the metrics
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also suggest that changes in turbine performance mapped by PGR are illus-
trative of such trends displayed by other metrics. Moreover, evaluation of the
linearity between the metrics shows that availability (M1) or power coefficient
(M3) has a stronger relation with PGR (M2) than with each other. It is not
too far fetched to reach the conclusion that PGR better represents all three
metrics. Various aspects of the analysis have shown availability’s deficiency in
discriminating changes in turbine performance. Practitioners are well aware
of availability’s deficiency, which becomes the chief reason for adopting the
production-based availability measure recently.

6.3 A SHAPE-CONSTRAINED POWER CURVE MODEL
As said earlier in this chapter, efficiency metrics used in the wind industry take
the form of a ratio, which is often the observed wind power production nor-
malized by a benchmark denominator. Availability, albeit a ratio, does not use
power output in either numerator or denominator. The metric that resembles
availability and does use power output in both numerator and denominator
is the capacity factor (CF). We did not include the capacity factor in the
discussion of the previous section, because it is typically used for wind farms
and much less often used for individual wind turbines. Its concept, however,
is indeed applicable to wind turbines.

The capacity factor of a turbine is the ratio of the observed power output
over the turbine’s maximum production capacity at the rated power. When
calculating the capacity factor, one assumes that the turbine is operating at
its full capacity all the time. The use of the capacity factor entirely ignores
the wind condition, so much so that its denominator calculates the absolute
maximally possible wind power that can be produced for a given period for
the specific design of the said wind turbine. In this sense, the capacity factor’s
denominator is even more aggressive than that used in availability, as avail-
ability only counts the time when the wind speed is between the cut-in and
cut-out speeds.

Nevertheless, if analysts put all the metrics that use powers in their numer-
ator and denominator side by side, as shown in Fig. 6.7, one can notice that
they indeed have the same numerator, which is the observed power output.
But the denominators are different, meaning that different benchmarks are
used in computing the respective ratio. This in fact raises a question—what
should be used as a performance benchmark? Hwangbo et al. [96] argue that
to quantify a turbine’s productive efficiency, one would need to estimate the
best achievable performance as a benchmark, so that the ratio of the current
performance to the best achievable performance quantifies the degree to which
the turbine has performed relative to its full potential. In order to estimate
the best achievable performance of a wind turbine, Hwangbo et al. look into
the field of production economics [81], which refers to the “best achievable
performance” as an efficient frontier. To facilitate this line of discussion, we
start with some background on production economics.
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FIGURE 6.7 Capacity factor, power coefficient, and the production-based

availability or power production ratio.

6.3.1 Background of Production Economics
Efficiency analysis is a primary focus in production economics. Efficiency
quantification is based on the estimation of a production function and the
explicit modeling of systematic inefficiency, using input and output data for
a set of production units, be it firms, factories, hospitals or power plants.
Consider a set of production units (e.g., a wind farm) using x input (e.g., in-
vestment in a wind energy project) and producing y output (e.g., revenue from
power generation). Analysts can create a scatter plot of many x-y data pairs
coming from different production units or the same production unit but over
different periods; see Fig. 6.8. Assuming no measurement errors associated
with x and y, a common estimator in production economics—data envelop-
ment analysis (DEA) [11]—estimates the efficient frontier enveloping all the
observations.

The concept of an efficient frontier is understood as follows—a production
unit whose input-output is on the frontier is more efficient than the produc-
tion units whose input-output is being enveloped by the frontier. Consider
observation D. Using the same input, the production unit associated with D
produces less output than the production unit associated with point E; while
to produce the same output, the production unit associated with D needs
more input than the production unit associated with point F. For this reason,
the production unit associated with D must be inefficient.

The efficient frontier is also called the production function, denoted by
Q(x). The production function characterizes producible output given input x
in the absence of inefficiency. Using the production function, the output of the
inefficient production unit D can be expressed as

yD = Q(xD)− uD, (6.4)

where uD ≥ 0 denotes the systematic inefficiency.
To estimate the production function Q(x), certain assumptions are made

restricting the shape of the frontier. The most common assumption is that
the frontier forms a monotone increasing concave function consistent with
basic stylized characteristics of production [222]. When the data are assumed
noise free, the tightest boundary enveloping all observations and maintaining
monotonicity and concavity is a piecewise linear function.

Let us consider the context of power production of a wind turbine, in
which a wind turbine is a power production unit, wind speed is the dominating



Production Efficiency Analysis and Power Curve � 173

Input

O
ut

pu
t Distances measuring 

inefficiency 

D

E

F
Efficient 
frontier

FIGURE 6.8 Production data and efficient frontier. (Reprinted with per-

mission from Hwangbo et al. [96].)

input driving power production, and the generated power is the output. When
applied to the wind turbine data, the use of convex or concave piecewise linear
methods assuming noise-free data encounter some problems.

The first is the noise-free assumption. The frontier analysis approaches as-
suming noise-free observations are referred to as deterministic. But the wind
turbine data, like all other physical measurements, are inevitably contami-
nated by noises. The problem with applying a deterministic approach to noisy
wind production data is that it tends to overestimate the best performance
benchmark because every observation is assumed to be achievable.

The second difference is that the shape of the wind-power scatter plot is
not concave. When discussing Fig. 1.2, we show that the wind-power data ap-
pears to follow an S-shape, comprising a convex region, followed by a concave
region, and the two segments of curves are connected at an inflection point.
Fig. 6.9 makes this point clearer with its right panel illustrating the meaning
of convexity and concavity.

In production economics, the need to model noise is established, promoting
the stochastic frontier analysis (SFA) [5], which adds a random noise term ε
to Eq. 6.4. When applying the SFA modeling idea to wind turbine data and
replacing the generic input variable x with wind speed variable V , Hwangbo
et al. [96] define their production function as

y = Q(V )− u(V ) + ε, (6.5)

where ε is assumed having a zero mean, while the systematic inefficiency term
u(V ) is a non-negative random variable with positive mean, i.e., µ(V ) :=
E[u(V )] > 0. Note that u(V ) is a function of V , meaning that the amount of
inefficiency varies as the input changes, known as a heteroskedastic inefficiency
term.

While the SFA research considers the noise effect in observational data,
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analysts still need to address the second challenge mentioned above, namely,
the S-shaped curve exhibited in the wind turbine data. In the vernacular
of economists, the S-shape constraint is known as the regular ultra passum
(RUP) law [81], which is motivated by production units having an increasing
marginal rate of productivity followed by a decreasing rate of marginal pro-
ductivity. Olesen and Ruggiero [156] develop a RUP law satisfying frontier
analysis but their production function estimator is a deterministic DEA-type
estimator, enveloping all observations from above, and consequently suffers
from the overestimation problem that all other deterministic production func-
tion estimators suffer.

We want to note that methods from production economics have recently
been used in wind energy applications [33, 96, 97, 162]. Two of them are deter-
ministic, with one being a DEA type estimator [33] and the other called a free
disposal hall estimator [162]. The production function estimator proposed by
Hwangbo et al. [96, 97] is stochastic and attempting to be RUP law satisfying,
subject to a rigorous proof in terms of consistency.

6.3.2 Average Performance Curve
The basic production function model in Eq. 6.5 can be re-written as,

yi = [Q(Vi)− µ(Vi)] + [µ(Vi)− u(Vi) + εi]

= g(Vi) + ei, i = 1, . . . , n,
(6.6)

by letting g(Vi) := Q(Vi)−µ(Vi) and ei := µ(Vi)− u(Vi) + εi. The error term
e is a redefinition of the error term with expectation zero. The above expres-
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sion connects the power curve with the production function because g(V ) is
effectively the power curve. As the power curve passes through the middle
of the wind-power data, it is a curve representing the average performance
of a turbine, also known as the average-practice function in the production
economics literature. Understandably, the production frontier function, Q(V ),
differs from the power curve, g(V ), by the mean of the inefficiency varying by
V .

This connection helps lay out the intuition behind the procedure of esti-
mating the production frontier function, Q(V ). One would start with a power
curve from the wind turbine data. Then estimate the mean function of the
inefficiency and use it to rotate the average performance curve to the new
position to be the production frontier function.

Hwangbo et al. [96] note that because the final Q(V ) needs to satisfy
the RUP law, i.e., the S-shape constraint, the average performance power
curve, g(V ), that comes before the production function must, too, satisfy
the same shape constraint. This requirement makes this specific power curve
estimation procedure different from those currently used in practice, including
all discussed in Chapter 5 because none of them imposes the S-shape constraint
explicitly.

Estimating the shape-constrained power curve, g(V ), requires imposing
convexity and concavity in the low and high wind speed regions, respectively.
The convex segment should connect to the concave segment at the inflection
point, which itself needs to be estimated from the data. Hwangbo et al. [97]
formulate the estimation of the average performance curve as a constrained
least squares estimation problem, which is to minimize the residual sum of
squares,

∑n
i=1 (yi − g(xi))

2
, subject to the constraints imposing monotonicity

and S-shape on g(·).
In the absence of prior knowledge of the location of the inflection point,

x∗, Hwangbo et al. [97] make use of a set of grid points and treat each of
the grid points as a potential inflection point location. Provided a grid point,
Hwangbo et al. [97] partition the functional domain left of the grid point as
the convex region and the domain right of the grid point as the concave region
and then construct a function g, minimizing the aforementioned residual sum
of squares, while satisfying the sets of constraints applicable to the partitioned
regions. The estimation of the convex segment or the concave segment can be
done individually by using the method of convex nonparametric least squares
(CNLS) [127]. Then, Hwangbo et al. [97] choose the grid point resulting in the
smallest residual sum of squares as the estimate of the inflection point and
the corresponding g as the estimator of the average performance power curve.

Suppose that m grid points, t1, . . . , tm, are given. Also, assume that xi’s
are distinct (no duplicated values) and arranged in a non-decreasing order for
a given n, i.e., xi ≤ xj whenever i < j. For each tk for k = 1, . . . ,m, let V(tk)

and C(tk) be the sets of input points that belong to the (imposed) convex and
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concave regions, respectively, i.e.,

V(tk) = {xi | xi < tk, i = 1, . . . , n},

and
C(tk) = {xi | xi ≥ tk, i = 1, . . . , n}.

Then, for each tk, solve the following quadratic programming with respect to
g = (g(x1), . . . , g(xn)) and β = (β1, . . . , βn):

min
g,β

z(tk) =
n∑
i=1

(yi − g(xi))
2

(6.7a)

s.t. βi =
g(xi+1)− g(xi)

xi+1 − xi
, ∀i such that xi ∈ V(tk), (6.7b)

βi ≤ βi+1, ∀i such that xi+1 ∈ V(tk), (6.7c)

βi =
g(xi)− g(xi−1)

xi − xi−1
, ∀i such that xi ∈ C(tk), (6.7d)

βi−1 ≥ βi, ∀i such that xi−1 ∈ C(tk), (6.7e)

βi ≥ 0, ∀i = 1, . . . , n. (6.7f)

The constraints in Eq. 6.7d–6.7e, together with the objective function in
Eq. 6.7a, are equivalent to the Hildreth type estimator [92] of a function that
is concave over [maxxi∈V(tk) xi, xn], the constraints in Eq. 6.7b–6.7c, together
with the objective function in Eq. 6.7a, describe the estimator for a convex
function defined over [x1,minxi∈C(tk) xi], and the inequalities in Eq. 6.7f ensure
the monotonicity of g.

Let the minimizer of Eq. 6.7a for a given tk be g(tk) = (g(tk)(x1), . . . ,

g(tk)(xn)) and β(tk) = (β
(tk)
1 , . . . , β

(tk)
n ), and let the corresponding optimal

objective function value be z(tk). The vector, g(tk), provides estimates only
at the given locations, i.e., the g-values at xi’s. For the functional estimator
over the interval between two observational data points, xi and xj , Hwangbo
et al. [97] use a hyperplane to interpolate between the two locations, i.e., they
define ĝ(tk)(x) as

ĝ(tk)(x) =

{
max{α(tk)

i + β
(tk)
i x | ∀i such that xi ∈ V(tk)}, if x < tk

min{α(tk)
i + β

(tk)
i x | ∀i such that xi ∈ C(tk)}, if x ≥ tk,

(6.8)

where α
(tk)
i := g(tk)(xi) − β

(tk)
i xi for i = 1, . . . , n. Apparently, ĝ(tk) is

a piecewise linear function, connecting two adjacent points in the set of

{(xi, g(tk)(xi)), ∀i = 1, . . . , n} and extending the hyperplanes, α
(tk)
1 +

β
(tk)
1 x and α

(tk)
n + β

(tk)
n x, each toward the adjacent boundary of the in-

put domain. As such, ĝ(tk) is convex on [min x,maxxi∈V(tk) xi], concave on
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FIGURE 6.10 Illustration of shape-constrained and unconstrained power

curves. Left panel: shaped-constrained power curve compared to the

IEC binning power curve, right panel: a zoomed view at the wind

speed from 3 m/s to 9 m/s. (Reprinted with permission from Hwangbo

et al. [96].)

[minxi∈C(tk) xi,max x], and linear within [maxxi∈V(tk) xi,minxi∈C(tk) xi]. By

letting t∗ = argmintkz
(tk), the final average performance curve is simply

ĝ(t∗)(x). Fig. 6.10 presents a comparison between the shape-constrained power
curve versus its unconstrained counterpart using the IEC binning method.

6.3.3 Production Frontier Function and Efficiency Metric
After the average performance power curve, g(V ), is estimated, one can take
differences between the fitted power curve and the output y. According to
the relationship in Eq. 6.6, the resulting residuals are the summation of two
random components: µ−u and ε. The modeling assumption used here is that
u is non-negative and ε is symmetrically distributed with respect to a zero
mean. As such, one can expect to see a significant decrease at the value of µ
in the density curve of the residuals. This understanding is used to estimate
µ—if one can locate where the greatest decrease in the residual distribution
occurs, it provides an estimate of µ. Hwangbo et al. [96] use the technique
in [84] for this estimation. An illustration is given in Fig. 6.11, but we skip
the procedure and refer interested readers to [97] for technical details.

The following summarizes the steps in estimating the shape-constrained
stochastic production function, Q(V ):

1. Use the wind turbine data (wind speed and power) to estimate g(V )
while imposing the shape constraints and the continuity requirement at
the inflection point. Denote the estimated power curve by ĝ(V ).

2. Estimate µ(V ), the mean function of the inefficiency term.
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FIGURE 6.11 Estimation of the mean function of the inefficiency term µ.

Left panel: density curve of µ − u, middle panel: density curve of ε,

right panel: density curve of the residual e.

3. Estimate the production function, Q(V ), based on the relationship of
Q(V ) = g(V ) + µ(V ). Denote the estimated frontier curve by Q̂(V ).

The estimated production frontier function, Q̂(V ), provides a performance
benchmark for wind turbines. Hwangbo et al. [96] propose to quantify the
productive efficiency of a wind turbine by using the estimated performance
benchmark curve and the average performance power curve. Specifically, they
propose the following production efficiency measure, PE, which is the ratio
of the energy produced under the average performance curve over that un-
der the performance benchmark curve, integrated over the whole wind speed
spectrum,

PE =

∫ Vco
Vci

ĝ(V )dV∫ Vco
Vci

Q̂(V )dV
. (6.9)

Apparently, PE takes a value between zero and one; the closer a PE is to one,
the closer the wind turbine performs to its full potential.

One may have noticed that the discussion above treats the production
functions, both the frontier function and the average performance function,
as univariate. This is because a multivariate production function satisfying
the RUP law is still not fully developed. On the other hand, however, besides
wind speed, air density and several other environmental variables, including
wind direction, humidity, turbulence intensity and wind shear, all potentially
affect wind power production, as seen in the analysis in Chapter 5. These
environmental influences are not controllable but their existence does play a
role affecting the inefficiency estimated from the power output data. Conse-
quently, when comparing the productive efficiency of different turbines or the
same turbine over different operational periods, analysts may need to control
for the influence of these environmental factors; otherwise, one may wonder
what part of inefficiency is due to a turbine’s intrinsic differences and what
part of inefficiency comes from differences in environmental characteristics
such as air density.

This sort of ambiguity can be alleviated if the comparison periods have
comparable environmental profiles. The environmental variables are referred
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to as covariates in the statistical literature. Hwangbo et al. [96] use a co-
variate matching procedure to select a subset of the data, in order to make
the environmental profiles across different time periods as similar as possible,
thus removing the effect of environmental influences from the efficiency anal-
ysis. The detail of the matching process is described in Section 7.2. One thing
worth noting is that the covariate matching does not produce an exact match
but a good match instead, subject to the degree of dissimilarity allowed by a
prescribed threshold, $. To confirm the quality of the matches, Hwangbo et
al. suggest plotting the pdfs of each environmental variable, empirically esti-
mated from the data and visually inspected for assessing how well the pdfs
match across the comparison periods.

6.4 CASE STUDY
In this case study, data from two wind turbines in the Inland Wind Farm

Dataset2 and two turbines from the Offshore Wind Farm Dataset2 are
used. The two inland turbines are referred to as WT1 and WT2, respectively,
and the two offshore ones as WT3 and WT4, respectively. These turbine names
do not imply relationship with the turbines of the same names in Chapter 5.
But they do come from the same wind farms, so that the characteristics in
Table 5.1 can be referenced for respective turbines. Table 5.1 states that the
rated power for the offshore turbines is around 3 MW and that for the inland
turbines is between 1.5 MW and 2 MW. In the following numerical analysis,
in order to compute the power coefficient, we use 3 MW as the rated power for
the offshore turbines and 1.65 MW as the rated power for the inland turbines.

Hwangbo et al. [96] analyze the wind turbine data on an annual basis,
which means that they divide the four-year data into four consecutive annual
periods. The number of periods is denoted by T = 4 and the period index is
t = 1, 2, 3, 4. Hwangbo et al. evaluate turbine efficiency for each year.

The first step of data processing is to control for the influence of envi-
ronmental factors, which is to select the subset of data with comparable
environmental profiles through the covariate matching method described in
Section 7.2. For inland wind turbines, the covariates to be matched include
x = (V,D, ρ, I, S)T , whereas for offshore wind turbines, x = (V,D, ρ,H, I)T .
The wind shear, S, is left out in the offshore cases because the study in Chap-
ter 5 suggest that conditioned on the inclusion of (V,D, ρ,H, I), the effect
of the two-height vertical wind shear on the offshore turbine’s power output
appears weak. For all turbine cases, Hwangbo et al. [96] set the similarity
threshold as $ = 0.25. Before the covariate matching, the number of ob-
servations in each annual dataset ranges from 14,000 to 37,000, and these
numbers reduce to 1,400–2,300 after the matching. The matched dataset in-
cludes thousands of observations which is still large enough for estimating the
performance benchmark function curve as well as the average performance
curve.

Figs. 6.12 and 6.13 present, for inland turbine WT1 and offshore turbine
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FIGURE 6.12 Probability density function plots of the matched covariates

over the four comparison periods for inland turbine WT1. (Reprinted

with permission from Hwangbo et al. [96].)
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FIGURE 6.13 Probability density function plots of the matched covariates

over the four comparison periods for offshore turbine WT3. (Reprinted

with permission from Hwangbo et al. [96].)

WT3, respectively, the pdfs of each environmental variable across the four
comparison periods after the covariate matching. The same plots for WT2 and
WT4 are omitted because they convey similar messages. One can notice that
the choice of $ = 0.25 leads to sufficiently good matching as demonstrated in
the pdf plots.

Subsequently, Hwangbo et al. [96] use the matched subset of data to es-
timate the productive efficiency measure for each comparison period, as de-
fined in Eq. 6.9. To add a confidence interval, 100 bootstrapping samples are
randomly drawn from a respective original dataset, and for each resampled
dataset, the efficiency metric is computed once. Doing this 100 times allows
the calculation of the 90% confidence intervals for the productive efficiency
metric. The bootstrap procedure can be performed on any other performance
metrics as well; for more details about the bootstrap technique, please refer
to [55].

Fig. 6.14 shows the PEs and its confidence intervals for the four compari-
son periods, which happen to be the first four years of a turbine’s operation.
Interestingly, one can notice that for all four turbines, their productive effi-
ciency appears to have increased slightly, rather than deteriorated, during the
early stage of operation. This pattern is more obvious for offshore turbines.
This initial increase in efficiency was also recognized by Staffell and Green
(2014) [203, Figure 9b]. Staffell and Green plot the fleet-level performance
degradation of wind turbines over a twenty-year period using the fleet’s load
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FIGURE 6.14 Productive efficiency, PEt, t = 1, 2, 3, 4. The bars represent

90% confidence intervals and the dots denote the mean values of the

efficiency. For offshore wind turbines, some of the confidence intervals

are very narrow and are thus not visible. (Adapted with permission

from Hwangbo et al. [96].)

factor as the performance measure. Staffell and Green’s study appears to sug-
gest an initial period of four to five years before any noticeable degradation is
witnessed, as well as an increase in turbine performance for the first one and
one-half years, which is rather consistent with what is observed here.

This increasing efficiency phenomenon, however slight, is perhaps counter-
intuitive. Hwangbo et al. [96] theorize that this could be due to the rational
behavior of the operator when faced with initial start-up risk. Recall the typi-
cal bathtub curve used in reliability engineering [90], in which there is a short
“infant mortality” period at the beginning of a system’s operation. In this
period, the failure rate of a system appears to be higher than that in the
subsequent stable operation period but the failure rate declines rapidly as the
components in the system break in with each other. Flipping the bathtub
curve upside down shows the reverse effect of failures, or rather, the effective
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ity. Left panel: a flipped bathtub curve, right panel: load factor average

curve implied by Figure 9b in [203].

production of a system. On the flipped curve, one expects to see an increase
in production efficiency in the initial period; see Fig. 6.15.

Aware of the existence of this period of increased risk of failure, engi-
neers and operators take proactive actions to reduce risk in their operational
policies. One typical action is called “burn-in,” in which the manufacturers
break in key components before the final system is put together and shipped
off to the end users, so that a system installed at a user’s site can skip the
rapid ascending phase of the initial period. But a system after burn-in can
still experience the tail portion of the initial period, seeing a slight increase in
efficiency.

Another common recommendation is for operators to ramp up the produc-
tion of a system slowly in its initial operation period. Wind turbine operators
may have operated the turbines following a similar ramping-up strategy. Con-
sequently, the initial increase in production efficiency could be the combined
effect of components breaking in and a strategic ramping up.

An interesting observation of Staffell and Green’s Figure 9b is that for a
wind turbine fleet, there is a noticeable decline even during its stable operation
period (until around 18 years in service). This differs apparently from the
typical bathtub curve which has a flat stable operation period. Analysts indeed
have been arguing [27] that wind turbines, subject to non-steady loads as a
result of the uncontrollable nature of wind, degrade faster than a turbine
machinery operating under relatively long periods of steady loads (such as
the gas turbines in fossil fuel power plants). This tilted stable operation line
may be a testimonial to this faster degradation argument.

Hwangbo et al. [96] compare their productive efficiency metric, PE, and
power coefficient, Cp. Table 6.3 presents the power coefficient values and the
PE values for the four turbines in the four periods. The values in the paren-
theses are the respective confidence intervals.

As mentioned before, the theoretical maximum of power coefficient is the
Betz limit. One could divide a power coefficient by the Betz limit to get an
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TABLE 6.3 Comparison between the productive efficiency and the
(peak) power coefficient.

Year 1 Year 2 Year 3 Year 4

Power coefficient Cp

WT1 0.374 0.390 0.394 0.393
(0.369, 0.380) (0.387, 0.394) (0.390, 0.399) (0.390, 0.398)

WT2 0.442 0.463 0.463 0.461
(0.436, 0.449) (0.459, 0.468) (0.458, 0.473) (0.456, 0.468)

WT3 0.419 0.464 0.482 0.506
(0.417, 0.422) (0.460, 0.470) (0.479, 0.489) (0.498, 0.515)

WT4 0.418 0.467 0.483 0.504
(0.415, 0.422) (0.461, 0.474) (0.477, 0.491) (0.497, 0.511)

Productive efficiency PE

WT1 0.957 0.974 0.978 0.974
(0.955, 0.960) (0.972, 0.976) (0.976, 0.979) (0.971, 0.976)

WT2 0.969 0.978 0.978 0.976
(0.968, 0.971) (0.977, 0.980) (0.976, 0.980) (0.973, 0.978)

WT3 0.965 0.976 0.981 0.985
(0.964, 0.966) (0.975, 0.976) (0.981, 0.982) (0.984, 0.986)

WT4 0.962 0.976 0.982 0.985
(0.961, 0.964) (0.974, 0.977) (0.981, 0.983) (0.984, 0.986)

interpretation of how much the turbine performs relative to its potential, sim-
ilar to what the productive efficiency attempts to do. But the Betz limit is
not practically achievable, so that power coefficients are generally below 0.45.
When normalizing by the Betz limit, the resulting power coefficient-based
efficiency measure never approaches one. Considering the yearly power coeffi-
cient in Table 6.3, ranging from 0.371 to 0.506, the relative power coefficient
efficiency is therefore between 63% and 85%. These low percentages should
not be interpreted as saying that power production of the wind turbines is
inefficient. Looking at the PE values, the wind turbine operations are actually
reasonably efficient, relative to their full potentials.

Using the power coefficient values, one also notices a general upward trend
and a leveling off. This message appears to reinforce what is observed using
the PE measure. In fact, there appears a fairly obvious positive correlation
between the two metrics. Using all the average values in Table 6.3 yields a
correlation of 0.75 between Cp and PE values. This positive correlation sug-
gests that the productive efficiency metric measures a turbine’s performance
on a broad common ground with the power coefficient.

GLOSSARY
AEP: Annual energy production
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CF: Capacity factor

CNLS: Convex nonparametric least squares

DEA: Data envelope analysis

IEC: International Electrotechnical Commission

pdf: Probability density distribution

PE: Productive efficiency

PGR: Power generation ratio

RUP: Regular ultra passum

SFA: Stochastic frontier analysis

s.t.: Such that

TS: Technical specifications

EXERCISES
6.1 Use the Offshore Wind Farm Dataset2, select one of the turbines, and

conduct the following exercise.

a. Calculate the capacity factor for this wind turbine on the weekly
time resolution, and let us call this capacity factor M4.

b. Plot the histogram and the empirically estimated density curve of
M4. Compare M4 with the other three metrics in Fig. 6.4.

c. Replicate the results in Table 6.1 but now it is M4 versus M1, M2,
and M3, respectively.

6.2 Use the Inland Wind Farm Dataset2, select one of the turbines, and
replicate the analysis in Section 6.2 but for this inland turbine. Are the
overall insights concerning the three performance metrics still valid?

6.3 Generate a plot like Fig. 6.14 but using the data of the (peak) power
coefficient in Table 6.3.

6.4 The power coefficient computed in Section 6.2 is the peak power coeffi-
cient, i.e., that the largest value on a power coefficient curve is used to
represent the whole curve. Let us compute the average power coefficient
instead, i.e., the average of all values on the power coefficient curve.
Then, use the average power coefficient to re-do the analysis in Ta-
bles 6.1 and 6.2 and Figs. 6.4–6.6. Is the average power coefficient closer
to the other two performance metrics than the peak power coefficient?
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6.5 Khalfallah and Koliub [121] study the effect of dust accumulation on tur-
bine blades on power production performance of the affected turbine.
They reckon that the power production, in the presence of dust accumu-
lation, deteriorates more significantly for wind speed higher than 9 m/s
than the lower wind speeds. They estimate the annual loss is around
3%.

a. Take the WT1’s 2008 data and modify it by decreasing the power
output value by 3% for those power outputs corresponding to wind
speed of 9 m/s or higher. Treat this as the 2009 data. Then, reduce
the 2008 power data by 6% and 9% and use them as the substitute
of 2010 and 2011 power data, respectively. This gives us a set of
simulated wind-power data, mimicking the dust accumulation effect
over four years. This data simulation is first suggested by Hwangbo
et al. [96].

b. Compute the (peak) power coefficient for the four years on an annual
basis.

c. Use 100 bootstrap samples to compute the 90% confidence interval
for each of the point estimates of power coefficient obtained in (b).

d. Plot the point estimates and the associated 90% confidence intervals
in the fashion similar to Fig. 6.14. What do you observe? Does it tell
you certain limitation of using the power coefficient as a performance
metric?

6.6 Find some other real-life examples, if possible, supporting or illustrating
the flipped bathtub curve. Do any of your examples have an accelerated
deterioration even during its supposedly stable operation period, like
the curve in the right panel of Fig. 6.15?

6.7 The details of the covariate matching procedure can be found in [96,
Section 3] or in Chapter 7 of this book. Please read the material and
understand how it works. Choose different $ values and see how it
affects the matching quality and the resulting data amount. Choices of
$ can be 0.1, 0.15, 0.2, 0.3 or 0.5.

6.8 Use the 10-min resolution data in the Wind Time Series Dataset and
split the data into 80% for training and 20% for testing. Conduct the
following exercise.

a. Use the training data to construct a V -versus-y power curve using
the IEC binning method.

b. Use the same training data to construct a shape-constrained power
curve using the method outlined in Section 6.3.2.
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c. Use the test data to perform an out-of-sample test on the two power
curves. Please compare the two power curve estimates in terms of
both RMSE and MAE.



C H A P T E R 7

Quantification of
Turbine Upgrade

T
urbine performance assessment, as discussed in Chapter 6, plays an im-
portant role in wind turbine maintenance, equipment procurement and

wind energy planning. Over time, a wind turbine naturally degrades, losing
efficiency in power generation. To maintain the production efficiency of a wind
turbine, the owners or operators sometimes perform a retrofit to an existing
wind turbine, also known as an upgrade, in the hope to restore or enhance
the production efficiency of the existing asset. But upgrading can be costly.
Owners or operators of wind farms understandably wonder whether the per-
formance of a wind turbine is improved enough to justify the cost of upgrading.
This chapter presents several data science methods aiming at addressing this
issue.

7.1 PASSIVE DEVICE INSTALLATION UPGRADE
Power output from a wind turbine is driven by wind input. It therefore makes
little sense to compare, without controlling for the input conditions, the differ-
ence in wind power production before and after an upgrade. The output-only
difference, even if present, would not reveal whether the difference comes from
upgrading the turbine or from the occurrence of a strong wind after the up-
grade.

The output-only comparison could be effective for some of the upgrades
that change the control logic without necessarily installing or adjusting phys-
ical devices on a turbine. For these cases, analysts suggest switching back and
forth between two operational options in 30-second intervals and recording the
power production under each option, respectively. Conducting such test for a
long enough duration and under a broad variety of environmental conditions,
and comparing the power outputs under respective operational options sheds
light on which option leads to better power production. The assumption here

187
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is that the environmental conditions as well as the turbine’s own conditions,
besides the operational option under test, are unlikely different in a duration
as short as 30 seconds apart. The difference between the power output, if
existing, must thus be attributed to the difference in the operational options.

Not all the upgrades can be tested in the aforementioned manner. Many
upgrades involve installing a passive device to the existing turbine or adjust-
ing existing turbine components physically. One such upgrade is the vortex
generator (VG) installation. The wind industry has long been aware of the
VG technology and the potential benefit that VG installation may bring to
wind power production, as past studies [151, 157, 224] claim that having VGs
could improve the lift characteristics of the blades. Installing vortex generators
requires retrofitting turbine blades, incurs material and labor costs, and halts
energy production during installation. Once installed, owners and operators
would rather not take them off, as doing so incurs even more costs. Turbine
upgrades like VG installation are definitely not candidates for conducting the
aforementioned 30-second operational switching test.

Although the precise magnitude of the benefit from VG installation is un-
known, the general feeling in the industry is that it would be moderate, likely
resulting in 1–5% extra wind energy production under the same wind and en-
vironmental conditions. Detecting this moderate improvement in the turbine
operational data, with the presence of large amounts of noise, is not a trivial
task. The IEC binning method for power curve modeling, as explained in Sec-
tion 5.1, is probably the most widely used approach in the wind industry for
estimating and quantifying a turbine’s performance before and after VG in-
stallation. The IEC standard method is, however, ineffective in this endeavor,
which has been noticed by industrial practitioners and documented in previ-
ous studies [50, 133]. The IEC admits that “Depending on site conditions and
climate, the uncertainty may amount to several percent” [102].

A second difficulty in quantifying the benefit of a turbine upgrade lies
in the lack of a good method to validate the estimated effect. In order to
validate the estimated VG effect, one ought to know the ground truth of
the actual effect. For that purpose, one would ideally conduct a controlled
experiment, in which all environmental conditions are set the same before
and after VGs are installed, so that the difference in power outputs before
and after the installation signifies the VG effect. The problem is that such
a controlled experiment is impractical and will probably never be feasible,
considering the sheer physical size of commercial wind turbine generators.
Analysts could conduct small-scale experiments in a wind tunnel, but the
amount of uncertainty encountered in the extrapolation of the small-scale wind
tunnel test to commercial operations makes such results much less credible to
use.

We want to caution readers that our purpose here is not to advocate a
specific type of turbine upgrade or retrofit option but to present some options
that may better serve the purpose of upgrade quantification. When a quan-
tification method, for example, the IEC binning method, indicates that there
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is no difference in a turbine’s power output before and after an upgrade, a
question remains: Is there really no benefit to have that type of upgrade for
this particular turbine, or is it possible that the method used is incapable of
detecting small to moderate changes due to the method’s inherent limitations?

7.2 COVARIATE MATCHING-BASED APPROACH
The IEC method’s ineffectiveness is rooted in its lack of control of the influ-
ence of multiple environmental factors other than wind speed. Shin et al. [198]
present a covariate matching approach to select a subset of data from datasets
before and after an action of upgrade and to ensure the environmental co-
variates of the selected subset to have comparable distribution profiles. Recall
from Chapter 5 that x denotes the vector of environmental variables, including
wind speed, and the variables in x are called covariates. Once the covariates
are matched, Shin et al. then quantify the benefit of the upgrade by taking
the difference of power outputs under the matched environmental condition
and apply a paired t-test for testing the significance of the upgrade effect.

Covariate matching methods are rooted in the statistical literature [206]. In
stabilizing the non-experimental discrepancy between non-treated and treated
subjects of observational data, Rubin [185] adjusts covariate distributions by
selecting non-treated subjects that have a similar covariate condition as that
of treated ones. Through the process of matching, non-treated and treated
groups become only randomly different on all background covariates, as if
these covariates were designed by experimenters. As a result, the outcomes
of the matched non-treated and treated groups, which keep the originally
observed values, are comparable under the matched covariate conditions.

Fig. 7.1 demonstrates the discrepancy of the covariate distributions of
the un-matched or non-treated data in the Turbine Upgrade Dataset. It
presents for each covariate the difference between the pre-upgrade and post-
upgrade periods using the empirically estimated density functions. The last
subplot in both the upper and lower panels is the density function of the
power output of the respective control turbine. For the control turbine, as it
is not modified, the distribution of its power output is supposed to be compa-
rable, should the environmental conditions be maintained the same. But the
data show otherwise, signifying the impact of the confounding environmental
influence.

7.2.1 Hierarchical Subgrouping
In the context of wind turbine upgrade, the data records collected before the
upgrade form the non-treated data group, whereas those collected after the
upgrade form the treated group. Let Qbef and Qaft be the index set of the data
records in the non-treated and treated group, respectively. Let xQ denote the
values of a covariate x for data indices in Q. For example, VQbef

is the vector
of all wind speed values that are observed before the upgrade.
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FIGURE 7.1 Overlaid density functions of the unmatched covariates and

the density functions of control turbine power output. Solid line = be-

fore upgrade (non-treated) and dashed line = after upgrade (treated).

(Reprinted with permission from Shin et al. [198].)
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The first action of preprocessing is to narrow down the dataset and create
a subset on which one subsequently performs the data records matching. The
reason for this preprocessing is to alleviate a computational demand arising
from too many pairwise combinations when comparing two large size datasets.
This goal is fulfilled through a procedure labeled as hierarchical subgrouping.
The idea is summarized in Algorithm 7.1.

Algorithm 7.1 Hierarchical subgrouping procedure to match covariates.

1. Locate a data record in the treated group, Qaft, and label it by the index
j.

2. Select one of the covariates, for instance, wind speed, V , and designate
it as the variable of which the similarity between two data records is
computed.

3. Go through the data records in the non-treated group, Qbef, by select-
ing the subset of data records such that the difference, in terms of the
designated covariate, between the data record j in Qaft and any one of
the records in Qbef is smaller than a pre-specified threshold, $. When
V is in fact the one designated in Step 2, the resulting subset is then
labeled by placing V as the subscript to Q, namely QV .

4. Next, designate another covariate and use it to prune QV in the same
way as one prunes Qbef into QV in Step 3. Doing so produces a smaller
subset nested within QV . Then continue with another covariate until all
covariates are used.

The order of the covariates in the above hierarchical subgrouping proce-
dure is based on the importance of them in affecting wind power outputs.
According to the analysis in Chapter 5, V , D, and ρ are more important,
whereas S and I are less so. Shin et al. [198] use the order, V , D, ρ, S, and
I. While it is generally a good idea to follow the physically meaningful order
when conducting the hierarchical subgrouping, Shin et al. present a numerical
analysis based on the reserve order, i.e., I, S, ρ, D, and V , and find that using
the reserve order hardly affects the downstream analysis outcome, suggesting
a certain degree of robustness in the overall analysis procedure. The robust-
ness appears to be a result of the checks and diagnostics included in the later
stage of procedure and to be explained in the sequel. If a priority order of the
covariates is unknown, it is recommended to perform some statistical analysis
using, for example, random forests [21], which can measure the importance of
covariates before applying the matching method.

Note that wind direction, D, is a circular variable, so that an absolute
difference between two angular degrees is between 0 and 180◦. The circular
variable formula, 180◦−|180◦−(|Di−Dj |)|, is used to calculate the difference
between two D values.
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The above process can also be written in set representation. For a data
record j in Qaft, define subsets of data records in Qbef, hierarchically chosen,
as

QV := {i ∈ Qbef : |Vi − Vj | < $ · σ(VQbef
)},

QD := {i ∈ QV : 180◦ − |180◦ − (|Di −Dj |)| < $ · σ(DQV )},
Qρ := {i ∈ QD : |ρi − ρj | < $ · σ(ρQD )},
QS := {i ∈ Qρ : |Si − Sj | < $ · σ(SQρ)},
QI := {i ∈ QS : |Ii − Ij | < $ · σ(IQS )},

(7.1)

where σ(x) is the standard deviation of x in the specified dataset. The thresh-
olding coefficient, $, can be different at each layer but to make thing sim-
ple, analysts usually select a single constant threshold for the whole proce-
dure. This hierarchical subgrouping establishes the subsets nested as such:
QI ⊂ QS ⊂ Qρ ⊂ QD ⊂ QV ⊂ Qbef. Consequently, the data records in the
last hierarchical set, QI , have the closest environmental conditions as com-
pared with the data record j in Qaft.

There could be other conditions, in addition to the five variables men-
tioned above, which may affect wind power production while not measured.
The possible existence of unmeasured factors presents the risk of causing a
distortion in comparison, even when the aforementioned measured environ-
mental factors are matched between the treated and non-treated groups. In
order to alleviate this risk, Shin et al. [198] make use of the power output,
yctrl, of the control turbine in each turbine pair. The idea is to further narrow
down from the most nested subset, produced above, by taking the following
action—select records from QI whose yctrl values are comparable to the yctrl

value of a data record j in Qaft. Doing this actually amounts to continuing
the hierarchical subgrouping action to produce a Qy, a subset of QI , based
on yctrl, such that

Qy := {i ∈ QI : |yctrl
i − yctrl

j | < $σ(yctrl
QI )}. (7.2)

Shin et al. [198] perform this procedure for all data records in the treated
group so that each record j in Qaft has its matched set, which is denoted by
Qy,j . The set of Qy,j is in fact the set of data records in the non-treated group
matched to the data record j in the treated group. In the case that Qy,j is an
empty set, one should then discard the respective index j from Qaft. Because
of this, Qaft may shrink after the subgrouping steps.

7.2.2 One-to-One Matching
The next action is to choose a data record in Qy,j that is the closest to
the data record j. For this purpose, analysts need to define a dissimilarity
measure to quantify the closeness between two data records. Shin et al. [198]
decided to use the Mahalanobis distance [140] as the dissimilarity measure,
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which is popularly used in the context of multivariate analysis. A Mahalanobis
distance re-weighs the Euclidean distance between two covariate vectors with
the reciprocal of a variance-covariance matrix. Before presenting the definition
of the Mahalanobis distance between two wind turbine data records, Shin et
al. first transform x into x∗, such that

x∗ := (V cosD,V sinD, ρ, S, I)T .

Using x∗ makes it easier to deal with the circular wind direction variable, D.
The Mahalanobis distance, MDij , between a data record j in Qaft and a data
record i in Qy,j , is defined as

MDij :=
√

(x∗i − x∗j )TΣ−1(x∗i − x∗j ), (7.3)

where Σ is the covariance matrix of x∗. Obviously, the larger an MD value,
the less similar the two data records.

With the Mahalanobis distance defined, one can simply select the data
record ij in Qy,j that has the smallest Mahalanobis distance as the best match
to data record j in Qaft. In other words, ij is found such that

ij = arg min
i∈Qy,j

MDij ,

for each j in Qaft. In case two or more are tied for the smallest value, Shin et
al. [198] choose one of them randomly.

After this step, each data record j in the treated group is matched to
a non-treated counterpart ij , with the exception of those already discarded
during the subgrouping step. Let us define the index set of the matched data
records from the non-treated group as

Q∗bef := {ij ∈ Qbef | j ∈ Qaft}.

It should be noted that Shin et al. [198] allow replacement in the matching
procedure. In other words, ij is not eliminated from the candidate set Qbef,
even though it has matched to j once. When the next data record j + 1 is
selected from Qaft, the same non-treated data i is possible to be matched
again.

7.2.3 Diagnostics
After performing the matching procedure, it is important to diagnose how
much of the discrepancy in the covariate distributions has been removed.
Only after the diagnostics signifies a sufficient improvement, can an outcome
analysis be performed in the next step.

Shin et al. [198] measure the discrepancy of distributions in two ways,
numerically and graphically. For the numerical diagnostics, the standardized
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TABLE 7.1 SDM values serve as the numerical diagnostics for
covariate matching.

VG installation pair

V D ρ S I yctrl

Unmatched 0.6685 0.0803 3.2715 0.2312 0.1382 0.8132
Matched 0.0142 0.0026 0.0589 0.0721 0.0003 0.0083

Pitch angle adjustment pair

V D ρ S I yctrl

Unmatched 0.0605 0.1647 1.6060 0.2759 0.4141 0.0798
Matched 0.0077 0.0029 0.0263 0.0158 0.0111 0.0036

Source: Shin et al. [198]. With permission.

difference of means (SDM) is used as a measure of dissimilarity of a covariate
between the treated and non-treated groups, i.e.,

SDM :=
xQaft

− xQbef

σ(xQaft
)

, (7.4)

where x is one of the covariates and xQ denotes the average of x in the
set of Q. The SDM decreases if the matching procedure indeed reduces the
discrepancy between the two groups. As shown in Table 7.1, SDM decreases
significantly for all covariates after matching. A previous study [186] suggests
that SDM should be less than 0.25 to render the two distributions in question
comparable.

The graphical diagnostics uses the pdf plots just like in Figs. 6.12 and 6.13,
in which the empirical density functions before and after the upgrade are over-
laid on top of each other. Then, a visual inspection is conducted to check and
verify that the two respective density functions are similar enough. Fig. 7.2
presents the well-matched distributions of covariates after the matching pro-
cess. The improvements in terms of distribution similarity are apparent when
compared to Fig. 7.1.

It should also be noted that, if the size of Qaft after the matching loses too
many data records, and this can happen when too small $’s are applied, Shin
et al. [198] suggest to enlarge the size of the original Qaft prior to the match-
ing process, in order to secure a sufficient amount of representative weather
conditions in the matched Qaft. Enlarging Qaft can be done by extending the
post-upgrade data collection period, for instance.

7.2.4 Paired t-tests and Upgrade Quantification
The matching procedure produces a set of paired data records of the two
groups, each pair denoted by (ij , j), where ij ∈ Q∗bef and j ∈ Qaft. Using
these paired indices, Shin et al. [198] retrieve the paired power outputs for
the test turbine, i.e., (ytest

ij
, ytest
j ). The power output pair can be interpreted
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FIGURE 7.2 Overlaid density functions of the matched covariates and the

density functions of the matched control turbine power output. Solid

line = before upgrade (non-treated) and dashed line = after upgrade

(treated). (Reprinted with permission from Shin et al. [198].)
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TABLE 7.2 The results of paired t-tests and upgrade
quantification.

VG installation pair Pitch angle adjustment pair

t-stat p-value UPG t-stat p-value UPG
3.015 0.003 1.13% 7.447 < 0.0001 3.16%

Source: Shin et al. [198]. With permission.

as repeated measurements under comparable environmental conditions, thus
making the power outputs also comparable. One can apply a t-test to analyze
the difference of the paired power outputs, computed as δj = ytest

j −ytest
ij

. The
null hypothesis is that the expected mean of the difference is zero, that is,
H0 : E(δ) = 0, where δ is the sample mean of {δj : j ∈ Qaft}. Accordingly, the
test statistic is

t-stat :=
δ

sδ/
√
nδ
, (7.5)

where sδ and nδ are the sample standard deviation and the sample size of
{δj : j ∈ Qaft}, respectively. If the test concludes a significant positive mean
difference, the upgrade on the test turbine is deemed effective. Table 7.2
presents the results from the paired t-test of both datasets, which show a
significant upgrade effect at the 0.05 level.

Shin et al. [198] quantify the upgrade effect, denoted by UPG, by comput-
ing

UPG :=

∑
j∈Qaft

(ytest
j − ytest

ij
)∑

j∈Qaft
ytest
ij

× 100. (7.6)

The quantification results are shown in Table 7.2 as well. Recall that in the
pitch angel adjustment pair, the test turbine’s power is increased by 5% for
wind speeds of 9 m/s and above, which translates to a 3.11% increase for the
whole wind spectrum. The quantification outcome shows an improvement of
3.16% overall, which appears to present a fair agreement with the simulated
amount.

7.2.5 Sensitivity Analysis
The pitch angle adjustment pair is analyzed for the purpose of getting a sense
of how well a proposed method can estimate a power production change. Re-
call that the upgrade in the pitch angle adjustment pair is simulated, so we
know the true upgrade amount and can use that as a reference for compar-
ison. In Section 7.2.4, however, only a single simulated improvement value
(5%) is used. To have a fuller sense, this section conducts the matching-based
quantification on various degrees of the simulated improvement.

Denote by r the nominal power increase rate. Because the nominal power
increase rate is applied only to the partial range of wind power corresponding
to wind speed higher than 9 m/s, the effective power increase rate for the
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TABLE 7.3 Sensitivity analysis of covariate matching-based turbine upgrade
quantification.

r 2% 3% 4% 5% 6% 7% 8% 9%

r′ 1.25% 1.87% 2.49% 3.11% 3.74% 4.36% 4.98% 5.60%
UPG 1.74% 2.21% 2.68% 3.16% 3.63% 4.11% 4.58% 5.05%
UPG/r′ 1.39 1.18 1.08 1.02 0.97 0.94 0.92 0.90

Source: Shin et al. [198]. With permission.

whole wind spectrum, denoted by r′, is different. When it comes to verifying
the upgrade effect for the simulated case, the effective power increase rate r′

is computed through

r′ :=

∑
j∈Qaft

ytest
j {1 + r · 1(V test

j > 9)} −
∑
j∈Qaft

ytest
j∑

j∈Qaft
ytest
j

. (7.7)

Shown in Table 7.3, as r changes from 2% to 9%, r′ changes from 1.25%
to 5.6%. This range of power increases is practical for the detection purpose.
If an improvement is smaller than 1%, it is going to be considerably hard to
detect. On the other hand, when an improvement is greater than 6%, it is
possible that even the IEC binning method can detect that level of change.

Table 7.3 presents the UPGs corresponding to the respective r′. One can
observe that UPG noticeably overestimates r′ when r′ is small (smaller than
2%)—the overestimation is as much as 40% for the smallest change in the
table. But the quantification quality using UPG gets stabilized as r′ increases.
For the last six cases in Table 7.3, the differences between UPG and r′ are
within 10%.

7.3 POWER CURVE-BASED APPROACH
The multi-dimensional power curve methods, explained in Chapter 5, can
account for the influence of environmental variables on power output. It is thus
not surprising that upgrade quantification approaches are developed based on
power curve models.

The basic idea is as follows. Once a power curve model is established
using the pre-upgrade data, it captures the power production characteristics
of the old turbine before the upgrade. Feeding the post-upgrade wind and
environmental data to the power curve model is analogous to running the old,
unmodified turbine under the new conditions. Comparing the model outputs
with the actual physical outputs under the same input conditions is supposed
to reveal the difference that an upgrade makes.

Using the IEC binning method to quantify the benefit of an upgrade is in
fact a power curve-based approach. The drawback of that specific approach
lies in the fact that IEC binning controls for practically only the wind speed
effect, which accounts for roughly 85% of the variation in the power data.
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FIGURE 7.3 Dataset partition used in Kernel Plus for quantifying a tur-

bine upgrade. (Reprinted with permission from Lee et al. [133].)

The remaining unaccounted variation is still too much relative to the typi-
cal upgrade effect, and without accounting for that, the resulting method is
rendered ineffective, which is what happens to the IEC binning-based quan-
tification method [50].

Lee et al. [133] present a turbine upgrade quantification method based
on the additive-multiplicative kernel power curve model, introduced in Sec-
tion 5.2.3. The resulting method is nicknamed Kernel Plus.

7.3.1 The Kernel Plus Method
The central element in Kernel Plus is the AMK model in Eq. 5.16. In the
context of upgrade quantification, only the mean prediction equation, ŷ(x),
is used. To make it explicit that the power curve model is from AMK, let us
denote it with an AMK superscript, namely ŷAMK(x).

In its procedure to quantify a turbine upgrade, Kernel Plus involves three
datasets, as illustrated in Fig. 7.3. The three datasets include a training
dataset of historical observations of (x, y) pairs and two test datasets be-
fore and after an upgrade. The training dataset is referred to as “Data0” and
is used to fit the power curve model. Data0 should be collected from a reason-
able duration of a turbine’s operation, for instance, one year, such that the
seasonal weather effects are well represented in the data. The two test sets,
referred to as “Data1” and “Data2,” respectively, are collected for the same
length of duration before and after the upgrade. They are used to detect and
quantify the upgrade. Their corresponding data duration can be much shorter
than that of Data0; a few weeks to a few months may be sufficient.

In the Kernel Plus method, Lee et al. [133] introduce a self-calibration
procedure to alleviate the bias associated with a Nadaraya-Watson kernel es-



Quantification of Turbine Upgrade � 199

timator when it is used on a new dataset. The existence of bias based on finite
samples is a common problem in statistical prediction. Hastie et al. present a
full illustration of biases and variances involved in statistical prediction [86,
Figure 7.2].

The self-calibration procedure is done by using subsets of the training data
in Data0. To select a calibration set of data that has similar weather conditions
to those in Data1 and Data2, Lee et al. [133] define a distance measure, which
is in spirit similar to the Mahalanobis distance—recall that the Mahalanobis
distance is used in the covariate matching procedure in Section 7.2.2. Like a
Mahalanobis distance, the distance measure in the self-calibration procedure
is a weighted distance but unlike a Mahalanobis distance, it is not weighted
by the reciprocal of the corresponding variance-covariance matrix. Instead,
the weighting matrix is a diagonal matrix whose diagonal elements are from
the bandwidth vector λ. Let us denote this diagonal matrix by Λ, such that
Λi,i = λi and Λi,j = 0 ∀i 6= j. The resulting distance measure between a
training data point, xi ∈ Data0, and a test data point, xj , in either Data1 or
Data2, is

D(xi,xj) =
√

(xi − xj)TΛ−1(xi − xj). (7.8)

Lee et al. [133] elaborate that the reason to choose this distance measure
is because a simple Euclidean distance does not reflect well the similarity be-
tween the x’s, as different elements in x have different physical units, leading
to different value ranges. To define a sensible similarity measure, a key issue
is to weigh different elements in x consistently with their relative importance
pertinent to the power output. The original Mahalanobis distance does not
serve this purpose because the squared distance associated with an input vari-
able is weighted by the inverse of its variance. In a power curve model, wind
speed is arguably the most important variable, yet it has a large variance.
Because of this large variance, using the Mahalanobis distance will in fact
diminish the importance of wind speed relative to other variables that have a
smaller variance. The choice in Eq. 7.8 that uses the kernel bandwidth param-
eters as the weighting coefficients in Λ is consistent with the goal of weighting
each element according to its relative importance, because the bandwidth pa-
rameters are selected based on how sensitive the power output is to a unit
change in the corresponding input variable. If an input variable has a small
bandwidth, it means that the power output could produce an appreciable
difference with a small change in the corresponding input, suggesting that
this variable is relatively important. On the other hand, a large bandwidth
indicates a less important input variable.

For any test data point xj , one can choose a calibration data point, xcal
i ,

from Data0, which has the minimum D(xcal
i ,xj). The calibration procedure

proceeds as described in Algorithm 7.2.
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Algorithm 7.2 Self-calibration procedure in Kernel Plus.

1. For xcal
i ∈ Data0, compute ŷAMK(xcal

i ).

2. Compute the calibration value Rcal(xj) = y(xcal
i )− ŷAMK(xcal

i ), where
xj is paired to the calibration data point xcal

i .

3. For any test data point xj , the final, calibrated power estimate from the
Kernel Plus method is ŷKP(xj) = ŷAMK(xj) + Rcal(xj).
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FIGURE 7.4 Diagram of quantifying a turbine upgrade using the Kernel

Plus method. (Reprinted with permission from Lee et al. [133].)
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7.3.2 Kernel Plus Quantification Procedure
Fig. 7.4 outlines the procedure for detecting and quantifying an upgrade using
the Kernel Plus method and the three sets of data. To start, one establishes
the Kernel Plus model, which includes both AMK and self-calibration. Then,
this Kernel Plus model, representing the “old” turbine, is used to make a pre-
diction/estimation of power output under a new weather profile x in either
Data1 or Data2—the result is denoted as ŷ(x(1)) and ŷ(x(2)), respectively.
Here ŷ(x(1)) and ŷ(x(2)) are ŷKP(·) but for notational simplicity and without
ambiguity, the superscript, KP, is dropped. Consequently, the corresponding
power output residuals can be computed. Had a turbine undergone an up-
grade, one would expect the residuals before and after the upgrade to be
different. A t-test is used to detect a potential difference in the residuals.
Suppose that n1 and n2 are the number of data points in Data1 and Data2,
respectively. The statistical test procedure is presented in Algorithm 7.3.

Algorithm 7.3 Statistical test procedure for upgrade detection.

1. Compute the residuals before and after an upgrade. For Data1,
R(x(1)) := y(x(1))−ŷ(x(1)), and for Data2, R(x(2)) := y(x(2))−ŷ(x(2));

2. Compute the two sample means and the corresponding standard devia-
tions by using the following formula,

R̄k =

∑nk
j=1 R(x

(k)
j )

nk
, k = 1, 2, and,

sk =

√∑nk
j=1(R(x

(k)
j )− R̄k)2

nk − 1
, k = 1, 2.

(7.9)

3. Then, calculate the pooled estimate of standard deviation, σ̂r, by

σ̂r =

√
(n1 − 1)s2

1 + (n2 − 1)s2
2

n1 + n2 − 2
. (7.10)

4. The t statistic is calculated by

t =
R̄2 − R̄1

σ̂r ·
√

1
n1

+ 1
n2

. (7.11)

5. Finally, calculate the p-value of the t statistic. The smaller the p-value,
the more significant the difference.

The procedure in Algorithm 7.3 is devised to confirm any detectable dif-
ference resulting from an upgrade. The output is binary: either the upgrade
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produces a statistically significant difference in a turbine’s performance or it
does not.

If the t-test above does indicate a significant difference, how much differ-
ence in terms of power generation does the upgrade produce? To answer this
question, Lee et al. [133] define a quantifier as follows,

DIFF(x) =

∑
x∈Dtest

(
y(x)− ŷ(x)

)∑
x∈Dtest y(x)

× 100%, (7.12)

where Dtest is a test dataset and can be either Data1 or Data2, so that x can
accordingly be either x(1) or x(2). Similar to the residual analysis described
above, comparing DIFF(x(2)) with DIFF(x(1)) for the test turbine, i.e.,
DIFFtest = DIFF(x(2))−DIFF(x(1)), produces the difference demonstrated in
the test turbine before and after the upgrade. If one conducts the same anal-
ysis to the control turbine, it produces a DIFFcrtl. The final quantification is
the difference between the two turbines, i.e., DIFF = DIFFtest −DIFFcrtl.

7.3.3 Upgrade Detection
Using the Turbine Upgrade Dataset but just two weeks’ worth of data for
Data1 and Data2, Lee et al. [133] apply both the Kernel Plus method and
the binning method to the two pairs of turbines and conduct a residual anal-
ysis. When using the binning method for upgrade quantification, one simply
replaces the dashed-line rectangle in Fig. 7.4 with the binning method (the
version with air density adjustment).

For an upgraded turbine, a method is supposed to produce a large t-
statistic (in its absolute value), which further leads to a small p-value that
signifies the difference between the residuals, whereas for a turbine without
upgrade, a small t statistic, or equivalently, a large p-value is expected. The
commonly used threshold of a p-value to indicate significance is 0.05, which
is what Lee et al. [133] use in their analysis.

Table 7.4 presents the outcomes from the residual analysis of both pairs
of turbines. The Kernel Plus method has significant outcomes consistent with
the upgrade action while the binning method does not.

The outcome of the binning method is attributable to the still large amount
of uncertainty unaccounted for in its residuals. To intuitively understand the
outcomes of the statistical tests, Lee et al. [133] present the residual plots
using data from the test turbine in the VG installation pair when applying
the binning method and the Kernel Plus method, respectively. The residual
plots are presented in Fig. 7.5. The residuals of the binning method exhibit
an obvious pattern (leading to bias) and have a large dispersion, suggesting a
poor model fit and large uncertainty, whereas the residuals of the Kernel Plus
method have a considerably smaller dispersion and exhibit a random pattern,
indicating an adequate model fit and reduced uncertainty.
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TABLE 7.4 Comparing the Kernel Plus and binning methods on their ability to
detect turbine upgrade.

Turbine
Binning Kernel Plus

t statistic p-value t statistic p-value

VG Test −0.46 0.65 2.24 0.025
installation pair Control −2.54 0.01 −0.14 0.89

Pitch angle Test 5.09 3.89× 10−7 3.18 0.002
adjustment pair Control 4.51 6.84× 10−6 −1.71 0.09

Source: Lee et al. [133]. With permission.

FIGURE 7.5 Residual plots. Left panel: after IEC binning is applied; right

panel: after Kernel Plus is applied. The vertical dashed line indicates

the rated wind speed. (Reprinted with permission from Lee et al. [133].)
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TABLE 7.5 Sensitivity analysis of Kernel Plus-based turbine upgrade
quantification.

r 2% 3% 4% 5% 6% 7% 8% 9%

r′ 1.25% 1.87% 2.49% 3.11% 3.74% 4.36% 4.98% 5.60%
DIFF 1.97% 2.56% 3.15% 3.73% 4.30% 4.86% 5.42% 5.97%
DIFF/r′ 1.58 1.37 1.27 1.20 1.15 1.11 1.09 1.07

Source: Shin et al. [198]. With permission.

7.3.4 Upgrade Quantification
As it is done for the covariate matching in Table 7.3, let us conduct a sensitivity
analysis for the Kernel Plus-based method, again using the data from the pitch
angle adjustment pair. The outcome is presented in Table 7.5. One can see
that the Kernel Plus method does an adequate job, but performs slightly worse
than the covariate matching on this simulated case.

When applying to the VG installation pair, the DIFF value is 1.48%. Recall
that the quantification from the covariate matching is UPG = 1.13%. It seems
that the Kernel Plus method tends to over-estimate the upgrade effect. Please
note that the DIFF values reported here are different from those reported
in [133], because of the difference in data. Lee et al. [133] use two weeks’ worth
of data in the post-upgrade period, whereas the results above are obtained
using eight weeks of data. Should the post-upgrade period be shortened to
two weeks, the DIFF value is 1.81%.

To visualize a multi-dimensional response surface, like the response from
the Kernel Plus method, analysts can condition some of the covariates on a
constant value and average the others over all possible values. Lee et al. [133]
produce a series of one-dimensional power curves under different combinations
of ρ and I. Three settings each are chosen for ρ and I, respectively, which are
ρ = (1.15, 1.18, 1.21) and I = (0.08, 0.12, 0.16). Altogether, there are nine
combinations. The power curves presented in Fig. 7.6 are produced based on
the data from the test turbine in the VG installation pair and include those
produced by using both the Kernel Plus method and the binning method.

When using the Kernel Plus method, there are observable differences in
several subplots between the power curves before and after the upgrade. The
difference is pronounced around the rated wind speed. By comparison, the
binning method produces power curves with no visually detectable difference.
This result is consistent with the message of the previous subsections.

7.4 AN ACADEMIA-INDUSTRY CASE STUDY
In Section 7.1, we mention that one difficulty in quantifying the benefit of a
turbine upgrade is due to the lack of a good method to validate the estimated
effect. Currently, it appears that a viable way to address this issue, yet still
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FIGURE 7.6 Power curves conditioned on air density and turbulence in-

tensity and averaged across wind directions. BIN BF: binning method

before upgrade; BIN AF: binning method after upgrade; KP BF: Ker-

nel Plus method before upgrade; KP AF: Kernel Plus method after

upgrade. (Reprinted with permission from Lee et al. [133].)
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indirect, is to use two different methods to cross validate each other. Com-
parison between the covariate matching method and the Kernel Plus method
serves that purpose.

Hwangbo et al. [95] present an academia-industry joint case study, in which
an academic institution and a wind technology company use their respective
method to analyze eight pairs of turbines from two wind farms, four pairs per
farm. The academic institution’s method is the Kernel Plus method described
in Section 7.3, whereas the company’s method uses high-frequency data via
primarily a direct power comparison approach that relies less on the envi-
ronmental data. The company method is referred to as the power-vs-power
method.

In the next subsections, we briefly explain, based on the materials in [95],
the power-vs-power method and then present the joint case study. The data
used in this joint study is proprietary, and is therefore not included as one of
the datasets associated with the book.

7.4.1 The Power-vs-Power Method
The basic idea behind the power-vs-power approach is similar in spirit to
that of the covariate matching. The difference is that the company’s specific
method used in the joint study relies on the high-frequency historian data,
usually a data point per a few seconds to a few data points per second. By
contrast, the covariate matching in Section 7.2 and Kernel Plus in Section 7.3
both use the 10-min data. The amount of the high-frequency data could be
as much as 600 times more than the 10-min data for the same time duration.
The power-vs-power method uses additional mechanisms to control for the
environmental influence—the controlling mechanisms are often called filters
in industry practice.

The power-vs-power approach entails five main steps, outlined in Algo-
rithm 7.4.

Step 1 is to ensure the validity of the assumption that when two tur-
bines are close enough in space, it is likely that the wind and environmental
conditions they are subject to are comparable. This assumption may not be
reasonable for the situation when one turbine is in the wake of the other one.
Step 1 is to identify the free wind sectors in the turbine operational data and
then use only the free sector data in the subsequent analysis.

Step 2 performs an air density normalization. The thought behind this is
similar to that of using the density-normalized wind speed, as recommended
by the IEC [102]. In the case of the power-vs-power approach, no wind speed
measurements are involved in the latter power comparison steps. For this
reason, density normalization must be accomplished by direct normalization
of the power values for the below rated region.

Step 3 is another step designed to verify and uphold the assumption that
both turbines must “see” the same conditions and must operate similarly.
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Algorithm 7.4 Five main steps in the power-vs-power approach.

1. Determine the valid wind sectors and eliminate the wind and power
measurements taken under wake conditions. Also apply all other data
filters (Status.Flag, Yaw.Error, etc.).

2. Apply a power density normalization, namely, normalize the wind power
output through y × ρ/ρ0, where ρ0 is the sea-level dry air density. Use
the density-normalized power in the subsequent analysis.

3. If necessary, verify whether there is any other source of variation sig-
nificantly affecting the power difference between the pre-upgrade and
post-upgrade periods. If such a source of variation is identified, further
reduce the dataset so that its effect is controlled for.

4. Compute the bin-wise power difference, namely, calculate the power pro-
duction difference of the test turbine, relative to that of the control tur-
bine, for each of the power output bins, for both the pre-upgrade and
post-upgrade periods.

5. Compute the power difference produced by the VG installation over the
whole power output spectrum.

When there are obvious sources of variation, additional filters may be needed
to split the data into sets of equal conditions.

After completion of the pre-processing steps that filter, clean, and nor-
malize the data, Step 4 of the power-vs-power approach is to compute the
bin-wise power difference between the two turbines. Specifically,

• Take the high-frequency power output data of the control turbine and
partition the data into B bins by using a bin width of, say, 100 kW. The
bin width can be adjusted for other applications, but, for megawatts
capacity turbines, 100 kW appears to be a reasonable default number.

• For each bin, calculate the median of the power difference between the
test turbine and the control turbine.

• Conduct the above two steps for the pre-upgrade and post-upgrade pe-
riods individually. Denote the resulting power differences by ∆ȳPREb and
∆ȳPOSTb , respectively, for b = 1, . . . , B.

• Conduct a bin-wise comparison between the control and test turbine for
the pre-upgrade period to verify the performance similarities between
the pair of turbines.

• Calculate the bin-wise power difference as ∆ȳb = ∆ȳPOSTb − ∆ȳPREb , for
b = 1, . . . , B.
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Finally, Step 5 of the power-vs-power approach combines all the bin-wise
power differences by using the weights derived from the power distribution
over a given year; the resulting metric serves as the estimate of the upgrade
effect. The detailed procedure is:

• Compute a power curve as a function of wind speed using the measure-
ments taken from the control turbine. Alternatively, one can use the
turbine manufacturer’s certified reference power curve.

• Using the power curve, find the specific wind speeds, Vb,left and Vb,right,
that correspond, respectively, to the lower and upper bound of the b-th
power bin. Convert the wind speed distribution into a power distribution
through

P (yb) = FV (Vb,right)− FV (Vb,left),

where yb is the midpoint of the b-th power bin, FV (·) is the cumulative
distribution function of wind speed, and P (yb) is the probability of the
b-th power bin or, intuitively, the relative occurrence frequency of that
particular power bin in the period of evaluation (i.e., a given year).

• Estimate the overall upgrade effect as

∆upgrade =

∑B
b=1 ∆ȳb · P (yb)∑B
b=1 yb · P (yb)

× 100%. (7.13)

7.4.2 Joint Case Study
In this case study, the upgrade action is VG installation. Four turbine pairs
are taken from each of two wind farms, making a total of eight pairs. Both
wind farms are inland but of different terrain complexity. The historian data
is collected in high temporal resolution (about one Hertz) with no averaging
applied; this is the high-frequency data referred to earlier. The 10-min data
is produced from the historian data. Periods that are known to be under
curtailment are manually excluded prior to the analysis.

Wind Farm #1
The layout of the four turbine pairs on the first wind farm is illustrated in
Fig. 7.7. The wind farm is on a terrain of medium complexity. The turbines on
the farm belong to the general 2 MW turbine class. The VG installation took
place in a summer month of 2014, but it was conducted on different days for
each of the four VG turbines. There are six months of turbine data, including
wind speed and wind power, in the pre-upgrade period and 13 months of the
data in the post-upgrade period. Several of the environmental measurements,
such as air density and humidity, are taken from the mast. Missing data is
common in all datasets and in both periods. Other details of the datasets and
turbines are withheld due to the confidentiality agreement in place.

The estimated VG effect on the four pairs of turbines is presented in
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Pair 4

Pair 1 Pair 2

Pair 3

Control 

VG

North

Wind Farm #1

FIGURE 7.7 Layout of the four turbine pairs on wind farm #1. The

distance among the turbines are not scaled precisely, but their relative

positions, as well as their locations on the farm, reflect the reality.

The between-turbine distances are expressed as multiples of the rotor

radius, R, as follows: Pair 1, 14R; Pair 2, 11R; Pair 3, 6R; and Pair 4,

9R. The met mast is directly north of all turbine pairs. Its distance to

the turbine pairs are: Pair 1 & Pair 2, 11 km; Pair 3, 8.8 km; and Pair

4, 6 km. (Reprinted with permission from Hwangbo et al. [95].)
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FIGURE 7.8 Estimates of the VG effect, together with the respective

90% confidence intervals, on the four pairs of turbines on wind farm

#1. (Reprinted with permission from Hwangbo et al. [95].)

Fig. 7.8. Uncertainty quantification is conducted via the bootstrap resam-
pling method, so that the 90% confidence intervals are added in the plot on
top of the respective mean estimates. Understandably, the two sets of esti-
mates are not exactly the same, but they are reasonably consistent, especially
in terms of the relative significance of the VG effect on a specific turbine. The
difference between the two sets of estimates are within the margin of error,
and the overall difference between the two methods, averaged over the four
pairs of turbines, is about 0.86%, with the Kernel Plus slightly overestimating
relative to the power-vs-power approach.

Wind Farm #2
The layout of the four turbine pairs on the second wind farm is illustrated
in Fig. 7.9. The wind farm is in a coastal area and on relatively flat terrain.
The turbines on the second farm belong also to the general 2 MW turbine
class. The VG installation took place in December of 2015 and was also con-
ducted on different days for each of the four VG turbines. The duration of the
common period where both the turbine data and mast data are available is
3.5 months in the pre-upgrade period and one month in the post-upgrade pe-
riod. In this analysis, because the mast is close to the turbines, the wind speed
measurements, together with the rest of the environmental measurements, are
taken from the mast. Humidity is not measured on site. The average of the
humidity measurements from two nearby weather stations is thus used, one
located at 10 km north of the wind farm and the other at 10 km east of the
farm. Missing data is also common in all datasets and in both periods. Other
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FIGURE 7.9 Layout of the four turbine pairs on wind farm #2. The

between-turbine distances are: Pair 1, 6R; Pair 2, 6.6R; Pair 3, 6.6R;

and Pair 4, 7.4R. The met mast’s distance to the turbine pairs are:

Pair 1, 0.2 km, Pair 2, 1.3 km; Pair 3, 3.6 km; and Pair 4, 1.3 km.

(Reprinted with permission from Hwangbo et al. [95].)

details of the datasets and turbines are withheld due to the confidentiality
agreement in place.

The estimated VG effect on the four pairs of turbines is presented in
Fig. 7.10. Again, one can observe consistent outcomes from the two methods:
the overall difference between the two methods, averaged over the four pairs
of turbines, is about 0.15%, with the Kernel Plus still slightly overestimating
relative to the power-vs-power approach.

7.4.3 Discussion
This academia-industry joint exercise presents a pair of upgrade quantification
methods that are profoundly different in their respective underlying design and
data usage. The profound difference in these two methods in fact lends more
credibility in cross validation when they are employed to evaluate the same
upgrade cases. The upgrade effects estimated by the two respective methods
differ, on average, 0.86% and 0.15%, respectively, suggesting a good degree of
consistence between them.

The power-vs-power method is simple to understand. But the data filtering
procedure appears to be ad hoc and relies heavily on domain expertise and
field judgment. By using the high-frequency data and having a larger sample
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FIGURE 7.10 Estimates of the VG effects, together with the respective

90% confidence intervals, on the four pairs of turbines on wind farm

#2. (Reprinted with permission from Hwangbo et al. [95].)

size, the power-vs-power approach enjoys the benefit of producing upgrade
effect estimates with tighter confidence intervals.

The Kernel Plus method can possibly be applied to a single turbine when
a control turbine does not exist. This explains why the Kernel Plus passed a
blind test [50] in which no prior knowledge of control and VG turbines was
given and no turbine pairs were provided. Yet, it is always beneficial to have
a control turbine, whenever possible, as an additional reference. The premise
of Kernel Plus is that it controls for the influence of the environmental factors
through the learning of a multi-dimensional power curve model, but the in-
puts currently included in the power curve model may not be comprehensive
enough. It is possible, of course, that measurements of certain important envi-
ronmental factors are not available on a wind farm or analysts may not have
realized yet the importance of certain other environmental factors. Improving
the capability and accuracy of the underlying power curve method is always
desirable.

While the general understanding of the VG effect is an extra 1–5% wind
power production, it is a bit surprising to see that the quantification of Pair #3
on Farm #1 yields a greater than 7% improvement. As noted before, Wind
Farm #1 is a medium complexity site that makes the wind inflow condi-
tions complicated. Hwangbo et al. [95] believe that the VG effect tends to
be greater when the wind inflow condition is more turbulent on a complex
terrain. Whether this is accurate needs future studies.

It is generally a good idea to test on more than one pair of turbines and
get a site average to represent the turbine upgrade effect for a specific farm.
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The averaged upgrade effect from a few turbine pairs on the same farm is
more stable, as the farm-level averaging irons out potential biases and reduces
variability. The decision for wind farm owners/operators is not whether to
install VGs on a particular turbine, but rather, whether to install VGs on the
tens or even hundreds of turbines on their wind farm. For that purpose, the
site-specific average is a more indicative metric. On Farm #1, the site average
of VG effect is about 2.80% based on the power-vs-power approach and 3.66%
based on the Kernel Plus. As for the performance on Farm #2, which is flat
and at which wind inflow conditions are simpler and measured with higher
confidence, the VG effects fall into a narrower range, with the site average
at 1.60% based on the power-vs-power approach and at 1.75% based on the
Kernel Plus method. The range of the site-averaged VG effects is consistent
with what is anticipated in industrial practice.

7.5 COMPLEXITIES IN UPGRADE QUANTIFICATION
To conclude this chapter, we would like to discuss a few general issues en-
countered in the upgrade quantification effort. Most of the issues do not have
a perfect solution yet, making the continuous effort in solving the upgrade
quantification problem still much appreciated.

Bias Correction
One reason that the Kernel Plus uses a self-calibration procedure is to correct
potential biases in upgrade effect estimation. It turns out that the bias issue
is not only limited to the model-based approach like Kernel Plus. It happens
also to the covariate matching approach and the power-vs-power approach.
After years of research, it becomes clearer to us that whichever method can
correct the bias in upgrade effect estimation outperforms the peer methods
that do not do so very well.

When applying a quantification method to the control turbine data, one
would ideally expect a zero upgrade effect, since the turbine undergoes no
change. Apparently, this is not achieved by most of the existing methods,
and because of this, a control turbine is needed as the datum to adjust the
estimation of upgrade effect for the test turbine. Consider a simple case in
which the data is taken from a control turbine and then duplicated and treated
as the data for the test turbine. In this fashion, one in fact has two identical
datasets. When an upgrade quantification method is applied to these two sets
of data, it should presumably yield a zero upgrade effect. To much a surprise,
many of the methods still do not. While it is easy to see the existence of the
bias, how best to correct the bias eludes the analysts. The self-calibration
procedure plus the control/test difference used in the Kernel Plus method
provides certain degrees of safeguard.

Wind Speed Adjustment
When building the Kernel Plus model or aligning the covariates in the match-
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ing approach, wind speed measurements are used. The wind speed measure-
ments may be from either a nearby mast or the nacelle. The wind measure-
ment, if from the nacelle, is in the wake of the rotor. Installation of vortex
generators alters wind flow separation behind the rotor, so much so that for
the same free inflow wind in front of the rotor, the wind speed measurements
taken by the nacelle anemometer before and after the VG installation are most
likely different. This difference could introduce a degree of inaccuracy if left
unaddressed.

IEC 61400-12-2 [104] deals with nacelle measurements through a nacelle
transfer function (NTF), which is the relation between the free inflow wind
speed and that measured at the nacelle anemometer. Typically an NTF can
be obtained by comparing the nacelle measurements with that on a nearby
mast or with a nacelle mounted LIDAR (light detection and ranging) sensor.
Some operators establish an NTF for a VG turbine, so that the wind speed
after the VG installation can be adjusted using the NTF. In practice, however,
an NTF is rarely available, because obtaining it and continuously calibrating
it are costly.

In the absence of a nacelle transfer function, Hwangbo et al. [95] introduce
a wind speed adjustment procedure, acting similarly as an NTF. The short-
coming of the procedure in [95] is that the adjustment quality and accuracy
is not yet verified with actual physical measurements.

Another idea to address the wind speed measurement issue is to avoid
using the wind speed measured on the test turbine when building a power
curve model. If wind speed measurements are available on a met mast in its
physical vicinity, that would be the best. Even without a met mast nearby,
analysts can consider using the wind speed measured on a neutral turbine in
its vicinity, which is not affected by the VG installation as much as the wind
speed measured on the test turbine.

Annualization
When an upgrade quantification is conducted, wind farm owners or operators
would like to know the benefit in terms of annual energy production. As
one has seen in the examples presented earlier, there are not always a full
year’s worth of data available in the post-upgrade period for conducting such
comparison. For the Kernel Plus method, having a full year of data in the post-
upgrade period poses another problem. The post-upgrade period is known as
Data2 in the Kernel Plus method, which is supposedly of the same length as
that of Data1. If Data2 is one year’s worth, then the total amount of data
needed, combining Data0 through Data2, would have been three years’ worth.
This data amount requirement is too demanding. On top of that, as we see in
Chapter 6, a turbine’s own production efficiency characteristics may change
in the span of three years even in the absence of any upgrade action, adding
additional confounding effect to be shielded off in the already difficult task of
estimating the upgrade benefit.

When using data from a shorter period, or a subset of data from one year
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span, one may extrapolate the estimated upgrade effect to the whole year.
This process is called annualization. The process of annualization is actually
explained in Steps 4 and 5 of the power-vs-power approach. The idea is that
when estimating the upgrade effect, conduct the estimation for a set of power
bins. Assuming that the bin-wise upgrade effect stay more or less the same
for the whole year, analysts extrapolate the estimated upgrade effect to AEP
by re-weighting the bin-wise upgrade effect with the empirical distribution of
wind power. For the re-weighting formula, please see Eq. 7.13.

GLOSSARY
AEP: Annual energy production

AMK: Additive-multiplicative kernel method

BIN: Binning method

BIN AF: Binning method, after upgrade

BIN BF: Binning method, before upgrade

DIFF: Upgrade effect quantification when using Kernel Plus

IEC: International Electrotechnical Commission

KP: Kernel Plus

KP AF: Kernel Plus, after upgrade

KP BF: Kernel Plus, before upgrade

LIDAR: Light detection and ranging

MD: Mahalanobis distance

NTF: Nacelle transfer function

pdf: Probability density function

SDM: Standardized difference of means

UPG: Upgrade effect

VG: Vortex generator

EXERCISES
7.1 Using the Turbine Upgrade Dataset, please present the boxplots of

ytest for the pre-upgrade and post-upgrade periods, respectively. Please
do this for the unmatched data and matched data and for the respective
test turbine in both turbine pairs. What do you observe?
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7.2 The current quantification outcome of the covariate matching is not an-
nualized. To get an AEP, we need to go through the following procedure.

a. Conduct the covariate matching analysis using the same parameters
as used in this chapter, but compute the bin-wise upgrade effect. Use
the bin width of 100 kW. Do this only for the VG installation pair.

b. Take the Inland Wind Farm Dataset1, which has more than one
year’s worth of data of four turbines from the same wind farm, and
estimate the distribution of wind power output by pooling the data
from the four turbines. Still use the bin width of 100 kW.

c. Use the re-weighting formula to compute the AEP effect due to the
VG installation. How much is it different from the eight-week out-
come?

7.3 Conduct the covariate matching analysis using the pitch angle adjust-
ment pair.

a. Estimate the upgrade effect by using, respectively, two weeks’, five
weeks’, or eight weeks’ worth of post-upgrade data. Observe how
sensitive the method is to the length of the post-upgrade period.

b. Conduct annualization using the power distribution estimated in
Exercise 7.2(b). Apply the annualization to the above three post-
upgrade period choices. Are the differences in the AEPs greater than
that in the upgrade effect estimation in (a)?

7.4 Conduct the covariate matching analysis using the pitch angle adjust-
ment pair, but use the reverse priority order among the covariates, i.e.,
yctrl, I, S, ρ, D, and V . Compute the SDMs and present them in a table
similar to the lower half of Table 7.1. Does the matching procedure still
significantly reduce the SDM? Go ahead and estimate the UPG again.
How much is the new UPG different from what was estimated in this
chapter (which is 3.16%)?

7.5 The current quantification outcome of the Kernel Plus is not annualized.
To get an AEP, we need to go through the following procedure.

a. Conduct the Kernel Plus, but compute the bin-wise upgrade effect.
Again, use the bin width of 100 kW and do this only for the VG
installation pair.

b. Take the power distribution estimated in Exercise 7.2(b) and use the
re-weighting formula to compute the AEP of the VG installation.
How much is it different from the eight-week outcome?
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7.6 Conduct the Kernel Plus-based analysis using the pitch angle adjust-
ment pair.

a. Estimate the upgrade effect by using, respectively, two weeks’, five
weeks’, or eight weeks’ worth of post-upgrade data. Observe how
sensitive the method is to the length of the post-upgrade period.

b. Conduct annualization using the power distribution estimated in
Exercise 7.2(b). Apply the annualization to the above three post-
upgrade period choices. Are the differences in the AEPs greater than
that in the upgrade effect estimation in (a)?

7.7 Replace Eq. 7.8 with the Mahalanobis distance and conduct the Kernel
Plus-based analysis using the pitch angle adjustment pair. What differ-
ence does it make when this distance measure is changed? What if you
use a simple Euclidean distance (unweighted)?

7.8 Use the binning method to replace the dashed-line rectangular box in
Fig. 7.4 and treat that as a binning-based quantification method. Apply
the binning-based quantification method to the two pairs of turbines
and estimate the respective upgrade effect. How much are they different
from the covariate matching and Kernel Plus?

7.9 Conduct the sensitivity analysis for the binning-based quantification, as
it is done in Tables 7.3 and 7.5. Compare your results with those in
Tables 7.3 and 7.5.

7.10 Take the control turbine data from the pitch angle adjustment pair,
duplicate the data and treat it as if it were the test turbine data. Now,
you have two identical datasets.

a. Multiply the test turbine power by r (for all power values), for r =
0, 1, 2, 3, 4, and 5%.

b. For each r, employ, respectively, the covariate matching, Kernel Plus,
and binning methods to estimate the upgrade effect. Tabulate the
outcomes similar to the presentation in Table 7.3.

c. For each original power value in the test turbine set (before being
multiplied by an r in (a)), multiply it by a random number, drawn
uniformly from the range [0, 5%]. Compute the effective power in-
crease rate for the test turbine power data. Employ, respectively, the
covariate matching, Kernel Plus, and binning methods to estimate
the upgrade effect. Compare the estimated upgrade effect and the
effective power increase rate.
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C H A P T E R 8

Wake Effect Analysis

W
hile a wind turbine is operating, the rotating blades disturb the natural
flow of wind and create turbulence for the downstream turbines. Dur-

ing this process, the turbine absorbs kinetic energy in wind and converts the
energy into electricity. As a result, the wind loses some of its original kinetic
energy after the rotor, exhibiting reduction in its speed. Such a phenomenon
differentiating the after-rotor wind flow from the free-stream one (before the
rotor) is referred to as wake effect.

Understanding and quantifying the wake effect plays an important role in
improving wind turbine designs and operations as well as wind farm layout
planning. Being a physical phenomenon, the majority of the wake effect models
are understandably physics based. Modelers resort in particular to sophisti-
cated, computational fluid dynamics (CFD) models that can achieve a higher
accuracy [129]. However, using the CFD models entails significant computa-
tional challenges. For example, running a large eddy simulation, one of the
popular CFD methods, requires days or even weeks of computation on super-
computers for analyzing a single-wake situation [192]. The abundance of wind
farm operational data motivates the development of data science methods for
analyzing and estimating wake effect, which is the focus of this chapter.

8.1 CHARACTERISTICS OF WAKE EFFECT
The wake of a turbine propagates with a certain range of angles, and its
impact remains effective up to a certain distance from the turbine. Fig. 8.1
illustrates a snapshot of a single-wake situation. A single wake refers to the
circumstance in which two operating turbines are involved and one is in the
wake of the other for a given wind direction. In the figure, θ denotes an acute
angle between the wind direction and the line connecting the two turbines.
For the wind direction shown in Fig. 8.1, left panel, the wind passes through
Turbine 1 along the center line. The wake caused by Turbine 1 affects the
downstream region with a range of angles (the shaded area). The wind speed
loss due to the wake is greater for locations closer to the upstream turbine

219
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FIGURE 8.1 Characteristics of wind turbine wake effect. Left panel: wake

region and θ; right panel: wake depth and wake width. (Reprinted with

permission from Hwangbo et al. [98].)

(Turbine 1) and closer to the center line. Turbine 2, its position fixed, is subject
to the greatest power loss when θ = 0. The power loss amount decreases as θ
deviates from zero. After θ exceeds a certain value, Turbine 2 is no longer in
the wake of Turbine 1. The maximum power loss when θ = 0 is referred to as
the wake depth, whereas the range of θ for which a turbine is in the wake of
another turbine (with positive power losses) is referred to as the wake width.
Wake depth and width are expected to remain constant when the relative
positions between two turbines are fixed.

Fig. 8.2 illustrates power output of a wind turbine when it is wake free
versus when it is in the wake of another turbine.

Knowledge of wake characteristics is crucial for improving power genera-
tion performance on wind farms. As wake width and depth strongly depend on
the relative positions of turbines, characterizing the turbine specific wake ef-
fect facilitates the layout planning [56, 128], particularly when using the same
turbine model in future wind projects. Understanding the wake characteristics
also supports effective operational control of wind turbines through pitch and
yaw controls [70, 146]. The pitch control can regulate the magnitude of wind
speed loss in a downstream region by adjusting the energy absorption level
of an upstream turbine. The yaw control can change the amount of the wind
speed loss by tilting the downstream wake region. By carefully controlling the
yaw of Turbine 1, Turbine 2 may be as nearly wake free as possible for a given
wind direction.

8.2 JENSEN’S MODEL
As mentioned earlier in this chapter, sophisticated CFD wake models take long
computational time to run and their use is less practical for commercial wind
farm operation. A widely used, physics-based model is Jensen’s model [108],
due to its simplicity and easiness to compute. Jensen’s model is derived by
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FIGURE 8.2 Power output in the wake versus that under a free-stream

condition. (Reprinted with permission from Hwangbo et al. [98].)

solving an equation based on the balance of momentum. The resulting wake
effect, in terms of wind speed, is expressed as

Vwake =

{
1− 2

3

(
R

R+ κ · d

)2
}
· V, (8.1)

where R is the rotor radius of a wind turbine, d is the down-wind distance
from the rotor, and κ is known as the entrainment constant. For wake effect,
the entrainment constant, κ, is approximately 0.1. Based on Eq. 8.1, the wind
speed immediately after the rotor where d = 0, is one-third of the free-stream
wind speed. On the other hand, the wind speed at the down-wind distance of
ten rotor diameters, i.e., d = 20R, is about 0.926V . This is part of the reason
that analysts deem 20R a safe boundary beyond which the wake effect by and
large weans off.

Eq. 8.1 can be simplified to Vwake = (1 − κdeficit) · V [232, Eq. 23], where
κdeficit depends generally on the down-wind distance. Some analysts further
simplify κdeficit to be a constant of 0.075, which, according to Eq. 8.1, corre-
sponds roughly to d = 20R.

Apparently, Jensen’s model does not directly estimate the power loss. In
fact, nearly all other physics-based wake effect models do not do so, either. In-
stead, they primarily focus on estimating the reduced wind speed due to wake.
To quantify wake power loss, these models then require an additional layer
of converting the wind speed estimates into a corresponding power output—
a conversion can be done by using a simple power curve model such as the
IEC binning method or more complicated power curve models as presented in
Chapter 5. Data science methods, on the other hand, can connect the wind
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speed data directly to the power output in a single step; see Fig. 8.3. In the
case study section, the data-driven models are compared with the two-step
approach that has Jensen’s model as its first step.

8.3 A DATA BINNING APPROACH
The binning approach is rather popular in industrial practice, acting as a
robust, nonparametric method, easy to understand and easy to use. Not sur-
prisingly, it is used for estimating the wake characteristics as well. A common
data binning approach for wake effect estimation is presented in Algorithm 8.1.

Algorithm 8.1 Data binning approach.

1. Gather the power output data from two turbines.

2. Choose a specific range of wind speed where the maximum power loss is
expected, e.g., 8.0 ± 0.5 m/s [14], or extend the coverage of wind speed
to a wider range, e.g., 5.0–11.0 m/s [146] or even to the whole wind
spectrum, which is the choice used in Section 8.6.1.

3. Plot the power difference between the two turbines under the above-
specified wind speeds against the wind direction (0 degree means due
north)

4. To smooth out the noise, apply the action of binning, namely, partition
the wind direction by a bin width, say 5◦, and then average all the
power difference data in a specific bin. Use the bin-wise averages as the
representative of the original data.

In Fig. 8.4, the dark dots constitute a scatter plot of the power differences
against wind direction. Once applying the data binning approach to the raw
power differences, it produces the solid line passing through the data cloud.
The solid line is the estimated wake effect. The wake depth can be read from



Wake Effect Analysis � 223

●

●

● ●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

● ●●
●

●

●

●●

●

●

●

●

●

●

●

●●

●
●●

●

●

●

●

●

●

●

●● ●●
● ●●

●

●

●

●

●

●

●

●

●
●

●
●

●
● ●

●
●

●

●
●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

● ● ●
●

●

●

●
●●

●

●

●

●

●
●●

●

●

●

●
●

●

●

● ●

●

●

●

●

● ● ●●

●
●

●● ●

●
●

● ●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

●
●

●

●

●

●

●●
●

●
●

●
●● ●● ●

●
●

●

●
● ● ●● ●

●

●

●

●●

●

●

●

●●

●

●

●

●
●●

●

●

●

●

●

●●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

●
●

●

●●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●
●●

●

●

●

●

●

●

●

●

●●●

●
●

● ●●

●

●
●

●

●
●

●●

●

●

●

● ●
●●

●
●

●

●

●

●

●

●

●

● ●

●

●●

●●

●●

●

●

●

●
●

●

●

● ●

●

●

●

●●

●

●
●

●
●

●

●

●

●

●

● ●

●

●

●
●

●● ●

●

●

●
●

●

●

●

●

●

● ●
●

●
●

●

●

●

●

●
●

●

●

●

●

●● ●●

●

●

●

●●

●

●

●

●

●

● ●

● ●

●
●

●

●

●

●
●

●●

●

●
●

●
●

●

●

●

●

● ●

●

●
●

●

●

●●

●
●

●
● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●
●● ●

●

●

● ●

●●

●

●

●

●

●

●

●

●

● ●●
● ●

●

● ●
●

● ●

●
●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●

●

●

● ●●

● ●

●

●

●

●

●●
●●

●●●

●

●

●
●

●
● ●

● ●

● ●

●●

●

●

●

●

●

●
●

●

●

●

●

●
●

● ●●●

●

●
●

●
●

●
●

● ●

●

●

● ● ●

●

●

●

●
●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●
●

●●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●●

●

●

●

● ●
●

●

●

●

●●

●

●●

●

●

●

●
●

●●
●

●

●
●

●

●
●

●

●
●

● ●

●

●●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

● ●

●

●●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

● ●
●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

● ●

●

●

●

●

●
●●

●
●

●

●

●
●●

●

●

●
●

●

●
●

●

●●

●
●

●

●

●

●

●
●

●
●
●

●

●

●
●

●

●

● ●

●
●

●
●

● ●

●
●

●●

●

●

●

●
● ●

●● ●

●

● ●●

●

●
●●

●

●● ●

●

●
●

●
●

●

●

●

●

●

●
●

●
●●

●
●● ●

●

●

●

●

●

●
●

●

● ●

●

●
●

● ●

●

● ●

●

●

●

●

●

●

●

● ●●
●

●

●

●

●
●

●

●

●

●

● ●

●
●

●

●

●

●
● ●

● ●

●

●

●

●
●

●●

●
●

●
●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●
●

●●
●

●
●

●
●

●

●

●
●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●
●●

●

●

●

● ● ●

●

●●
●

●

●

●

●●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●●●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●
●

●●

●

●

●

●

●
●

●

●

●

●

●

●

● ●

●●

● ●●

●
●

●

●

●

● ●
●

●●

●

●

●

●● ● ●● ●
●

●

●

●

●

●● ● ●

●●

●
●

●

●

●
●

●

●

●

●

●

● ●
●

●

●

●

●●

●
●

●●

●
●

●
●

●●

●
●●

●
●

●●

●

●●

●

●

●

●

●

●

●●

●

●●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●
● ●

● ●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●
●

●

●
●

●

● ●
●

●

●

●

●

●

● ●

●

●
●

●

●
●

●

●● ●●

●

●

●

●

●

●●●

●
●

●

●

●
●

●

●
●

●

●

●●

●

●

●
●● ●

●

●

●

●
●

●
●

●
●●●

●

●

● ●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

● ●●
●

●

●

●
●

●

●

●

●

●
●●

●
●

●
●

●

●

●

●

●●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●●●

●

●

●

●

●
●

●●
●

●

●

●

●

●

● ●

●
●

●

●

●

●

●

●

●
●

●

●
●●

●
●

●

●

● ●

●

●
●

●●

●

●
●

●
●

●

● ●

● ●
● ●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

● ●

●●
●

●

●

●

●●

●

●
●

●

●
●

●

●
●

●

●

●

●●

●
●

●
●

●

●

●●

●
●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

● ●

●
●

●

●

●

●

●

●

●●

●

●

●
●

●

● ● ●

●

●●●

●
●

●

● ● ●

●

● ●

●
●

●

●
●

● ●

● ●

●
●

●

●

●

●

●

●

●●

●

●
●

●

●

●
●

●
●

●
●

●
●●
●

●

● ●

●

●

●●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●
●

●
●

●
● ●

● ●●
●

●

●

●●

●
●

●

●

●

●
●

●●

●●

●

●

●

●
● ●
●

●

●

●
●

●●
●●

●
●●

●

●●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●●

●
● ● ●

●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●●

●
●●

●
●

●

●
●

●

●

●

●

●

●

●

● ●

●

●

● ● ●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

● ●

●
●

●

●
●

●

●
●

●

●

●

●
●

●

●
●

●

● ●

●

●

●
●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●
●

●

●
● ●

●
●

●
● ●

●

●

●

●

●

●

●

●

● ●

●

●● ●●●

●

● ●

●

●

●
●

●

●

●

●

●

●

●
●●

●

●

●

●●

●

● ●
●

●

●

●●
●

●
●

● ●
●

●

●

● ●●
●

●

●
●

●
●

●●

● ●

●

●

●

●

●

●
●●

●

●
●

●
●

●

●
●

●

●

●
●

●

●

●

●●● ●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

● ● ●●
● ●

●●

●

●

●

●
●

●●

●

●
●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

● ●

●

●

●
●● ●

●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●
●

●

●

●
●

●

●
●

●

●

●

●

● ●
●

●

●

●

●
●

●

●
●

●
● ●●

●●
●

●

●

●

●
●● ●●

●
●

●

●

●
●

●● ●

●

●

●

●

●

●●

●

●
●

●

●

●

●
●

●
●

●

● ●

●

●

●
●●

●●

●
●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●
●

●● ●

●
● ●

●

●

●

●
●

●

●

●

●

● ●

●

●

●

●

●

●● ● ●

●
●

●

●
●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●
●

● ●

●

●●

●
●

●

●●
●

● ●
●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

● ●

● ●●

●

●

●
●

●

●

● ●●

●

● ●

●
●

●

●

● ●
●

●

●
●

●

●

●

● ●
● ●

●

●
●

●●
●

●

●

●

● ●

●
●

●

●

●

●

●
●

●

●

●

●

● ●

● ●

●

●
●

●

●
●● ●●

●

●

●

●

●

● ●

●

●

●
●

●

●

●

● ●

●

●

●
●

●
●

●●
●●●

●

●
●●

●

●

●

●

●

●●

●
●

●

●●

●●
●

● ●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●● ●

●

●

●

●

●

● ●

●

●

●
●

●

●

●

●●
●

●
●

●

●

●
●

●
●

●
●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●●
● ●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●●

●

●
●

●

●

●

●
●

●

●

●

●
●

●●
●●

●

●

●

●

●

●

●

●

●●

●

●
●

●●
●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

● ●

●●●

●

●

●

●

●

●

●●●

●

●

●

●

● ●
●

●

●

●
●

●

●● ●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●
●

●●
● ●

●
●

● ●

●

●
●

●
●

●

●●

●

●

●

●

●
●

●

●
●● ●

●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●
●

●
● ●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

● ●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●
●

●●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

● ● ●

●
●

●

●
●

●●

●

●

●

●

●
●

●
●●

●

●

●

●

●●
● ●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●●

●

●

●
●

●

●
●

●

●
● ●

●

●

●

●
● ●

●

●

●
●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●
●

●

●
●

●

●
●

●

●

●

●

●

● ●●
●

● ●
●

●

●
●

●

●

●
●

●

●

● ●
●

●

●

●

●

●

●●

●
●

● ●

●●
●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

● ●
●●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●
●

●
●

●

●●

●

● ●
●●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●●
●

●

●

●
●

●

●

●

●

●

●●
●●

●
● ●

●

●

●

●

●

●

●
●

●

●

●●
● ●

●

●●

●

●
●

● ●
●

● ●

●

●

●

●

●

●

●

●●
●

●

● ●

●
●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●
●●

●

●

●

●
●

●

● ●

●

●

●● ●●
●

●
●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

● ●●

●

●
●

●
●●

●

●
●

●

●

●

●

●

●●

●

●
●●

●
●

●
●

●

● ● ●●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
● ●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

● ●

●

●

●

●
●

●
●

●
●

●●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●
●
●

●

●
●

●

●

●
●

●

●●

●

●

●

● ●

●

●

●

●

●
●

●● ●

●
●

●

●

●●
●

●

●

●

●
●

●●

●
●●

●

●

● ●

●

●

●

●

●●
●

●●

●

●

●

●

●

●
●●

●
●●
●

● ●

●●

●

● ●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

● ●
●

●

●
●

●

● ●

●

●

●
● ●

●

●

●

●

● ●

●
● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●
●

●●

●

●

● ●●
●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

● ●

●

●
●●

●

●●

● ●

●

●
●

●

●

●

●
●

●

●

●

●● ●

●

●

●

●

●
●

●

●

●

●●

●

●
●

●

●
●

● ● ●
●

●
●

●

●
●

●

●●

●

● ●

●
●

●

●

●●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●●

●

●

●

●

●●

●

●
●

●

●
●

●

●
●

●

● ●

●
●

●

●

●

●
●●

●
●

●

●

● ● ●
● ●

●

●

● ●

●

●

●

●
●

●●

●

●
● ●

●

● ●
●

●

●

●

●

●

●● ●

●
● ●

●
●

● ●

●●

●
●

●

●
●

●

●

●

●●
●

●

●
● ●

●

●
●

●

●
●

●
● ● ●

●

●

●

●

●

●

●
●

● ●
●

● ●

●

●
●

●

●

●

●
●

●

●
●

●
●

●
●

●● ●

●●

●

●

●●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

● ●

●

●

●

●
●

●

●
●

●
● ●●

●
●

●

● ●

●
●

●

●

●●● ●

●

●

●

●

●

●

●● ●

●

●

●

●

●

●

●
●●

●

●

●

●●

●

●

●
●

●

●
●

●● ●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
● ●

●● ●● ●
●

●

●●

● ●

●

●
●●

●● ●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

● ●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●
●

●

●
●

●

●● ●

●

●

●

●

●

●

●

●

●

● ●
●

●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●
● ●

●

●

●●

●

●

●

●

●

●
●

● ●

●

●

●
●

●

●

●
●
●

●

●

●

●
●

●

●● ●

●●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●●
●

●

●

●
●

●

●

●●

●

●

●

●●
●

●
●

●

● ●
●●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●
●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●
●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

● ●

●
●

●

● ●
●

●

●
●

●

●

●
●

●

●●
●

●

●●
●

●●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●● ●

●
●

●
●

●

●

●

● ●

●

●

●
●

●
●

●

●
●

●

●

●●

●

●

● ●

●

●

●●

●●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●
●● ●

●

● ●

●

●
●

●

● ●●
●

●

● ●

●
●

●

●

●●

●

●

●

●

●

●
●

●

●

●● ●

●

●

●

●
●

●

●

●

●

● ●

●

●

●

●
●

●

●

●

●

● ●

●

● ●

●

●

●
●

●

●

●

● ●

●

●

●

●

● ●●

●

●
●

●
●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●●
●

● ●

●

● ●

●
●

●

●
● ●

●

● ●
●

●

●

●

●

●

● ●

●

●
●

● ●

●

●

●
●

●

●

●●

●
●

●

●

●
●●

●

●
●

●

●

●
●

●

●

●

●

●
●●

● ● ●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

●
●

●

●

● ●

●
●

●

●

●

●

●

● ●

●●
●●

●
●

●

●

●

●

●●

●●
●

●
●

●

●

●● ●
●●●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

● ●

●●

●

●
●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●●

●●

●

●

●

●

●

● ●
● ●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●
●● ●

●
● ●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●●

●

●
●

●

●

●
●

● ● ●
●

●

●
●

●

●

●
●

●

●

● ●
●

●

●

●

●

●

●

●

●

●

●●

●

●● ● ●

●

● ●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●●

● ●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

● ●●

●

●

●
● ●

●

● ●

●

●
●

● ●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●
●

●

●
●

●●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

● ●
●

●●

●

● ●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

● ●

●

●

●

●

●

● ●

●

●

●

●

●
●

●

● ●

●

●
●

●

●
●

●

●

●●
●

●
●

● ●

●

●

●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

● ●

●

●●
●

●

●
●

●

● ●
●

●

●
●

●

●
●

●

●

●
●

●

●

●●
●●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

● ●

●●

●
●
●

●

●

●

● ●

●

●

●
●

●

●

●

●
●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●●

●
●

●

●

●
● ●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●
●●

●

●

●
●

●

●

●●

●

●

●●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●●

●
●

●
●

●

●
●

●

●●

●
●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●●

●

●

●
●

● ●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●

●

●●

●●
●

●

●

●●
●

●

●

●

●

●

●
●

●●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

0 50 100 150 200 250 300 350

−6
0

−4
0

−2
0

0
20

40
60

Wind direction (degree)

Po
w

er
 d

iff
er

en
ce

 (%
)

●
●
●

●

●●

●●

●●
●

●●

●
●●

●●●●

●

●

●
●

●

●

●●
●●●

●●

●●●●

●●●
●●●●●●●●

●●●

●
●

●●
●
●
●

●

●
●

●
●

●

●

●
●

●●●
●
●

●

●

Observations
Fitted wake effects

FIGURE 8.4 Data binning approach for estimating the wake effect be-

tween a pair of turbines. The between-turbine distance is four times

the rotor diameter. The distance from this pair to other turbines is

more than 20R. (Reprinted with permission from Hwangbo et al. [98].)

the plot by observing the two peaks around 120◦ and 300◦, respectively. As one
moves along the wind direction from 0◦ to 360◦, the roles of the two turbines,
i.e., which one is wake free and which one is in the wake, are reversed. That
is why one observes that one of the peaks is downward. In Fig. 8.4, the wake
width is not immediately obvious. Analysts usually impose a large enough
angle coverage, say, θ ∈ (−25◦, 25◦), and then verify with the estimated curve
if the angle range is broad enough to represent the wake width [146]. To refine
the estimation, analysts sometimes find a wind direction value on each side of
the center line at which the power loss estimate is within a certain level, for
example, ±5% of the free-stream power, and use the angle coverage formed
by these wind direction values as the estimate of wake width [14]. When using
this data binning approach, the power difference from the wake-free turbine to
the in-the-wake turbine, which estimates wake power loss, is not guaranteed
to be positive. As a matter of fact, previous studies [169, 215] often show that
some of the bin-wise estimates of the power difference is negative even after
θ moves beyond the obvious wake width region—this phenomenon is indeed
evident in Fig. 8.4.

8.4 SPLINE-BASED SINGLE-WAKE MODEL
Hwangbo et al. [98] develop a wake effect model based on splines. Their
model is intended to estimate wake effect characteristics, such as wake width
and wake depth, under single-wake situations arising between two turbines



224 � Data Science for Wind Energy

of which modeling assumptions are easier to justify. To facilitate a successful
transition from physics-based models to data-driven modeling, Hwangbo et al.
incorporate certain physical understandings and considerations as constraints
in the model fitting process. Because of this, the resulting single-wake model
is a physics-constrained, rather than a purely, data-driven model.

8.4.1 Baseline Power Production Model
Hwangbo et al. [98] start with the production economics model in Eq. 6.5 but
make some changes to it. Recall that Eq. 6.5 reads as,

y(V ) = Q(V )− u(V ) + ε, (8.2)

where Q(·) is the production frontier function and u(·) is the systematic in-
efficiency term. Eq. 6.5 is expressed as a univariate function of wind speed,
V .

The baseline power production model used for wake effect modeling reads
as,

yt(x) = Qt(x)− ηt(x)− ωt(x) + εt, t = 1, . . . , N, (8.3)

where t is the turbine index and N is the number of turbines. In the above
model, the inefficiency term, u(·), is split into two terms—ηt(·) and ωt(·)—
such that ηt(·) represents a turbine’s inherent inefficiency independent of wake,
whereas ωt(·) represents the turbine’s power loss due to wake. Also, the input
variable is now a vector rather than wind speed only. Furthermore, Hwangbo
et al. [98] postulate that both power loss terms in the above model are non-
negative, i.e., ηt(·) ≥ 0 and ωt(·) ≥ 0, ∀t = 1, . . . , N , to be consistent with the
physical understanding of the phenomenon.

We said in Chapter 6 that estimating Qt(·) under a multivariate setting
while satisfying the S-shape constraint is not trivial. Luckily, for the single-
wake situation, Qt(·) does not have to be estimated explicitly. For a pair of
turbines, one can pool together the two turbines’ power production data and
estimate a common production frontier. As it will become clear in the next
section, Hwangbo et al. [98] establish a power difference model, which takes
the power difference between a pair of turbines, and in doing so, the common
frontier function cancels each other in the resulting model. This is to say, the
production frontier function, Qt(·), does not appear in the final wake effect
model.

8.4.2 Power Difference Model for Two Turbines
For a single-wake situation with two turbines, two angle variables, θ1 and θ2,
are used and associated, respectively, with the two turbines. Specifically, θ1 is
related to the wind direction causing power loss on Turbine 1 and θ2 is with
the wind direction under which Turbine 2 endures power loss. As illustrated
in Fig. 8.5, the wind directions associated with θ1 and θ2 can take any value
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FIGURE 8.5 Notations of wind direction in wake analysis. The union

of D1 and D2 covers the entire 360◦ wind direction. (Reprinted with

permission from Hwangbo et al. [98].)

in the sets, D1 and D2, respectively, given the definition of these sets stated
below. For the purpose of analyzing the wake effect, θ1 and θ2 only need to
vary in the 180◦ outer hemisphere surrounding their respective turbine. Note
that θ1 is actually on the side of Turbine 2, whereas θ2 is on the side of
Turbine 1. If one positions the zero degree of θ1 and θ2 at the line connecting
the two turbines, then θ1, θ2 ∈ (−90◦, 90◦). Denote by D1 the set of wind
directions corresponding to the support of θ1, and likewise, by D2 the set of
directions in which θ2 is defined.

With this notation, applying the baseline power production model in
Eq. 8.3 individually to the two turbines yields

y1(x) = Q(x)− η1(x)− ω1(x) · 1D1(x) + ε1,

y2(x) = Q(x)− η2(x)− ω2(x) · 1D2(x) + ε2,
(8.4)

where 1Dt(x) is an indicator function taking the values of one, if the wind
direction belongs to Dt, or zero otherwise. Here, the production frontier func-
tion, Q(x), is assumed to be common to the same type of turbines, and for
this reason, it does not use a turbine-differentiating subscript. Taking the
difference between the two equations in Eq. 8.4 leads to

ỹ1-2(x) = η̃2-1(x)− ω1(x) · 1D1
(x) + ω2(x) · 1D2

(x) + ε̃, (8.5)

where the tilde indicates a turbine difference term and the subscripts 1-2 and
2-1 signify the specific order of the difference. The above model is interpreted
as follows: the power difference of Turbine 1 over Turbine 2 is due to the inher-
ent production difference between the two turbines, η̃2-1(·), and the power loss
caused by the wake effect, characterized by either ω1(·) or ω2(·), both depend-
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ing on specific wind conditions. Because the sets, D1 and D2, are mutually
exclusive, ω1(·) and ω2(·) do not appear at the same time.

It is well known that the dominating input factors for wind power pro-
duction are wind speed, V , and wind direction, D. The analysis in Chapter 5
shows that environmental factors other than wind speed and direction, such as
air density, turbulence, and humidity, may also have an impact on wind power
output. One advantage of using the power difference model in Eq. 8.5 is that
one no longer needs to consider other environmental factors because once the
power difference is taken of the two turbines, the impact of the environmental
factors other than that of the wind is neutralized. Still, to be consistent with
the IEC standard procedure and to further neutralize the effect of air density,
Hwangbo et al. [98] decided to use the normalized wind speed, following the
air density correction formula in Eq. 5.3.

For the turbine difference term and the indicator function terms in Eq. 8.5,
either wind speed or wind direction, but not both, is needed as an input. The
input to the indicator function 1D1

(·) or 1D2
(·) is wind direction. The turbine

difference term, η̃2-1(·), represents the between-turbine production difference
independent of wake. Hwangbo et al. [98] thereby assume that it is only a
function of wind speed, not of wind direction, as the portion of the power
difference, ỹ1-2 or ỹ2-1, related to wind direction should be included in the
wake related term ω.

As such, the power difference model can be expressed as:

ỹ1-2(V,D) = η̃2-1(V )− ω1(V,D) · 1D1
(D) + ω2(V,D) · 1D2

(D) + ε̃, (8.6)

where ε̃ is still an i.i.d. noise, assumed to follow a normal distribution.

8.4.3 Spline Model with Non-negativity Constraint
In order to empirically estimate the power difference model in Eq. 8.6,
Hwangbo et al. [98] assume the following model structure for the three func-
tional terms: (a) η̃ is modeled by a univariate cubic smoothing spline and (b)
the two wake power loss terms, ω1 and ω2, are modeled by bivariate thin plate
splines [228], a multidimensional generalization of the smoothing splines. Re-
call that when Eq. 8.3 is presented, non-negativity constraints are imposed
on the power loss terms, which state that η(·) ≥ 0 and ω(·) ≥ 0. After taking
the power difference, the turbine difference term, η̃2-1(·), no longer needs to
be non-negative; in fact, it can be positive, zero, or negative. But the wake
power loss terms, ω1 and ω2, are still supposed to be non-negative. As such,
the power difference model in Eq. 8.6 becomes a spline model with the non-
negativity constraint imposed on ω1 and ω2. The resulting model is referred
to as the thin plate regression spline model with non-negativity (TPRS-N).

To estimate the spline-based power difference model, Hwangbo et al. [98]
follow the generalized additive model (GAM) scheme [87]. GAMs represent
a univariate response as an additive sum of multiple smooth functions, each
having its own predictor variables. Estimation of GAMs can be performed
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by implementing the backfitting algorithm for which each smooth function is
fitted for the residuals of all the others, iteratively one at a time until the
fitted functions converge.

The learning formulas for smoothing spline and thin plate splines follow
the regularized learning formulation in Eq. 5.20. Because of the use of the
iterative backfitting algorithm, y is replaced by the residual variable r in
that formulation. When the algorithm starts, the residual r is the same as
y (differing by the average of y). When the algorithm proceeds, the residual
from the preceding steps is used in the learning formulation, instead of the
original y.

Consider n data pairs for which a residual r is paired with x, i.e., (xi, ri)
for i = 1, . . . , n. The formula for the smoothing spline can be found in Eq. 5.22
in which yi is replaced by ri. For thin plate splines with two predictors, x1 and
x2, the first part of the loss function is the same as in the smoothing spline,
but the penalty function reads as

Penalty(g) =

∫ ∫
R2

[(
∂2g(x)

∂x21

)2

+ 2

(
∂2g(x)

∂x1∂x2

)2

+

(
∂2g(x)

∂x22

)2 ]
dx1 dx2. (8.7)

For the smoothing splines, let us express the corresponding g(x) as (recall
Exercise 5.4)

g(x) =

n∑
j=1

hj(x)βj , (8.8)

where hj(x) is the jth basis function of a natural cubic spline and βj is the
corresponding coefficient. Then, Eq. 5.22 can be expressed as

argmin
β

(r−Hβ)T (r−Hβ) + γβTΩhβ, (8.9)

where H is a matrix whose (i, j)th element is hj(xi) and Ωh is a matrix derived
from h(·) (therefore the subscript) whose (j, k)th element is

∫
h′′j (t)h′′k(t)dt.

The solution is
β̂ = (HTH + γΩh)−1HT r. (8.10)

Different from the smoothing splines, the g(x) of the thin plate splines is
expressed as

g(x) = Xβ(tp) +
n∑
i=1

δiφ(‖x− xi‖),

where the n× 3 matrix X = [1n;x1;x2] includes the unit vector of size n as
its first column and the n observations for the two covariates as its second
and third columns, and φ(‖x−xi‖) is a radial basis function. Here the radial
basis function is involved because analysts find that thin plate splines have
a natural representation in terms of radial basis functions [228]. The three-
dimensional vector β(tp) and the n-dimensional vector δ = (δ1, . . . , δn)T are,
respectively, the coefficients associated with X and those associated with the
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radial basis functions, and both sets of coefficients need to be estimated. The
superscript “tp” is added to β to differentiate this vector in the thin plate
splines from that in the smoothing splines.

Using the thin plate spline’s g(x) and its penalty function (as in Eq. 8.7)
in a regularized learning formulation, like in Eq. 5.22, leads to the estimation
of the model coefficients in the thin plate spline. It turns out (details skipped)
that the solution is equivalent to solving

min ‖r−Xβ(tp) −Φδ‖2 + γδTΦδ, subject to XT δ = 0, (8.11)

where Φ is the radial basis matrix, defined by Φji = φ(‖xj − xi‖) = ‖xj −
xi‖2 log‖xj − xi‖ for i, j = 1, . . . , n.

Different from the univariate spline problem that can be solved by O(n)
operations, the computations for the thin plate splines require O(n3) opera-
tions [87]. To overcome the computational problem, Wood [228] proposes the
thin plate regression splines (TPRS), which uses only k eigenbasis functions
(k � n) corresponding to the largest k eigenvalues of the basis matrix Φ.
Doing so reduces the rank of the basis matrix significantly.

TPRS can be fitted as follows. First, applying the eigen decomposition
of Φ leads to Φ = UΛUT where Λ is a diagonal matrix whose diagonal
elements are the eigenvalues of Φ and arranged in a non-increasing order, i.e.,
Λi,i ≥ Λi+1,i+1 for i = 1, . . . , n− 1. Matrix U is an orthogonal matrix whose
columns are the eigenvectors ordered accordingly. Then, TPRS considers the
first k columns of U, denoted by Uk, and uses them to construct a rank k
eigenbasis matrix Φk = UkΛkU

T
k , where Λk is a k×k diagonal matrix taking

the first k rows and columns of Λ.
By restricting δ in the column space of Uk, i.e., let δ = Ukδk, Eq. 8.11

becomes

min ‖r−Xβ(tp) −UkΛkδk‖2 + γδTk Λkδk subject to XTUkδk = 0.

In expressing the above equation, one needs UT
kUk = I, which is true, due to

the fact that columns in Uk are orthogonal by construction.
The constrained problem can be replaced by an unconstrained problem

through the QR decomposition of UT
kX. Specifically, form a Zk that takes the

last k − 3 columns of the orthogonal factor of the decomposition. Restricting
δk to the column space of Zk by letting δk = Zkδ̃ renders the constraint
satisfied. Then, the rank-k approximation can be used to fit TPRS by solving

min ‖r−Xβ(tp) −UkΛkZkδ̃‖2 + γδ̃TZTkΛkZkδ̃, (8.12)

for the unknown β(tp) and δ̃. The prediction for any given x can be achieved
by calculating δ̂ = UkZkδ̃ and plugging δ̂ and β̂(tp) into

ĝ(x) = Xβ̂(tp) +
n∑
i=1

δ̂iφ(‖x− xi‖). (8.13)
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Recall that the wake power loss term, ωt, is assumed non-negative to be
consistent with the physical understanding of the wake effect, but the modeling
procedure of TPRS does not guarantee non-negativity. In order to make sure
the wake power loss is indeed non-negative, Hwangbo et al. [98] apply an
exponential transformation on top of the conventional TPRS estimation in
Eq. 8.13, i.e., let

ω̂(x) = exp

{
Xβ̂(tp) +

n∑
i=1

δ̂iφ(‖x− xi‖)

}
. (8.14)

Because of this change, instead of solving Eq. 8.12, one now aims at solving

min
∥∥∥r− exp

{
Xβ(tp) + UkΛkZkδ̃k

}∥∥∥2

+ γδ̃Tk ZTkΛkZkδ̃k, (8.15)

with respect to β(tp) and δ̃k.
When estimating a GAM, a constant term generally precedes the func-

tional terms, and is estimated by using the global mean. In other words, the
global mean is calculated and subtracted from the response in advance, before
implementing the backfitting algorithm that estimates the rest of the func-
tional terms. In the power difference model in Eq. 8.6, this constant term
should be part of the turbine-difference term, η̃(·), meaning that a portion of
the turbine difference is constant regardless of the wind conditions, while the
other portion may change with the wind speed. For the implementation of the
backfitting algorithm, Eq. 8.6 is re-expressed as

ỹ = α+ [η̃(V )− α]− ω1(V,D) · 1D1
(D) + ω2(V,D) · 1D2

(D) + ε̃. (8.16)

One proceeds to estimate α using the global mean and estimate [η̃(V )− α]
using a cubic smoothing spline (and the wake loss terms using TPRS-N). Once
all the functional terms are estimated, η̃(V ) is restored by α̂ + η̂(V ) where
η̂(V ) is the estimate of [η̃(V )− α].

Before implementing the backfitting algorithm, some tuning parameters
need to be set, including the smoothing parameter γ and the value of the
reduced rank k used for improving the computational efficiency of TPRS-N.
There are in fact three γ parameters, one each for the three smooth function
estimations, associated, respectively, with η̃(·) and ω(·)’s. They are chosen
based on a 10-fold cross validation while applying grid search. For the reduced
rank k, Wood [228] states that the choice of k is not so critical as long as it
is larger than the degrees of freedom required for the estimation. Hwangbo
et al. [98] set k = 30 which turns out to be large enough for the wake effect
analysis application. Finally, Hwangbo et al. set a threshold, ε0 = 0.1, which
determines the convergence of the model fitting. The choice of 0.1 is believed
to be sufficiently small considering the magnitude of the functional estimates
changing exponentially due to the imposition of non-negativity.

The backfitting algorithm for the power difference model is summarized in
Algorithm 8.2.
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Algorithm 8.2 Backfitting algorithm for wake power loss estimation.

1: Initialize:
m← 0; α̂←

∑n
i=1 yi/n; η̂m ← 0; ω̂m1 ← 0; ω̂m2 ← 0

2: repeat
3: Set m← m+ 1.
4: Estimation of η̂

5: Calculate partial residuals: rη ← y − α̂+ ω̂m−1
1 − ω̂m−1

2 .
6: Set η̂m by fitting smoothing spline to rη with respect to V.

7: Estimation of ω̂1

8: Calculate partial residuals: rω1
← −(y − α̂− η̂m − ω̂m−1

2 ).
9: Set ω̂m1 by fitting thin plate regression spline with non-negativity

to rω1
with respect to V and D for the data whose D ∈ D1.

10: Estimation of ω̂2

11: Calculate partial residuals: rω2 ← y − α̂− η̂m + ω̂m1 .
12: Set ω̂m2 by fitting thin plate regression spline with non-negativity

to rω2
with respect to V and D for the data whose D ∈ D2.

13: Computation of convergence criterion

14: ∆← ||η̂
m − η̂m−1||+ ||ω̂m1 − ω̂m−1

1 ||+ ||ω̂m2 − ω̂m−1
2 ||

||η̂m−1||+ ||ω̂m−1
1 ||+ ||ω̂m−1

2 ||
.

15: until ∆ ≤ ε0 where ε0 is a prescribed threshold.

8.5 GAUSSIAN MARKOV RANDOM FIELD MODEL
The spline-based wake model in the preceding section is a single-wake model.
You et al. [232] present a Gaussian Markov random field (GMRF) model that
makes use of the spatial correlations among multiple turbines located close to
one another and estimates simultaneously the heterogeneous power outputs
from multiple turbines and the wake interactions. Apparently, this GMRF
model is capable of modeling circumstances involving more than single wakes.

You et al. [232] do not directly model the wake loss, but model the power
output with both a global term and a local term. The global term charac-
terizes the average power production behavior of the turbines on a farm, as
a function of environmental covariates, x, similar to the power curve models
presented in Chapter 5, whereas the local term characterizes the turbine-to-
turbine variability unique to that specific turbine location and its neighboring
turbines. The global term is not exactly the same as the power curve model.
The difference is that the global term uses the same coefficient vector, β, for all
turbines on a farm, whereas the power curve model in Chapter 5 is supposed
to be turbine specific; see also Exercise 8.2.

The GMRF model could be used to estimate the wake power loss indirectly
by taking the difference of the maximum fitted value among all turbines and
the power output fitted to a specific turbine. Please note that the GMRF
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model does not impose the constraint that the wake power loss should be
non-negative.

The GMRF model takes the model structure as

yt = G(x,β) + L(x, ζt) + εt, t = 1, . . . , N, (8.17)

where G(·, ·) and L(·, ·) are the global and local terms, referred to, respectively,
in the preceding paragraph. Consider q input variables in x = (x1, . . . , xq)

T .
You et al. [232] model G(·, ·) as an additive model of q terms, each of which
is a set of univariate B-spline functions taking one of the input variables in x
as its input. Specifically, You et al. express

G(x,β) = G1(x1,β
(1)) + · · ·Gj(xj ,β(j)) + · · ·Gq(xq,β(q)), (8.18)

where Gj(xj ,β
(j)) is further written as

Gj(xj ,β
(j)) =

K(j)∑
k=1

β
(j)
k g

(j)
k (xj),

and the superscript, (j), is used to indicate that the B-spline basis functions
are for the j-th input variable xj , K

(j) is the number of the basis functions,

g
(j)
k (·) is the k-th univariate, global-term B-spline basis, as a function of xj ,

and β
(j)
k is the k-th spline regression coefficient.

The local term is likewise modeled as

L(x, ζt) = L1(x1, ζ
(1)
t ) + · · ·Lj(xj , ζ(j)

t ) + · · ·Lq(xq, ζ(q)
t ), (8.19)

where Lj(xj , ζ
(j)
t ) is further expressed as

Lj(xj , ζ
(j)
t ) =

K(j)∑
k=1

ζ
(j)
t,k l

(j)
k (xj),

and l
(j)
k (·) is the k-th univariate, local-term B-spline basis, and ζ

(j)
t,k is the k-th

spline regression coefficient but specific to turbine t.

You et al. [232] treat ζ
(j)
t as a random effect term and model it using

GMRF. To reduce the modeling complexity, they further decompose ζ
(j)
t into

ζ
(j)
t = η

(j)
t ζ(j),

where the scalar term, η
(j)
t , captures the variations among individual turbines,

while the vector term, ζ(j), becomes turbine-independent. With this decom-

position, ζ
(j)
t,k in Eq. 8.19 can be expressed as ζ

(j)
t,k = η

(j)
t · ζ

(j)
k . The scalar

random effect term, η
(j)
t , is modeled by

η
(j)
t |{η

(j)
t′ : t′ ∈ Nt} ∼ N

(∑
t′∈Nt

ct,t′η
(j)
t′ , τ

2
j

)
, (8.20)
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where Nt denotes the neighborhood of turbine t, ct,t′ captures inter-
dependence between turbines t and t′, and τ2

j is the variance for this condi-
tional normal distribution, associated with the j-th input variable. Following
the approach proposed in [115], You et al. [232] use the directional spatial
dependence intensity to model ct,t′ as

ct,t′ = α1 sin2(θt,t′)

(
1

dt,t′

)h
+ α2 cos2(θt,t′)

(
1

dt,t′

)h
, (8.21)

where dt,t′ is the distance between the two turbines in question, θt,t′ is the
angle between the wind direction and the line connecting turbine t and turbine
t′, α1 and α2 are the coefficients to be estimated by data, and h is a shape
parameter, set to 0.5 by You et al. in their applications.

While implementing the method for wind applications, You et al. [232]
include two primary inputs, wind speed and turbulence intensity. The global
term in their GMRF model uses a B-spline function with degree 2 or higher
for the wind speed input and a B-spline function of degree 1 or 2 for the
turbulence intensity input. The local term uses B-spline functions of degree
equaling to or smaller than their counterparts in the global term. In defining
the knots for wind speeds, You et al. set five equal-distanced knots between 5
m/s and 17.5 m/s, resulting in four internal knots, respectively, at 7.5 m/s, 10
m/s, 12.5 m/s, and 15 m/s. In defining the knots for turbulence intensity, You
et al. set two internal knots, with equal distance, in the turbulence intensity
data range observed in their dataset. The turbulence intensity data range is
[0.2, 1.5], which yields two knots at 0.63 and 1.07, respectively.

The GMRF also needs to define a neighborhood, Nt, for each turbine t.
You et al. [232] primarily use the first-order neighborhood turbines, which are
defined as the eight nearest turbines surrounding turbine t.

You et al. [232] estimate the model parameters through a Bayesian hier-
archical inference framework that is numerically solved by a Markov chain
Monte Carlo (MCMC) sampling procedure. We will discuss MCMC more in
Chapter 10.

8.6 CASE STUDY
8.6.1 Performance Comparison of Wake Models
In this section, a few wake models are compared in terms of their prediction
performance of the power difference. Because directly measuring the actual
wake power loss is difficult, the prediction or estimation of the power dif-
ference becomes an important proxy alluding to a model’s capability of ac-
counting for the wake effect in wind power production. Furthermore, power
difference prediction could be in and by itself useful in a number of wind en-
ergy applications—for instance, the turbine upgrade quantification discussed
in Chapter 7.
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FIGURE 8.6 Locations of the six pairs of wind turbines and three met

masts. The distances along both axes are expressed as a multiple of

the rotor diameter of the turbines. All turbines have the same rotor

diameter. (Reprinted with permission from Hwangbo et al. [98].)

TABLE 8.1 Between-turbine distances and relative positions of the six pairs
of turbines. Bearing 1 to 2 indicates a relative direction of Turbine 1 to the
location of Turbine 2, and Bearing 2 to 1 is similarly defined.

Pair 1 Pair 2 Pair 3 Pair 4 Pair 5 Pair 6
Between-turbine

6.8R 7.6R 8.4R 8.2R 8.2R 7.8R
distance
Bearing 1 to 2 (◦) 307.1 308.7 302.6 325.0 288.3 294.2
Bearing 2 to 1 (◦) 127.1 128.7 122.6 145.0 108.3 114.2

Source: Hwangbo et al. [98]. With permission.

This study uses the Wake Effect Dataset. Fig. 8.6 shows the relative lo-
cations of the six pairs of turbines and three met masts. The circle around each
turbine is the 20R radius from, or the ten times rotor diameter centering at,
the turbine. All turbine pairs happen to have the northwestern-to-southeastern
orientation. Hwangbo et al. [98] designate, for all turbine pairs, the turbine
on the northwestern side as Turbine 1 and the one on the southeastern side
as Turbine 2.

Table 8.1 provides the between-turbine distances, in terms of a multiple of
the rotor radius, and the relative positional angles between a pair of turbines.
Based on the specific relative positions between a pair of turbines and the
notations illustrated in Fig. 8.5, one can divide wind direction into two distinct
sectors of D1 and D2 for each turbine pair. For a wind direction D ∈ D2,
Turbine 1 is wake free and Turbine 2 is in the wake, whereas for D ∈ D1,
Turbine 2 is wake free and Turbine 1 is in the wake.
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TABLE 8.2 Comparison of prediction error in terms of RMSE. The value in the
table is the power difference relative to the maximum power of the turbine. The
boldface values are the smallest in each column.

RMSE
Pair 1 Pair 2 Pair 3 Pair 4 Pair 5 Pair 6

Jensen’s model 0.1103 0.0887 0.1109 0.0971 0.0956 0.1020
GMRF 0.0846 0.0752 0.0888 0.0797 0.0798 0.0877
Binning 0.0778 0.0667 0.0818 0.0800 0.0706 0.0751
TPRS-N 0.0668 0.0627 0.0802 0.0758 0.0683 0.0699

Source: Hwangbo et al. [98]. With permission.

TABLE 8.3 Comparison of prediction error in terms of MAE. The value in the
table is the power difference relative to the maximum power of the turbine. The
boldface values are the smallest in each column.

MAE
Pair 1 Pair 2 Pair 3 Pair 4 Pair 5 Pair 6

Jensen’s model 0.0544 0.0530 0.0673 0.0570 0.0631 0.0565
GMRF 0.0484 0.0469 0.0568 0.0470 0.0497 0.0544
Binning 0.0434 0.0435 0.0532 0.0504 0.0489 0.0457
TPRS-N 0.0375 0.0408 0.0523 0.0477 0.0447 0.0434

Source: Hwangbo et al. [98]. With permission.

Hwangbo et al. [98] evaluate the performance of a model with respect to
its out-of-sample prediction errors. For this, each turbine pair’s annual data
are split into training and test subsets by a ratio of 80:20. In other words, 80%
of a given dataset are randomly selected to train the model and the remaining
20% are used to calculate the prediction error. To measure the prediction
error, Hwangbo et al. use both RMSE and MAE.

This section presents a performance comparison of four methods: Jensen’s
model, the data binning approach, the GMRF model, and the TPRS-N wake
model, all under the single-wake situations.

Tables 8.2 and 8.3, respectively, present the RMSE and MAE values for the
four methods and six turbine pairs. Relative to the Jensen’s model, three data-
driven methods significantly reduce the level of uncertainty by accounting for
the variation observed in the data.

Recall that GMRF is not specifically developed for the single-wake situa-
tion. By construction, GMRF is designed to perform well with more turbines
since it benefits from the spatial modeling of multiple turbines at different
locations. Understandably, the method loses some of the benefits when being
applied to a single pair of turbines. Still, the method shows significant im-
provement with, on average, an 18% reduction in RMSE and 14% in MAE as
compared to Jensen’s model.

The data binning approach, while fitting the trend of data without any
restriction, in fact attains competitive prediction errors. This should not come
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as a surprise, as the binning approach is nonparametric and can adapt to local
data features, as long as one uses a small enough binning resolution and there
are dense enough data points to fit the binning model. The data binning
approach is competitive in terms of out-of-sample prediction when compared
with GMRF. The fact that its RMSE and MAE are larger than those of the
TPRS-N model suggests, however, that the data binning approach overfits the
(training) data. Another shortcoming of the data binning approach is that it
is less insightful at providing wake characteristics.

The TPRS-N wake model, having incorporated physical constraints on
wake power losses, demonstrates its superiority over other alternatives in terms
of the prediction error of the power difference. It yields the smallest RMSE
values across all six turbine pairs and the smallest MAE values for five among
the six pairs. Its RMSE (MAE) is, on average, 30% (24%) smaller than that
of Jensen’s model, 15% (12%) smaller than GMRF, and 6% (7%) smaller than
the data binning approach.

8.6.2 Analysis of Turbine Wake Effect
This section presents a study that quantifies annual wake power loss in actual
wind turbine operations. Quantification of the wake power loss based on an
annual period supports economic assessment of wake effect in terms of AEP.
Doing so also provides practical insights into the economic impact of decisions
and actions attempting to alleviate the wake power loss.

Fig. 8.7 illustrates the estimated wake characteristics using the Wake

Effect Dataset. The wake loss is supposed to be strictly positive. What
is shown in the plot is actually −ω̂1(V,D) · 1D1

(D) + ω̂2(V,D) · 1D2
(D), so

that one sees both positive and negative portions. The raw power differences
of some pairs of turbines, when plotted against wind direction, exhibit large
variation with several peaks and troughs. Even under such a noisy circum-
stance, the TPRS-N wake model captures the wake power loss signals well, by
focusing on where the wake power loss is expected. In the figure, the vertical
dashed lines indicate the bearings, i.e., θ1 = 0 or θ2 = 0.

Comparing Fig 8.7, bottom-left panel, to Fig. 8.4 (both generated from
Pair 5), it is obvious that the TPRS-N wake loss estimation method captures
the signals much better than the data binning approach could, making the
subsequent derivation of the wake characteristics more convincing. One may
also observe from Fig. 8.7 that the wind direction associated with the highest
power loss is not exactly aligned with the bearings of the turbine pairs. This
implies that there are measurement errors in wind direction. When applying
the data binning approach, analysts typically generate angle bins starting
from a bearing by making it the midpoint of an angle bin (and propagate
with a resolution of 5 degrees, for example) and then regard the wake loss
estimate of this specific bin as the wake depth. It turns out that, in the
presence of measurements errors in wind direction, such a practice has an
obvious disadvantage and will likely underestimate the wake depth due to the
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Observations
Fitted wake effects
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Observations
Fitted wake effects
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Observations
Fitted wake effects
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Observations
Fitted wake effects
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Observations
Fitted wake effects
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FIGURE 8.7 Estimates of the wake effect using the TPRS-N model. From

top-left to bottom-right are, respectively, the estimation for Pair 1

through Pair 6. The shaded areas represent the fitted wake loss in

terms of −ω̂1(V,D) · 1D1(D) + ω̂2(V,D) · 1D2(D). Two dashed vertical

lines indicate wind direction that is parallel to the line connecting the

pair of turbines. (Reprinted with permission from Hwangbo et al. [98].)
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TABLE 8.4 Wake depth and width for the six pairs of turbines.

Pair 1 Pair 2 Pair 3 Pair 4 Pair 5 Pair 6

Depth: Turbine 1
41.6% 35.4% 26.6% 26.3% 40.0% 39.1%

(60.2%) (41.8%) (36.8%) (41.1%) (43.8%) (44.3%)

Depth: Turbine 2
50.9% 29.2% 43.5% 33.5% 31.1% 42.1%

(56.2%) (33.6%) (44.8%) (44.8%) (44.5%) (47.9%)

Width: Turbine 1 40.1◦ 42.7◦ 57.8◦ 51.6◦ 41.6◦ 57.5◦

Width: Turbine 2 57.0◦ 52.8◦ 44.7◦ 45.6◦ 47.0◦ 49.9◦

discrepancy between a bearing and the actual wind direction with the highest
wake loss—see Fig. 8.7, middle-right panel, for an extreme example.

Table 8.4 shows the wake characteristics for the six turbine pairs. The
first two rows are the estimates of wake depth, namely the magnitude of the
wake power losses. The last two rows are the estimates of wake width. The
wake depth is identified as the peak of the wake loss estimate representing the
maximum power loss. The wake width is supposed to be determined by the
angles around the bearings at which the power loss eventually becomes zero.
However, given noisy signals spreading over a large range of wind directions,
the fitted wake power loss is not completely zero even in the regions where it
is unquestionably wake free. To estimate the wake width, Hwangbo et al. [98]
use the range of wind direction for which loss is greater than 1% of the rated
power of the turbine. For the wake depth, Table 8.4 presents two percentage
values for each turbine. The one outside the parenthesis is the wake power
loss relative to the rated power of that turbine, whereas the one inside the
parenthesis is the loss relative to the free-stream equivalent power output.

In the literature, the wake power loss is often expressed as the ratio of the
loss over the free-stream equivalent power output [2, 13, 85], which can be
computed by

ω̂t(Vi, Di)

ŷt(Vi, Di) + ω̂t(Vi, Di)
, t = 1, 2, i = 1, . . . , n, (8.22)

where ŷt(Vi, Di) denotes the expected power generation given (Vi, Di). De-
pending on (Vi, Di), ŷt(Vi, Di) could be the expected power in the wake of
another turbine, so that the free-stream equivalent power output is to be re-
covered by adding ŷt(Vi, Di) and ω̂t(Vi, Di). To calculate ŷt(Vi, Di), Hwangbo
et al. [98] define a neighborhood of (Vi, Di), i.e., Ni = {(V,D) : V ∈
(Vi − εV , Vi + εV ], D ∈ (Di − εD, Di + εD]}, and compute ŷt(Vi, Di) by taking
the average of the power outputs whose corresponding wind speed and direc-
tion is a member of Ni. This is a two-dimensional binning with 2εV and 2εD
as the respective bin width, where εV and εD are predetermined constants. In
this application, Hwangbo et al. set εV = 0.25 m/s and εD = 2.5◦. The second
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TABLE 8.5 Annual power loss for the six turbine pairs.

Percentage measure (%)
Pair 1 Pair 2 Pair 3 Pair 4 Pair 5 Pair 6

Turbine
0.26 1.10 0.21 -1.40 3.41 0.94

difference (η̃2-1)

Wake loss: 0.85 0.78 0.51 0.64 0.59 0.66
Turbine 1 (ω1) (1.67) (1.62) (1.13) (1.42) (1.27) (1.33)

Wake loss: 2.00 1.24 1.39 1.11 1.01 1.75
Turbine 2 (ω2) (4.04) (2.69) (3.15) (2.40) (2.36) (3.68)

Average wake loss 1.43 1.01 0.95 0.88 0.80 1.20
for the pair (2.84) (2.14) (2.13) (1.92) (1.19) (2.48)

percentage values in Table 8.4, i.e., the ones inside the parentheses, are the
wake power loss expressed in this conventional fashion.

The peak power loss relative to the free-stream equivalent (the value inside
the parenthesis) ranges from 34% to 60%. The wake width for the 12 turbines
ranges from 40◦ to 58◦ with concentration around 40◦–53◦. The wake depth
commonly stated in the literature is in the range of 30%–40% [12, 14, 192],
which appears to be at the lower side of the spline wake model-based estimates.
In addition, the new wake width estimates are noticeably larger than the 25◦

to 40◦ range stated previously [14, 146, 215]. The difference can be attributed
to two major factors. The first one is that the new estimation can identify
the wake region more accurately, producing better estimates of the two main
characteristics, whereas the methods in the literature rely on ad hoc data
segmentation and partition and often use a partial set of data based on a pre-
selected range of wind direction. Consequently, the previous wake power loss
estimates do not capture the characteristics as well as the new estimator does.
The second factor is that the historical estimates are usually the averages over
multiple turbines, understandably leading to a narrower range.

Table 8.5 shows how each term in the power difference model of Eq. 8.6
affects the power generation of a turbine pair in an annual period, namely
the AEP power difference or AEP loss. The first row is the between-turbine
power production difference independent of wake effect, expressed relative to
the rated power. The second and third rows present the wake loss. Similar to
Table 8.4, the values outside the parentheses is the loss relative to the rated
power, whereas the values inside the parentheses is the loss relative to the
free-stream equivalent. Both percentages represent the AEP wake loss but use
different baselines.

The wake loss relative to the rated power is in fact related to the capacity
factor of a wind turbine. Recall that the capacity factor is the ratio of the
actual power production of a turbine for a selected period of time, say, one
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year, over the supposed power production the turbine could have produced,
had it operated at its maximum capacity (i.e., at the rated power) all the time;
the typical range of the capacity factor is 25%–35%. The wake loss relative to
the rated power, therefore, can be seen as the direct reduction to a turbine’s
capacity factor. Hwangbo et al. [98] refer to the corresponding AEP loss as the
capacity factor AEP loss and refer to the AEP loss relative to the free-stream
equivalent as the traditional AEP loss. The traditional AEP loss is computed,
if using Turbine 1 group as an example, by∑n

i=1 ω̂1(Vi, Di)∑n
i=1 {ŷ1(Vi, Di) + ω̂1(Vi, Di)}

. (8.23)

The fourth row is the average AEP wake loss for a pair of turbines. The
average is weighted by the number of data points in the respective wake regions
to account for the annual distribution of the AEP loss for the turbine pairs.
For this reason, the values in the fourth row may be slightly different from
the simple average of the two individual losses. The average traditional AEP
loss for a pair is computed by∑n

i=1 {ω̂1(Vi, Di) + ω̂2(Vi, Di)}∑n
i=1 {ŷ1(Vi, Di) + ω̂1(Vi, Di) + ŷ2(Vi, Di) + ω̂2(Vi, Di)}

. (8.24)

The average capacity factor AEP loss is computed by setting the denomi-
nator in the above equation to be

∑n
i=1 {(rated power) + (rated power)} =

2n · (rated power).
From Table 8.5, one may notice that the magnitude of the between-turbine

difference is sizeable, sometimes even larger than that of the wake effect. This
result suggests that modeling of the between-turbine difference as a separate
term in the power difference model is important to the mission of estimat-
ing the wake effect; otherwise, the estimate of the wake effect can be biased
considerably.

One can immediately observe that the AEP losses are much smaller than
the peak power loss (wake depth). This is expected because the annual loss
is the average over all kinds of wind speed and direction conditions in an
entire year. Under many circumstances, the wake loss is much smaller than
the peak loss. The capacity factor AEP loss is between 0.5–2.0%, meaning that
if the turbine’s actual capacity factor is 25%, then its ideal capacity factor, if
the turbine always operated wake free, could have been 25.5% to 27%. This
difference, while appearing as a small percentage, should not be taken lightly.
Consider a wind farm housing 200 turbines all in the 2 MW turbine class.
A 1% capacity factor AEP loss for the whole farm translates to $1.3 million
annual loss in revenue at the wholesale price of $37 per MWh.

One may also notice that the wake loss endured by Turbine 2 in a pair is
always greater than that of Turbine 1. This can be explained by the relative
positions of the turbines and the prevailing wind direction over this farm dur-
ing that particular year. Fig. 8.8 presents the wind rose plots for three pairs of
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FIGURE 8.8 Wind rose plots illustrating the relative frequency of incom-

ing wind for different direction sectors and for different speed ranges.
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Hwangbo et al. [98].)
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panel: for the capacity factor AEP loss; right panel: for the traditional
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of the rotor diameter. (Adapted with permission from Hwangbo et

al. [98].)

the turbines. The plots show that the northwestern wind, for which Turbine 2
of each pair endures power loss, is more frequent and stronger than the south-
eastern wind for which Turbine 1 experiences power loss. Unsurprisingly, the
AEP loss of Turbine 1 group is usually less than 0.85% (1.67%), whereas the
AEP loss for Turbine 2 group is greater than 1.01% (2.36%) and can be as
high as 2% (4.04%).

In the literature, it is well known that turbine spacing is a decisive factor
affecting the magnitude of wake power loss [13, 129, 192]. Hwangbo et al. [98]
conjecture that the variation of the annual power loss between the individual
turbine pairs can be explained by the between-turbine distance of each pair.
Using the average AEP loss for the six turbine pairs (the fourth row in Ta-
ble 8.5) and the corresponding between-turbine distances, they fit a simple
linear regression model as has been done in [13].

Fig. 8.9 shows the scatter plots and the regression line fitting a respective
AEP loss. For the capacity factor AEP loss, the p-values of the intercept and
slope estimate are 0.005 and 0.013, respectively. For the traditional AEP loss,
the corresponding p-values are 0.006 and 0.022. These results confirm that
the turbine spacing indeed by and large explains the pair-wise difference in
the AEP losses. An extrapolation based on the fitted regression lines suggests
that the wake loss would diminish after the turbine spacing reaches either
5.3 or 5.7 times the rotor diameter, depending on which AEP loss is used in
the analysis. Nevertheless, in either circumstance, the 10 times rotor diameter
separation used in this study to isolate a particular turbine pair from the rest
of turbines appears safe enough to render the turbine pairs free of wake of any
other turbines on the wind farm.
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Regressing the turbines’ inherent production difference (the first row in
Table 8.5) on the between-turbine distance, on the other hand, suggests that
there is no significant correlation between them. The p-values of the intercept
and slope estimate in this case are 0.81 and 0.77, respectively. Unlike the wake
effect, the between-turbine production difference does not seem to be affected
by the between-turbine distance, much as expected.

GLOSSARY
AEP: Annual energy production

CFD: Computational fluid dynamics

GAM: Generalized additive model

GMRF: Gaussian Markov random field

IEC: International Electrotechnical Commission

MAE: Mean absolute error

MCMC: Markov chain Monte Carlo

RMSE: Root mean squared error

TPRS: Thin plate regression spline

TPRS-N: Thin plate regression spline model with non-negativity constraint

EXERCISES
8.1 In Section 8.6.1, Jensen’s model is used in the form of Vwake = (1 −

κdeficit) · V with κdeficit being set to 0.075. What if Jensen’s model used
in the comparison follows Eq. 8.1 instead? Can you update the power
difference prediction result in Tables 8.2 and 8.3?

8.2 One modeling strategy mentioned and compared with by both Hwangbo
et al. [98] and You et al. [232] is the individual turbine power production
model, very much like the power curve model introduced in Chapter 5.
The individual turbine model in Hwangbo et al. [98] and You et al. [232]
is referred to as IND and follows the model structure of

yt = G(x,βt) + εt,

which appears similar to the global term in Eq. 8.17 but here βt is
no longer the same for all turbines but tailored to individual turbines.
For model performance comparison with IND, please refer to [98, Table
3]. In this exercise, please use the AMK model (Section 5.2.3) as the
individual turbine power production model. This is to say, fit the AMK
model to two turbines in a pair, respectively, and then compute the
power difference. Compare this AMK-based IND model performance
with other methods in Tables 8.2 and 8.3.
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8.3 In Section 8.6.1, when the data binning approach is applied, the wind
speed range used in Step 2 is the whole wind speed spectrum. Please
use a narrower wind speed range instead and see what difference this
change makes in terms of the power difference prediction errors. Two
narrower wind speed range options mentioned in Section 8.3 are: (a) 8.0
± 0.5 m/s and (b) 5.0–11.0 m/s. Furthermore, please investigate the
sensitivity of the data binning approach to the width of wind direction
bins. Try and compare the bin-width options of 2.5◦, 5◦ (the current
option), 10◦, and 15◦, in terms of power difference prediction errors.

8.4 In Section 8.6.1, Jensen’s model is paired with the IEC binning power
curve model to compute the power output. What if the IEC binning
power curve model is replaced with the AMK-based power curve model
(Section 5.2.3)? Conduct the numerical analysis and see how much it
affects the power difference prediction errors.

8.5 In Section 8.6.2, a linear regression model is built to regress the average
wake power loss on the between-turbine distances. It was also men-
tioned there that one can regress the between-turbine difference, η̃, on
the between-turbine distances and would not find significant correlation
between the input and output. Please build the linear regression model
and present the scatter plot and the line fit like those in Fig. 8.9.

8.6 Use the Wake Effect Dataset and the spline-based single-wake model
to investigate the sensitivity of parameter k in that model. Try five
different k values: 10, 20, 30, 40, and 50. Please present a plot displaying
how the RMSE and MAE values vary with different k values. What
conclusion do you draw from the plots?

8.7 Chapter 6 considers the problem of shape-constrained curve fitting, in
which an S-shape constraint is imposed. Chapter 8 considers the problem
of sign-constrained curve fitting, in which a non-negativity constraint is
imposed. In some circumstances, a shape constraint can be expressed
as a sign constraint under a functional transformation, and vice versa.
Please show that shape constraints like monotonicity, convexity, or con-
cavity can be expressed as a sign constraint of non-negativity or non-
positivity. Please state clearly what type of functional transformation is
used to make such equivalence possible.
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C H A P T E R 9

Overview of Wind
Turbine Maintenance
Optimization

P
art III of this book discusses a few issues related to turbine reliabil-
ity management. In this part, the data science problem often concerns

modeling and estimating f(z|x), where z is the mechanical load measured at
certain critical spots on a turbine component, such as at the root of the turbine
blades. While the conditional density, f(z|x), resembles that of f(y|x), one
unique aspect in Part III is that reliability analysis focuses much more on the
tail of f(z|x), rather than on the middle region surrounding its mode. In this
sense, reliability analysis concentrates on rare events, which take place with
a rather small probability. One important branch of data science methodolo-
gies pertinent to reliability analysis is random sampling. Chapters 10 and 11
discuss, respectively, the use of Markov chain Monte Carlo methods and im-
portance sampling methods in the context of turbine blade load analysis.

Chapter 12, however, touches upon a different topic relevant to the general
theme of reliability management—anomaly detection and fault diagnosis. The
data science problem of anomaly detection and fault diagnosis falls into the
category of unsupervised learning, in which the class label of a data record is
not available. The very purpose of anomaly detection or fault diagnosis is to
recover as accurately as possible the class label for that data record, based on
observations of explanatory covariates in x. While research has been progress-
ing on anomaly detection and fault diagnosis, specialized methods targeting
wind turbines are still in great demand. One thing hindering the development
on this front, more so than the other data science aspects discussed in this
book, is the lack of availability of fault event data resulting from commercial
operations to the research community at large. The reason is rather under-
standable. Whoever owns the reliability or fault event data tends to guard
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those data diligently, as the implication of liability through reliability data is
much more direct than through environmental data (x) or power production
data (y). Sometimes, the real owner of this type of data, be it the owner/op-
erator or the turbine’s manufacturer, can also become debatable. Even if one
party may be willing to share the data with a data science research third party,
the other party may not want to divulge. The hydropower plant data used in
Chapter 12 is in fact subject to a confidentiality agreement and therefore does
not appear among the shared datasets.

Before we proceed with load analysis and anomaly detection in the latter
chapters, we start off Part III in the present chapter with a discussion of
wind turbine operations and maintenance (O&M), which is in and of itself an
important part of reliability management.

9.1 COST-EFFECTIVE MAINTENANCE
Wind turbine O&M plays an important role and accounts for a major portion
in the total cost of energy in wind power production. The US Department
of Energy’s 20%-Wind-Energy-by-2030 report [218, Figure 2-15] shows that
while the O&M cost may be as low as 0.5–0.6 cents/kWh in the early years of
a turbine’s service, it escalates to 1.8–2.3 cents/kWh after 20 years’ service.
Analysts have also realized that some early estimates of the wind’s O&M cost
may have been considerably underestimated. In 2011’s second issue of the
Wind Stats Report, William Manganaro, project manager of NAES Corpora-
tion, draws a contrast between the 2010 American Wind Energy Association
(AWEA)’s estimate of O&M cost at 2.5 cents/kWh and AWEA’s initial esti-
mate of 0.5 cents/kWh [181]. Generally speaking, the O&M cost is estimated
to account for 20–30 % of the total energy cost in the land-based, utility-scale
wind power generation [48], and for offshore wind, the cost portion of O&M
is considerably higher. Dr. Fort Felker, former Director of the National Wind
Technology Center, stated in a 2009 speech, under the heading of Critical Ele-
ments for 20% Scenario, that one such critical element is to reduce the O&M
costs by 35% from that year’s level [62]. Progresses have been made since then
but the 35% reduction is still a long way off.

Reducing the cost of O&M for wind power generation appears to be chal-
lenging. Under nonstationary loadings due to wind’s stochastic nature, a tur-
bine’s drive train, especially the gearbox, is prone to failure. Current O&M
practice is reactive in nature and depends heavily on what is commonly known
as condition-based monitoring or condition-based maintenance (CBM). The
concept of CBM is to collect the online monitoring data, and upon diagnosing
a turbine’s condition, decide whether and when maintenances are needed. A
CBM system may ignore the uncertainty in sensory information and respond
aggressively to any potential failure signals as is. Doing so of course triggers
some of the maintenance actions prematurely. Premature maintenance does
not benefit the bottom line of wind operations, and because of that, rarely is
such an overconfident approach taken in industrial practices.
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On the other side of the spectrum, due to the imperfection of current diag-
nosis and reliability assessment, compounded with the high cost to undertake
a maintenance action, there is always reluctance to take actions until perhaps
when it is too late. Scheduled maintenances are rather popular in the wind
industry, meaning that the maintenance schedules are fixed a priori, e.g., once
every six months. Scheduled maintenances are too rigid, so that it either al-
lows too many failures, if the schedules are infrequent, or costs too much, if
the schedules are too frequent. The reality is that rigid and reactive mainte-
nance approaches lead to “a prevalence of unscheduled maintenance” [182]. It
is apparent that neither the overconfident nor the overcautious approach can
produce the optimal cost structure for turbine maintenance.

A key in devising a cost-effective maintenance strategy is to handle the un-
certainty in sensory information properly and decide the course of action with-
out over-trusting, nor discrediting altogether, the information dynamically
collected. In order to compensate for the uncertainty in sensory information,
decision makers resort to crew’s on-site investigations as well as simulations of
wind farm operations, both of which are more expensive, either economically
or computationally, than just using online sensors with intermittent analysis.
A relevant question in a dynamic maintenance scheduling system is when an
on-site investigation should be triggered and how simulation outcomes can be
used together with the sensory data.

With this objective in mind, a dynamic, data-driven approach provides a
useful school of thought and points to a close coupling between modeling and
information-gathering. A data-driven approach could trigger the expensive
on-site investigations adaptively, only as needed, and dynamically update the
mathematical models by injecting the newly collected data, as appropriate.
This chapter discusses, in such a context, two turbine maintenance optimiza-
tion models, one wind farm simulator, and an approximation strategy allowing
optimization and simulation to work together in real time.

Fig. 9.1 illustrates the need for cost-effective maintenance and highlights
the pursuit of a better balance in decision making in the presence of uncer-
tainty.

9.2 UNIQUE CHALLENGES IN TURBINE MAINTENANCE
The challenges in wind turbine maintenance are primarily caused by the
stochastic nature of turbine operation conditions and the uncertainties in the
decision variables induced by the stochasticity. Because of the stochasticity,
the condition-based monitoring for wind turbine systems runs into difficulties
while attempting to pin down the occurrence and severity of a potential fault
or failure. Complicating the matter further are the weather constraints and
disruptions, as well as the logistic difficulties such as long lead time and long
service time. Not surprisingly, a poorly planned maintenance job contributes
substantially to the escalation of O&M costs of wind turbine systems.

Weather does constrain maintenance activities. To maximize power gener-
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ation potential, wind farms are built at locations with high wind. But climbing
a turbine is not allowed, due to safety concerns, when wind speed is more than
20 m/s. When the speed is higher than 30 m/s, the site becomes inaccessible.
The combination of higher failure rates and low accessibility for repairs dur-
ing windy periods exacerbates the revenue loss because that is the time when
wind turbines are supposedly to generate most of its power.

The sheer size of wind turbine components makes it difficult to store
spare parts in a warehouse waiting for repairs or replacements. Rather, the
large parts are likely ordered and shipped directly from a manufacturer when
needed. Doing so leads to long lead time in obtaining parts and can result in
costly delays in performing repairs. Pacot et al. [158] state that it may take
several weeks for critical parts, such as a gearbox, to be delivered.

The logistic difficulty in turbine maintenance is also caused by the long
distances of wind farms from their operation centers, as well as that major
repairs require heavy duty equipment, such as a crane or a helicopter, to access
the turbine. It certainly takes quite an effort to assemble the maintenance
crews and prepare for a major repair. Logistic costs may escalate substantially,
depending on the accessibility to the turbine’s site, the maintenance strategy,
and equipment availability.

The three factors, weather, component size, and distance, can become
intertwining with one another, making the already challenging situation even
more difficult. For instance, major repair of turbines usually takes weeks to
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complete due to the physical difficulties of the job (size and distance). The
long duration of a repair session in fact increases the likelihood of disruption
by adverse weather.

Besides the effect of wind, as mentioned above, other environmental factors
can adversely impact a turbine’s reliability, such as extreme low temperature,
icing, and lighting strikes, or wave and corrosion for offshore turbines. A com-
prehensive discussion on this topic can be found in [27].

9.3 COMMON PRACTICES
The methods of wind turbine maintenance commence rather naturally with
analyzing the historical failure data to elucidate a component’s failure proba-
bility and then plan maintenance accordingly. These are referred to as the fail-
ure statistics-based approaches. In the meanwhile, there have been attempts
to establish reliability models, based on first principles and/or stochastic pro-
cess theories, to provide an understanding of the stochastic aging behavior
of turbine components. The recent rapid advancements in microelectronics
and sensing technology have allowed real-time measurements and analyses of
various characteristics of wind turbines during their operations—this line of
approaches is collectively referred to as condition-based maintenance.

9.3.1 Failure Statistics-Based Approaches
Failure statistics-based approaches are purely data-driven. Although often ap-
plied to individual components, this type of approach can actually be used
for the whole turbine as well. The idea is to use the historical failure data to
fit certain probability distributions, which then yield a number of commonly
used statistics such as the mean time to failure (MTTF) [82, 227]. The popular
distribution here, as in reliability analysis in general, is the Weibull distribu-
tion, which has been described in detail in Chapter 2 (Sections 2.2.2–2.2.4).
In Chapter 2, the Weibull distribution is used to model the wind speed dis-
tribution. It turns out that the Weibull distribution is also a common choice
in reliability analysis, because like wind speed, the time to failure is positive
and right skewed in distribution. In addition to Weibull distributions, ana-
lysts also use the non-homogeneous Poisson process to handle the cases where
the number of failures is provided but the time when a failure takes place is
missing [80, 210, 211]. Analysts build and run Monte Carlo-based simulation
models by making use of the statistics and distributions obtained above in
order to study or visualize the stochastic behavior of a turbine’s failures. Sim-
ulations are furthermore conducted for evaluating the effectiveness of mainte-
nance actions, assessing the impact of turbine reliability on power generation,
comparing turbine siting choices, and validating operational strategies [28].
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9.3.2 Physical Load-Based Reliability Analysis
It is desirable that a physical relationship between loads and component
failures can be established [131], a topic to be discussed in more detail in
Chapters 10 and 11. The load-based reliability analysis refers to the studies
concerning the fatigue load or extreme load, or the characterization of wake
effect. In Chapter 8, we discuss the impact of wake effect on power produc-
tion. The wake effect also has an adverse impact on turbines in the form of
an increased mechanical load. The load-based analysis has mainly concen-
trated on the structural components of a turbine, i.e., blades and the tower,
and are generally carried out offline. National Renewable Energy Laboratory
in the US and Risø National Lab in Denmark, the two leading government
organizations in wind technology, have developed their respective structural
aeroelastic codes and tools to assess the structural loads using computer-based
simulations [112, 113, 130]. The IEC publishes design standards [101] for the
structural components of a turbine.

9.3.3 Condition-Based Monitoring or Maintenance
CBM involves two necessary analyses: (a) failure modes analysis to understand
how the likely failure patterns are associated with the major components in
a turbine [177], and (b) analysis of the turbine’s operational data acquired
by in situ sensors for diagnosis and prognosis [230]. Different from the fail-
ure statistics-based approach that is done offline, CBM is conducted on a
continual, online basis. With the accumulation of online data and advance-
ment in signal analysis, the concept of prognostics and health management
has emerged, which is nonetheless within the broad scope of CBM. Although
CBM may be used for any components in a wind turbine, the current practice
mainly focuses on the drive train, where vibratory responses, acoustic emis-
sions, temperature, and lubrication oil particulate content are the common
measurements monitored. Addressing gearbox reliability is one of the major
efforts of NREL, who released the Gearbox Reliability Council’s report in
June 2011 [135].

9.4 DYNAMIC TURBINE MAINTENANCE OPTIMIZATION
The imperfection of today’s diagnosis tools is due to the fundamental limita-
tions in our knowledge of the engineering systems, sensing technologies, and
data science methods. Uncertainties are not going to disappear from diagnosis
and prognosis anytime soon, and as a consequence, analysts need to systemat-
ically address the issue of uncertainties in maintenance decision making. Gen-
eral methodologies enabling decision making under uncertainties have seen
advancements. One of them is the Markov decision process (MDP) [170], in-
cluding the partially observable MDP (POMDP) [137, 141] or hidden Markov
process [57], for handling the cases when a system’s state is not perfectly ob-
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servable due to data or model uncertainties. These methods have been used
in traditional power system reliability analysis, like for transformers [110] as
well as for wind turbines [25, 26]. The resulting dynamic models consider the
stochastic weather constraints and logistic uncertainties as mentioned earlier,
and work in an integrated framework with a wind farm simulator to guide
model updates and measurement in-taking. A general dynamic maintenance
optimization framework is illustrated in Fig. 9.2.

The dynamic maintenance optimization framework includes three impor-
tant models—two optimization models [25, 26] and a simulation model [28,
161]. The two optimization models come with different flavors: one is a static
model whose parameters stay constant, whereas the other is a dynamic model
whose parameters are adjusted responding to different seasonal weather pat-
terns. The merit of having both optimization models is that the dynamic
model, despite desirable in terms of adaptivity, is expensive to solve, because
it is difficult to extract a solution structure due to the complexity of the
model. The static model, albeit a simplification of reality, does reveal a solu-
tion structure that facilitates solving for maintenance decisions efficiently. The
wind farm simulation model is a discrete event-based model, mimicking the
operation of a wind farm with hundreds of wind turbines that may degrade
along different paths and thus need service at different times. The simulator
is specially designed to handle a large number of unorganized random events
(e.g., waiting for parts or weather disruptions) and reflect in the simulator’s
outputs the stochasticity from the operations. The dynamic maintenance op-
timization framework integrates the optimization models, the simulator, and
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the data, in a closed loop where sensor data are used to improve the modeling
analysis and prediction.

9.4.1 Partially Observable Markov Decision Process
Byon et al. [25, 26] develop maintenance optimization models based on par-
tially observable Markov decision processes. Part of the reason motivating the
use of POMDP is that a turbine’s SCADA data are noisy and the SCADA
data can, at best, provide partial information of the turbine’s health status.
In the POMDP setting, the system’s degrading condition can only be assessed
in a probabilistic sense, represented by the information state π. Suppose that
the turbine health condition can be discretized into M levels, with Level 1 be-
ing the best condition like a new turbine and M being the most deteriorated
condition right before failure. Then, the information state can be expressed as
π = [π1, . . . , πM ], and each element in the π-vector is a probability, indicating
the likelihood of the turbine being at that level. This π-vector is used as an
important input to the subsequent POMDP model, so that any decision made
is based on a probabilistic assessment, rather than the assumption of knowing
to which level the turbine has degraded.

Byon et al. [25, 26] consider L number of failure modes. Combining with
the M degradation levels, this POMDP model has a total of M+L states. Out
of the M + L states, M of them are working states and L of them are failing
states. A turbine transitions through the working states and ultimately arrives
at one of the failing states, unless some kind of intervention takes place prior to
failure. A turbine does not have to exhaust all working states before it fails—
it is possible that a turbine can fail at any working state. Once it arrives at
one of the failing states, it stays there and will not transition further to other
failing states. A turbine can only go from a failing state back to a working
state when a repair or replacement operation is carried out.

Transitions between those states are illustrated in the state transition
graph in Fig. 9.3, left panel, where Pij is the transition probability from state
i to state j. One may notice that there is no state transition between the L
failing states but there is a link between any working state to a failing state,
per discussion in the earlier paragraph.

Cost-effective maintenance trades multiple choices of action. Besides the
options of preventive maintenance (PMT) or continue with SCADA monitor-
ing, i.e., do-it-later (DIL), a possible intermediate action is to conduct on-site
visit/investigation (OVI), to find out more certainly how a turbine is oper-
ating. This on-site action is much more expensive than purely SCADA-based
monitoring, considering the long distance between a service center and a wind
farm, but less expensive than a fully blown repair job, which employs expen-
sive heavy-duty equipment and a larger crew. Other than the three options,
corrective maintenance (CMT), i.e., the reactive action once a failure has al-
ready happened, always needs to be considered. Understandably, corrective
maintenance is the most expensive among all options.
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The POMDP model takes a dynamic programming form. At time t, let
Ct(πt) denote the cost for maintenance until a terminal time (e.g., when the
turbine is decommissioned), given that its current state is πt, and let at denote
the action options at t. If one considers the three options mentioned earlier,
then at is chosen from the set of {PMT,OVI,DIL}. According to the theoret-
ical framework of POMDP [141, 170], the optimal solution regarding which
action to take can be decided based on the following optimization problem:

Ct(πt) = min
at

ct(πt, at) + γ ·
∑

πt+1∈S
P (πt+1|πt, at) · Ct+1(πt+1)

 , (9.1)

where at is the decision variable to be optimized, ct is the immediate cost
incurred by taking action at, γ is the cost discount factor due to the monetary
depreciation over time, and

S := {[π1, · · · , πM+L], s.t.
∑
i

πi = 1, πi > 0 ∀i}

is the set of information states.
The above optimization formulation is in recursive form, because the min-

imum value of Ct depends on that of Ct+1. Modeling Ct(·) and ct(·) for each
decision period involves the considerations outlined earlier, such as which ac-
tion to take and its corresponding cost, when such an action is permissible,
and how much revenue loss is incurred due to a turbine’s downtime. The so-
lution of the POMDP formulation typically starts from the terminal time,
say, at T , when CT (πT ) can be decided since the turbine is supposed to have
arrived at one of the failing states. Then the action at T − 1 can be solved,
which gives the value of CT−1(πT−1). Going further back in time solves for
the rest of actions in the turbine’s maintenance history.

Byon et al. [25, 26] consider the stochasticity resulting from waiting for
permissible weather windows and from repairing, all of which manifest as ran-
dom events to be included in the decision model; see Fig. 9.3, right panel.
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The adverse weather conditions are modeled using two prohibiting probabil-
ities: WCMT(l) as the probability that the prevailing weather conditions are

so adverse that the corrective maintenance required for the lth failure mode,
l ∈ {1, . . . , L}, is not allowed, and WPMT(m) likewise defined for a preventive

maintenance that is supposed to restore the system back to the mth degra-
dation level, m ∈ {1, . . . ,M}. The waiting periods and repair jobs are char-
acterized through a queuing model having its processing rate, respectively, of
λ(l), µCMT(l), and µPMT(m).

The costs of different actions are denoted as cOVI for on-site visit/investiga-
tion, cPMT(m) for the mth mode of preventive maintenance repair, and cCMT(l)

for corrective repair upon the lth mode of failure. During the downtime until
a repair is completed, a revenue in the amount of τt is lost.

With these parameters and settings, the cost and probability items in the
dynamic programming formulation in Eq. 9.1 can be uniquely specified. For
instance, the consequence associated with PMT(m) at time t can be expressed
as

PMTt(m) = WPMT(m)(τt + PMTt+1(m))+

(1−WPMT(m))[τt + cPMT(m) + Ct+1(em)],
(9.2)

where em is one of the extreme states of which themth element in [π1, ..., πM ] is
one and all other elements are zeros. The notation, PMT(m), denotes the cost
associated with the preventive maintenance action restoring a more degraded
turbine system to the state em. The interpretation of the above equation is
that the preventive maintenance cost at t to restore the turbine to state em
is affected by the weather condition. When the weather condition is not per-
mitting for this type of action, with a probability of WPMT(m), the preventive
maintenance action will then have to wait until the next period. While wait-
ing, the turbine incurs a production loss of τt. If the weather condition is
permitting, with a probability of 1 −WPMT(m), and the preventive mainte-
nance action is in fact completed, then the costs incurred are the production
lost during the repair period, the cost associated with the specific repair ac-
tion PMT(m), and the cost of operation for the next period with the turbine
in the state of em.

9.4.2 Maintenance Optimization Solutions
If one assumes that all the weather-associated parameters in the dynamic
programming model in Eq. 9.1 are constant over time, the solution of the
dynamic programming model then corresponds to a static maintenance sys-
tem. One may solve the optimization model offline using the value iteration or
policy iteration method [170]. The solution outcome is a decision map, allow-
ing analysts to trade off the three major maintenance actions, namely PMT,
DIL, and OVI, based on an online estimation of a turbine’s degradation status
(coded in π). This maintenance decision process is labeled static, because the
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decision map stays the same, even though the estimation of π changes (move
from πt to πt+1 over time). Fig. 9.4 illustrates how the offline optimization
and online sensory information work together.

Albeit a simplification of the reality, the static maintenance model does
allow analysts to understand the structure of the maintenance policy with
clarity. Fig. 9.5 depicts how a maintenance action is selected. Simply put, it
depends on the relative costs of the respective actions. The aging status of
the turbine system is one of the primary forces driving the cost structure.
When a turbine system is relatively new, the cost associated with DIL option
is low, as the chance that the system has a catastrophic failure is low in the
near future. As a turbine system ages, the chance of failing gets higher, and
the consequence of a failure becomes more serious. The choice between doing
an on-site investigation versus doing a fully blown maintenance depends on
the cost difference between the two options. For older turbines, the choice of
full-blown maintenance action is taken most seriously.

The decision maps, as shown in Fig. 9.6, have three action zones. The
decision boundary between two decision zones corresponds to the boundary
point in Fig. 9.5 between a pair of actions. The two plots in the upper panel of
Fig. 9.6 are decision maps produced by a static maintenance model in which
the model parameters are kept constant for the entire decision horizon. Under
the static model structure, analysts can decide the decision boundaries analyt-
ically and populate a decision zone with its respective decision. The difference
between the two upper-panel plots is due to the use of different prevailing
weather parameters, namely that WPMT and WCMT are under different val-
ues. In the left column, WPMT = 0.1 and WCMT = 0.3, whereas in the right
column, WPMT = 0.5 and WCMT = 0.5. Apparently, the resulting decision
map changes when the weather becomes more prohibiting, as the weather
conditions in the left figure turn into that in the right figure. The right figure
has a higher probability that an ongoing maintenance may be disrupted, and
accordingly, the decision zones of PMT and OVI shrink, whereas the zone
of DIL expands, suggesting that one needs a higher confidence of potential
failures to undertake more expensive actions.

When the maintenance model uses time-varying parameters, it becomes a
dynamic model, which is a better reflection of the reality, as the actual system
and the environment constantly change. The difficulty of handling a dynamic
model is that the exact solutions will have to be found through iterative nu-
merical procedures. Understandably, these iterative numerical procedures are
not computationally cheap to use. The two plots in the lower panel of Fig. 9.6
are decision maps from a dynamic model. As seen in the plots, the dynamic
model can produce a path of maintenance policies, rather than identify the
decision boundaries delineating the decision zones. To solve for the path of a
maintenance policy, Byon and Ding [25] use the backward dynamic program-
ming procedure, as outlined in Algorithm 9.1.

If one looks at the plots in the upper and lower panels of Fig. 9.6, it is not
difficult to notice that the policy structure implied by the static maintenance



258 � Data Science for Wind Energy

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1


2
 (alert probability)


3
 (

al
ar

m
 p

ro
ba

bi
lit

y)

 

 

DIL
OVI
PMT

Offline Optimization Online Control

POMDP 
(Optimization Model)

Maintenance action options

Efficient computational 
solution package

Generate the
decision maps

Sensory feedback from 
SCADA Systems

Estimate the health 
status of wind power 
facility, denoted as 
 = (1, 2, …)

Assess the current weather 
conditions, dispatchability
and decide which decision 

map to use

Produce the optimal action 
plan (this time, it is to do an 
on-site visit/investigation)

FIGURE 9.4 Offline optimization generates the decision map, while on-

line observations allow an assessment of turbine degradation status.

Together they produce the cost-effective maintenance decision.
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Algorithm 9.1 Backward dynamic programming solution procedure.

1. Construct a sample path emanating from π, as well as the extreme
sample paths originating from the extreme states em, m = 1, · · · ,M .

2. Set the turbine’s decommission time as T and the decommission value
as CT (π), based on a specific system preference.

3. Set t = T − 1.

(a) Update parameters such as WCMT(l),t, WPMT(m),t and τt, l =
1, · · · , L, m = 1, · · · ,M − 1.

(b) Find the optimal decision rule and optimal value at extreme points
ei, i = 1, · · · ,M .

(c) Compute CMTt(l) and PMTt(m) for each corrective maintenance
and preventive maintenance option, as well as that for DILt(π) and
OVIt(π), respectively.

(d) Compute the optimal value function, Ct(π), and the corresponding
optimal decision rule.

(e) Set t = t− 1, and go back to (a).
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FIGURE 9.6 Static and dynamic maintenance model solutions. Upper

panel: static model solutions; lower panel: dynamic model solutions.

The two plots in the left column are under the weather condition with

WPMT = 0.1 and WCMT = 0.3, whereas the two plots in the right

column are under WPMT = 0.5 and WCMT = 0.5.

model are more or less preserved in the dynamic model outputs, although
the precise decision boundary would have almost surely shifted to a certain
extent, as the model parameters are not exactly the same under the static and
dynamic circumstances. Upon this revelation, Byon [24] deems it a sensible
approach to solve the dynamic model faster and in real time through the
following approach: derive useful approximations in the maintenance policy
structure based on the static model, employ the resulting structure to pre-
partition the decision map, and invoke the numerical solution procedure only
when a decision gets close to the prescribed boundary line.

9.4.3 Integration of Optimization and Simulation
One merit of the POMDP-based maintenance models presented in the preced-
ing sections is that they explicitly model the external environmental conditions
under which a turbine system is being operated. The static model, because
of its stronger assumptions, may be useful for wind farms that operate in
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relatively stationary weather conditions, whereas the dynamic model is more
adaptive even when there are strong seasonal variations.

Both models nonetheless focus on a single turbine. To the best of our
knowledge, using the single-turbine models is the case for the majority of
turbine maintenance research [27]. This is not surprising, as building and
solving an optimization model for a single turbine is already challenging work,
and doing so for a commercial size wind farm housing one hundred plus wind
turbines could be analytically intractable.

Maintenance strategies devised based on a single turbine may still be useful
to advising operations and decisions on a wind farm. The potential problem
is that the randomness in turbine degradation processes cause different tur-
bines to follow different degrading paths, thereby creating a need to adjust
maintenance actions accordingly and to resolve the conflicts caused by the
multi-turbine environment.

To address this issue, Byon et al. [28] and Pérez et al. [161] develop a
discrete event system specification (DEVS) [233]-based simulation platform
for a wind farm housing many wind turbines. The specific simulation frame-
work, DEVS, is selected because using it enables an easier modeling of multi-
scale (time, space and decisions) complex systems. DEVS is a formal model-
ing and simulation framework based on dynamical systems theory, providing
well-defined concepts for coupling atomic and coupled models, hierarchical
and modular model construction, and an object-oriented substrate support-
ing repository reuse. Under the DEVS framework, each turbine is treated as a
duplicable module, so that the simulation can be scaled up without difficulty
to more than one hundred turbines for a farm. Each turbine module includes
a turbine components sub-module, degradation sub-module, power genera-
tion sub-module, sensing and maintenance scheduling sub-module. Fig. 9.7
presents a high-level diagram of the DEVS-based wind farm simulation.

After the turbine module is built, one also needs to define the logic that
interconnects components in a wind turbine system and mimics the execution
and operation in a virtual, cyberspace environment. The simulator is designed
to handle a large number of unorganized random events (turbine failures,
waiting for parts, weather disruptions) and reflect in the simulator’s outputs
the stochasticity from the operations.

On the one hand, there are two turbine-based optimization models that
can advise on optimal maintenance actions for a single, specific turbine, while
on the other hand, there is a wind farm simulator used to evaluate the effec-
tiveness of the resulting maintenance decisions on multiple turbines following
different degradation paths, to suggest update and adjustments if necessary. It
becomes apparent that one would need to integrate the optimization models
and the simulation model in order to materialize the dynamic turbine opti-
mization framework, as highlighted in Fig. 9.2.

Integrating the dynamic MDP model with the wind farm simulator is not
trivial, as it creates a computational challenge. Recall that the optimal policy
in the dynamic model is solved through a backward dynamic programming
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FIGURE 9.7 The hierarchical structure and operation of the DEVS-based

wind farm simulator. Each turbine is treated as a duplicable module,

which includes sub-modules such as turbine components, degradation,

power generation, sensing and maintenance scheduling.

algorithm that is computationally demanding for large-scale problems. When
every turbine needs to run this computational procedure in the wind farm
simulator for its decision on maintenance, the simulator creeps to a halt.

To alleviate this problem, Byon [24] proposes an approximation approach,
taking advantage of an observation made in the previous section, i.e., the de-
cision map from the dynamic model preserves the structure of optimal main-
tenance policy revealed by the static model. Byon further conjectures that a
set of similar decision rules established from a static model may be used to
closely approximate a dynamic policy. Because this set of rules is rooted in
the static policy, they can be expressed in closed form, and their computation
leading to decision boundaries can be done in real time.

Fig. 9.8 illustrates how to approximate the dynamic policy based on a
set of decision rules derived from a static model. Firstly, Byon [24] adjusts
the cost component associated with a maintenance action and makes it up-
dateable with real-time information on weather (characterized by parameters
WPMT and WCMT), logistics (characterized by λ), and revenue loss (charac-
terized by τ). Note that for a variable energy source like wind, its revenue
loss due to downtime also depends on wind input and may vary over time.
Secondly, Byon updates the static decision boundary by plugging in the new
dynamic cost obtained. This plug-in is the part of approximation. When an
action mismatches with the theoretical optima, the maintenance cost elevates,
as compared to the theoretically optimal level. Numerical studies conducted
in [24] show, however, that the mismatch rates are around 5% of the decision
regions. When costs over different scenarios are considered, the impact of this
5% mismatch is translated to less than 1% increase in terms of maintenance
cost. The benefit of using this simple set of approximations reduces the com-
putation remarkably, a 98% reduction as compared to the use of the dynamic
programming solution procedure [24]. On balance, Byon states that this ap-
proximation approach produces significant benefits and allows the integration
of the optimization models and the wind farm simulator in an online decision
support fashion.
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FIGURE 9.8 Approximating the maintenance policy and making it real-

time executable. The variable ϕ indicates the average cost per period.

When executing the integrated framework, real-time weather information
or its forecasts in near future are to be used to update the decision boundaries
as the simulator runs. This is where wind field analysis and wind forecasting
methods in Part I of this book can chime in and benefit the overall wind
engineering decision making.

Byon [24] implements this dynamic condition-based maintenance policy
for a prototypical wind farm and compares the outcomes with those using
scheduled maintenance, a popular practice in industry. The numerical study
in [24] shows that using a well-devised dynamic policy leads to a 45% reduction
in the annualized failure rate and the number of preventive repairs, and a
23% reduction in the overall maintenance cost. These comparison outcomes
are charted in Fig. 9.9.

9.5 DISCUSSION
This chapter presents an overview of a dynamic maintenance optimization
paradigm for wind turbine systems. One great challenge in wind turbine main-
tenance is the non-steady loading and stochasticity in the environment con-
ditions under which turbines operate. These factors drive wind turbines to a
fast degradation process, cause the fault diagnosis and condition monitoring to
have low specificities, and render any rigid maintenance paradigms costly—all
hurt wind energy’s market competitiveness. The dynamic, data-driven main-
tenance approach, with its adaptiveness to a varying environment, strikes a
cost-effective balance among different competing cost factors and optimizes
for the long-run benefit in the presence of data and model uncertainty.
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FIGURE 9.9 Benefit of the dynamic turbine maintenance optimization as

compared to scheduled maintenance. Shown in the plot is the reduction

in terms of the failure rate, number of maintenance actions, and overall

O&M cost.

The virtue of a dynamic maintenance framework can be understood in
three aspects: (a) It incorporates real-time measurements, learns what the
data reveals, and updates the models as needed; (b) it pays full attention
to the uncertainty of information, and promotes the use of multi-accuracy
information sources (SCADA versus on-site investigation) to compensate for
the adverse effect resulting from information uncertainty; and (c) it combines
multi-fidelity models (static, dynamic, and simulation) in an integrative fash-
ion, which enables decisions to be made both efficiently and effectively.

Presenting this framework at the beginning of Part III serves as a bridge
connecting the wind forecasting work in Part I, the turbine performance anal-
ysis work in Part II, and the load analysis and anomaly detection work to be
covered in the remaining chapters in Part III.

GLOSSARY
AWEA: American Wind Energy Association

CBM: Condition-based monitoring or condition-based maintenance

CMT: Corrective maintenance

DEVS: Discrete event system specification

DIL: Do it later

IEC: International Electrotechnical Commission
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MCMC: Markov chain Monte Carlo

MDP: Markov decision process

MTTF: Mean time to failure

NREL: National Renewable Energy Laboratory

O&M: Operations and maintenance

OVI: On-site visit and investigation

PMT: Preventive maintenance

POMDP: Partially observable Markov decision process

SCADA: Supervisory control and data acquisition

s.t.: Such that

US: United States

EXERCISES
9.1 Consider a turbine system which has only two states, up (operating

state) and down (failure state).

a. What are the values of M and L? What is the dimension of the
transition probability matrix P = (Pij)? Recall that the transition
probability matrix is denoted by ΠΠΠ in Eq. 4.6. Here P is used in the
place of ΠΠΠ because π in this chapter is used to denote the information
state, rather than the transition probability.

b. Can you draw the state transition diagram like in Fig. 9.3, left panel?

c. Let λ denote the failure rate, which is the probability that the turbine
fails and let µ denote the probability with which a failing system can
be restored to the operating state. Write down the corresponding
transition probability matrix P.

d. What are the mean time to failure and the mean time to repair for
this system?

9.2 Can you write down the costs associated with other action options, i.e.,
OVI, DIL, and CMT, like what was done for PMT in Eq. 9.2?

9.3 The probability that a system will still operate until the next de-
cision point is called the reliability of the system and denoted by
Υ(π) =

∑M
i=1

∑M
j=1 πiPij . Express the information state after the next

transition, π′, in terms of the current state, π, and the reliability of the
system, provided that the system has not yet failed.
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9.4 The preventive maintenance cost expressed in Eq. 9.2 is for a major re-
pair action. For a minor repair, there are at least two differences. When
the weather condition is not permitting, a minor repair can wait, with-
out affecting the power production of the turbine. When the weather
condition is permitting, the action of a minor repair is usually assumed
to take place fast enough, so that the production loss it causes can be
neglected. Given these understandings, how would you write the pre-
ventive maintenance cost function for a minor repair?

9.5 Byon [24] identifies that the mismatches between the optimal mainte-
nance policy and the approximating maintenance policy often happen
when there is a rapid transition of weather conditions from severe (a
higher WPMT) to mild (a lower WPMT). Let us deem 12 m/s the wind
speed limit, above which a major preventive maintenance is severely
restricted.

a. Use the 10-min data in the Wind Time Series Dataset. Compute
the probability of W as the portion of periods that wind speed is
above the aforementioned limit in a week.

b. Plot W versus the weeks in a year.

c. Do you observe any time intervals where there is a noticeable tran-
sition from a severe weather condition to a mild weather condition?
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Extreme Load Analysis

W
ind turbines operate under various loading conditions in stochastic
weather environments. The increasing size and weight of components

of utility-scale wind turbines escalate the loads and thus the stresses imposed
on the structure. As a result, modern wind turbines are prone to experienc-
ing structural failures. Of particular interest in a wind turbine system are
the extreme events under which loads exceed a threshold, called a nominal
design load or extreme load. Upon the occurrence of a load higher than the
nominal design load, a wind turbine could experience catastrophic structural
failures. To assess the extreme load, turbine structural responses are eval-
uated by conducting physical field measurements or performing aeroelastic
simulation studies. In general, data obtained in either case are not sufficient
to represent various loading responses under all possible weather conditions.
An appropriate extrapolation is necessary to characterize the structural loads
in a turbine’s service life. This chapter focuses on the extreme load analysis
based on physical bending moment measurements. Chapter 11 discusses load
analysis based on aeroelastic simulations.

10.1 FORMULATION FOR EXTREME LOAD ANALYSIS
Fig. 10.1 presents examples of mechanical loads at different components in
a turbine system. The flapwise bending moments measure the loads at the
blade roots that are perpendicular to the rotor plane, whereas the edgewise
bending moments measure the loads that are parallel to the plane. Shaft- and
tower-bending moments measure, in two directions, respectively, the loads on
the main shaft connected to the rotor and on the tower supporting the wind
power generation system (i.e., blades, rotor, generator etc.).

Same as in the treatment of power response analysis, load response data
are arranged in 10-minute intervals in the structural reliability analysis of
wind turbines. The basic characteristics of the three inland turbines (ILT)
in the Turbine Bending Moment Dataset can be found in Table 10.1. The

267
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Edge-wise bending moment Flap-wise bending moment 

Tower bending moment 

Tower  torsion 

Sha ng moment Shaft torque 

FIGURE 10.1 Illustration of structural loads at different wind turbine

components. (Reprinted with permission from Lee et al. [131].)

TABLE 10.1 Specifications of wind turbines in the Turbine Bending Moment

Dataset.

Turbine model NEG-Micon/2750 Vestas V39 Nordtank 500
(Name of dataset) (ILT1) (ILT2) (ILT3)
Hub height (m) 80 40 35
Rotor diameter (m) 92 39 41
Cut-in speed (m/s) 4 4.5 3.5
Cut-out speed (m/s) 25 25 25
Rated speed (m/s) 14 16 12
Nominal power (kW) 2,750 500 500
Control system Pitch Pitch Stall
Location Alborg, Tehachapi Pass, Roskilde,

Denmark California Denmark
Terrain Coastal Bushes Coastal

Source: Lee et al. [131]. With permission.



Extreme Load Analysis � 269

original data are recorded at a much higher frequencies on the three ILTs, as
follows:

• ILT1: 25 Hz = 15,000 measurements/10-min;

• ILT2: 32 Hz = 19,200 measurements/10-min;

• ILT3: 35.7 Hz = 21,420 measurements/10-min.

Consider the raw measured variables, which are wind speed, Vij , and load
response, zij , where i = 1, . . . , n is the index of the 10-minute data blocks
and j = 1, . . . ,m is the index of the measurements within a 10-minute block.
The load response, zij , is the bending moment, in millions of Newton-meters,
measured at designated locations. Here, m is used to represent the number
of measurements in a 10-minute block, equal to 15,000, 19,200, and 21,420
for ILT1, ILT2, and ILT3, respectively, and n is used to represent the total
number of the 10-minute intervals in each dataset, taking the value of 1,154,
595, and 5,688, respectively, for ILT1, ILT2, and ILT3. The statistics of the
observations in each 10-minute block are calculated as

Vi =
1

m

m∑
j=1

Vij , (10.1a)

si =

√√√√ 1

m− 1

m∑
j=1

(Vij − Vi)2, and (10.1b)

zi = max {zi1, zi2, . . . , zim} . (10.1c)

After this data transformation, zi denotes the maximum load in the i-th
10-minute block. In this study, we consider only the flapwise bending moments
measured at the root of blades. In other words, z in this study is the 10-minute
maximum blade-root flapwise bending moment.

Mathematically, an extreme load is defined as an extreme quantile value in
a load distribution corresponding to a turbine’s service time of T years [202].
Then, the load exceedance probability is defined as

PT = P [z > lT ], (10.2)

where PT is the target probability of exceeding the load level lT (in the same
unit as that of z). The unconditional distribution of z, f(z), is referred to as
the long-term load distribution and is used to calculate P [z > lT ] in Eq. 10.2.

In Eq. 10.2, the extreme event, {z > lT }, takes place with the probability
of exceedance (POE), PT . The waiting time until this event happens should be
longer than, or equal to, the service time. Therefore, the exceedance probabil-
ity, PT , given the service life T , can be decided via the following way [101, 160]:

PT =
10

T × 365.25× 24× 60
. (10.3)



270 � Data Science for Wind Energy

Intuitively, PT is the reciprocal of the number of 10-minute intervals in T
years. For example, when T is 50, PT becomes 3.8× 10−7.

Estimating the extreme load implies finding an extreme quantile lT in the
10-minute maximum load distribution, given a target service period T , such
that Eq. 10.2 is satisfied. Wind turbines should be designed to resist the lT
load level to avoid structural failures during its desired service life.

Since loads are highly affected by wind profiles, analysts consider the
marginal distribution of z obtained by using the distribution of z conditional
on a wind profile, i.e.,

f(z) =

∫
x

f(z|x)f(x)dx. (10.4)

This expression is almost identical to that in Eq. 1.1, except that the power
response, y, is replaced by the load response, z. The conditional distribution of
z given x, f(z|x), is referred to as the short-term load distribution. The long-
term load distribution can be computed by integrating out wind characteristics
in the short-term load distribution.

The conditional distribution modeling in Eq. 10.4 is a necessary practice
in the wind industry. A turbine needs to be assessed for its ability to resist the
extreme loads under the specific wind profile at the site where it is installed.
Turbine manufacturers usually test a small number of representative turbines
at their own testing site, producing f(z|x). When a turbine is to be installed
at a commercial wind farm, the wind profile at the proposed installation site
can be collected and substituted into Eq. 10.4 as f(x), so that the site-specific
extreme load can be assessed. Without the conditional distribution model, a
turbine test would have to be done for virtually every new wind farm; doing
so is very costly and hence impractical.

For inland turbines, the wind characteristic vector x in general comprises
two elements: a steady-state mean of wind speed and the stochastic variability
of wind speed [142, 183]. The first element can be measured by the average
wind speed during a 10-minute interval, and the second element can be rep-
resented by the standard deviation of wind speed, or the turbulence intensity,
also during a 10-minute interval. For offshore turbines, weather characteristics
other than wind may be needed, such as wave height [3]. Since the data in
the Turbine Bending Moment Dataset are all from inland turbines, what is
included in x in this chapter is the average wind speed V and the standard
deviation of wind speed, s, namely x := (V, s).

10.2 GENERALIZED EXTREME VALUE DISTRIBUTIONS
The 2nd edition of the IEC 61400-1 standard, published in 1999, offers a
set of design load cases with deterministic wind conditions such as annual
average wind speeds, higher and lower turbulence intensities, and extreme
wind speeds [100]. In other words, the loads in IEC 61400-1, 2nd edition,
are specified as discrete events based on design experiences and empirical
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models. Veers and Butterfield [223] point out that these deterministic models
do not represent the stochastic nature of structural responses, and suggest
instead using statistical modeling to improve design load estimates. Moriarty
et al. [150] examine the effect of varying turbulence levels on the statistical
behavior of a wind turbine’s extreme load. They conclude that the loading on
a turbine is stochastic at high turbulence levels, significantly influencing the
tail of the load distribution.

In response to these developments, the 3rd edition of IEC 61400-1 stan-
dard, published in 2005 [101], replaces the deterministic load cases with
stochastic models, and recommends the use of statistical approaches for de-
termining the extreme load level in the design stage. Freudenreich and Argyr-
iadis [67] compare the deterministic load cases in IEC61400-1, 2nd edition,
with the stochastic cases in IEC61400-1, 3rd edition, and observe that when
statistical approaches are applied, higher extreme load estimates are obtained
in some structural responses, such as the blade tip deflection and flapwise
bending moment. After the 3rd edition of IEC 61400-1 is published, several
research groups devise and recommend statistical approaches for extreme load
analysis [3, 65, 67, 149, 153, 174].

According to the classical extreme value theory [38, 200], the short-term
distribution, f(z|x), can be approximated by a generalized extreme value
(GEV) distribution. The pdf of the GEV is

f(z) =

{
1
σ exp

[
−
(
1 + ξ

(
z−µ
σ

))− 1
ξ

] (
1 + ξ

(
z−µ
σ

))−1− 1
ξ , ξ 6= 0,

1
σ exp

[
− z−µσ − exp

(
− z−µσ

)]
, ξ = 0,

(10.5)

for {z : 1 + ξ(z − µ)/σ > 0}, where µ is the location parameter, σ > 0 is the
scale parameter, and ξ is the shape parameter that determines the weight of
the tail of the distribution. When ξ > 0, the GEV corresponds to the Fréchet
distribution family with a heavy upper tail, ξ < 0 to the Weibull distribution
family with a short upper tail and light lower tail, and ξ = 0 (or, ξ → 0) to
the Gumbel distribution family with a light upper tail.

The cdf of the GEV distribution is

F (z) =

{
exp

[
−
(
1 + ξ( z−µσ )

)− 1
ξ

]
, ξ 6= 0,

exp
[
− exp

(
− z−µσ

)]
, ξ = 0.

(10.6)

Recall the cdf of Weibull distribution in Eq. 2.5. If modified to be a three-
parameter Weibull distribution with a location parameter µ, the cdf reads

F (z) = 1− exp

[
−
(
z − µ
η

)β]
.

Although one can discern that β here is related to ξ in the GEV distribution
and η to σ, the two distributions do not appear the same for ξ 6= 0. One may
wonder why when ξ < 0, the GEV distribution is said to be corresponding
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to the Weibull distribution family. The reason behind the disconnect is that
the GEV distribution of ξ < 0 corresponds actually to the reverse Weibull
distribution, which is the negative of the ordinary Weibull distribution. Recall
that a Weibull distribution is used to describe a non-negative random variable
with a right-side skewness, like wind speed. The ordinary Weibull distribution
deals with the minimum and has a lower bound. The GEV distribution when
ξ < 0 deals instead with the maximum and sets an upper bound, so that the
distribution looks like the mirror image of the ordinary Weibull distribution.
The cdf of a reserve Weibull is

F (z′) =

{
exp[−(−z′)β ], z′ < 0,

1, z′ ≥ 0.
(10.7)

If we let β = −1/ξ and z′ = −(1 + ξ(z − µ)/σ), then one sees that the cdf
expression in Eq. 10.6 for ξ < 0 and that in Eq. 10.7 are the same.

One of the main focuses of interest in the extreme value theory is to derive
the quantile value, given a target probability PT . The extreme quantile value
based on a GEV distribution of z is in fact the design load threshold, lT , in
Eq. 10.2. Given a PT , lT can be expressed as a function of the distribution
parameters as

lT =

{
µ− σ

ξ

[
1− (− log (1− PT ))

−ξ
]
, ξ 6= 0,

µ− σ log [− log (1− PT )] , ξ = 0.
(10.8)

10.3 BINNING METHOD FOR NONSTATIONARY GEV DISTRI-
BUTION

When using a GEV distribution to model z, one difficulty is that z appears
to be a function of input x. Using the three datasets, Lee et al. [131] present
a number of scatter plots to illustrate this point. Fig. 10.2 shows the scat-
ter plots between the 10-minute maximum loads and 10-minute average wind
speeds. One observes nonlinear patterns between the load and the average
wind speed in all three scatter plots, while individual turbines exhibit differ-
ent response patterns. ILT1 and ILT2 are two pitch-controlled turbines, so
when the wind speed reaches or exceeds the rated wind speed, the blades
are adjusted to reduce the absorption of wind energy. As a result, the load
shows a downward trend after the rated speed. Different from that of ILT1,
the load response of ILT2 has a large variation beyond the rated wind speed.
This large variation can be attributed to its less capable control system since
ILT2 is one of the early turbine models using a pitch control system. ILT3 is
a stall controlled turbine, and its load pattern in Fig. 10.2(c) does not have
an obvious downward trend beyond the rated speed.

Fig. 10.3 presents the scatter plots between the 10-minute maximum loads
and the standard deviations of wind speed during the 10-minute intervals. One
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(a) ILT1 (b) ILT2 (c) ILT3

FIGURE 10.2 Scatter plots of 10-minute maximum load versus 10-minute

average wind speed. (Reprinted with permission from Lee et al. [131].)

(a) ILT1 (b) ILT2 (c) ILT3

FIGURE 10.3 Scatter plots of 10-minute maximum load versus 10-minute

standard deviations of wind speed. (Reprinted with permission from

Lee et al. [131].)

also observes nonlinear relationships between them, especially for the newer
pitch-controlled ILT1.

Fig. 10.4 shows scatter plots of 10-minute standard deviation versus 10-
minute average wind speed. Previous studies [63, 150] suggest that the stan-
dard deviation of wind speed varies with the average wind speed, which ap-
pears consistent with what is observed in Fig. 10.4.

This type of load response, varying with the input conditions, is known
as inhomogeneous or nonstationary response. If a set of constant parameters,
{µ, σ, ξ}, is used in modeling a GEV distribution, the resulting distribution is
homogenous or stationary for the entire input domain, which does not match
the inhomogeneous reality of the turbine load condition. To address this issue,
analysts in the aforementioned extreme load analysis adopt a common frame-
work, referred to as the binning approach [131]. The basic idea of the binning
method is the same as that used for power curve analysis in Chapter 5, but
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(a) ILT1 (b) ILT2 (c) ILT3

FIGURE 10.4 Scatter plots of 10-minute average wind speed versus 10-

minute standard deviations of wind speed. (Reprinted with permission

from Lee et al. [131].)

unlike power curve analysis in which a simple sample average is used to model
the data in a bin, a GEV distribution is established in each bin in extreme
load analysis.

Specifically, the binning approach discretizes the domain of a wind profile
vector x into a finite number of bins. One can divide the range of wind speed,
from the cut-in speed to the cut-out speed, into multiple bins and set the
width of each bin to, say, 2 m/s. Then, in each bin, the conditional short-term
distribution, f(z|x), is approximated by a stationary GEV distribution, with
the parameters of the distribution fixed at certain constants and estimated
by the maximum likelihood method, using the data specific to that bin. The
contribution from each bin is summed over all possible bins to determine the
final long-term extreme load. In other words, the integration in Eq. 10.4 for
calculating the long-term distribution is approximated by the summation of
finite elements. The idea of binning is illustrated in Fig. 10.5.

The virtue of the binning method is that by modeling the short-term dis-
tribution with a homogeneous GEV distribution, i.e., keeping the GEV distri-
bution parameters constant for a given bin, it provides a simple way to handle
the overall nonstationary, inhomogeneous load response across different wind
covariates. Assuming the load response stationary or homogenous in a nar-
row range within a wind speed bin is much more reasonable than assuming
stationarity or homogeneity for the entire wind spectrum.

The common binning approach, as Agarwal and Manuel [3] use it to esti-
mate the extreme loads for a 2MW offshore wind turbine, is to use the Gumbel
distribution to model the probabilistic behavior of bending moments at critical
spots on a turbine structure. To estimate the model parameters, experimental
data are collected but only for a short period, say one or two years. As a result,
most bins have a small number of data, or sometimes, no data at all. For the
bins without data, Agarwal and Manuel estimate the short-term distribution
parameters by using a weighted average of all non-empty bins with the weight
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𝑮𝑬𝑽(𝝁𝟏, 𝝈𝟏 , 𝝃𝟏)

𝑮𝑬𝑽(𝝁𝟐, 𝝈𝟐 , 𝝃𝟐)

𝑮𝑬𝑽(𝝁𝑵𝒃 , 𝝈𝑵𝒃 , 𝝃𝑵𝒃)

Binning method: multiple 
homogenous GEV with fixed 
parameters in each bin

Overall distribution is approximated by the weighted 
summation of individual homogeneous GEV distributions

This is evaluated using 
𝑮𝑬𝑽(𝝁𝒊, 𝝈𝒊 , 𝝃𝒊 )

𝟏 − 𝑷𝑻 ≈ න
−∞

𝒍𝑻

෍

𝒙

𝑓 𝑧 𝒙 𝑓(𝒙)∆𝒙𝒅𝑧

FIGURE 10.5 Binning approach to combine bin-based homogenous GEV

distributions for extreme load analysis over the entire wind spectrum.

In implementation, ξi, i = 1, . . . , Nb, is chosen to be the same constant

for all bins.

related to the inverse squared distance between bins. They quantify the un-
certainty of the estimated extreme loads using bootstrapping and report the
95% confidence interval for the short-term extreme load given specific weather
conditions (i.e., weather bins). Because bootstrapping resamples the existing
data for a given weather bin, it cannot precisely capture the uncertainty for
those bins with limited data or without data.

Lee et al. [131] present explicit steps to calculate the confidence interval
for the binning method. First, they fix ξ to be a constant across all bins. The
typical choice of ξ is zero, meaning that a Gumbel distribution is used. But ξ
can also be estimated a priori and then remains fixed while other parameters
are being estimated. After ξ is fixed, the resulting GEV distribution has then
two bin-specific parameters, µ and σ. Denote by Φc the collection of parame-
ters associated with all local GEV distributions, i.e., {µ1, σ1, . . . µNb , σNb , ξ},
where Nb is the number of bins, and by DV and Ds the datasets of the ob-
served average wind speeds and the standard deviations. The sampling process
is elaborated in Algorithm 10.1.

Despite its popularity, the binning method has obvious shortcomings in
estimating extreme loads. A major limitation is that the short-term load dis-
tribution in one bin is constructed separately from the short-term distributions
in other bins. This approach requires an enormous amount of data to define
the tail of each short-term distribution. In reality, the field data can only be
collected in a short duration (e.g., one year out of 50 years of service), and
consequently, some bins do not have enough data. Then, the binning method
may end up with inaccuracy or high uncertainty in the estimates of extreme
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Algorithm 10.1 Sampling procedure to construct the confidence interval for
the binning method. Set Mw = 1, 000, Ml = 10, 000, Nw = 100, and Nl = 100.

1. Draw Mw × Nw samples from the joint distribution f(Ṽ , s̃|DV ,Ds) of
wind characteristics (Ṽ , s̃), where the tilde notation indicates a sampled
quantity. Please cross reference Algorithm 10.4 for specific models and
steps to draw samples for wind characteristics (Ṽ , s̃).

2. Using the data in a bin, employ an MLE method to estimate µ and σ in
the GEV, while fixing ξ. Draw a sample of µ and σ for that specific bin
from a multivariate normal distributions taking the MLE as its mean and
the inverse of the negative of Hessian matrix as its covariance matrix.
Not all the bins have data. For those which do not have data, its µ and
σ are a weighted average of all non-empty bins with the weight related
to the inverse squared distance between bins. Collectively, Φc contains
the µ’s and σ’s from all the bins.

3. Decide which bins the wind characteristic samples (Ṽ , s̃)’s fall into.
Based on the specific bin in which a sample of (Ṽ , s̃) falls, the cor-
responding µ and σ in Φc is chosen. Doing so yields the short-term
distribution f(z̃|Ṽ , s̃,Φc) for that specific bin.

4. Draw Nl samples of z̃ from f(z̃|Ṽ , s̃,Φc) for each of the total Mw ×Nw
samples of (Ṽ , s̃). This produces a total of Mw ×Nw ×Nl samples of z̃.

5. One can then compute the quantile value lT [Φc] corresponding to PT .

6. Repeat the above procedure Ml times to get the median and confidence
interval of lT .
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load. In practice, how many bins to use is also under debate, and there is not
yet a consensus. The answer to the action of binning sometimes depends on
the amount of data—if an analyst has more data, he/she affords to use more
bins; otherwise, fewer bins.

The popularity of the binning method in industrial practice is due to the
simplicity of its idea and procedure. However, simplicity of a procedure should
not be mistaken as simplicity of the resulting model. Suppose that one uses
a 6× 10 grid to bin the two-dimensional wind covariates and fixes the shape
parameter ξ across the bins (a common practice in the industry). The binning
method yields 60 local GEV distributions, each of which has two parameters,
translating to a total of 121 parameters for the overall model (counting the
fixed ξ as well). A model having 121 parameters is not a simple model. The
combination of the rigidity of compartmentalization and the unintended high
model complexity renders the binning method not scalable and less effective.

10.4 BAYESIAN SPLINE-BASED GEV MODEL
Lee et al. [131] present a Bayesian spline method for estimating the extreme
load on wind turbines. The spline method is essentially a method supporting
an inhomogeneous GEV distribution to capture the nonlinear relationship
between the load response and the wind-related covariates. Such treatment
avoids binning the data. The underlying spline model connect all the bins
across the whole wind profile, so that load and wind data are pooled together
to produce better estimates. The merit of the spline model is demonstrated
in Section 10.6 by applying it to three sets of turbine load response data and
making comparisons with the binning method.

10.4.1 Conditional Load Model
Recall that in the binning method, a homogeneous GEV distribution is used
to model the short-term load distribution in a bin, for it appears reasonable
to assume stationarity if the chosen weather bin is narrow enough. A finite
number of the homogeneous GEV distributions are then stitched together to
represent the nonstationary nature across the entire wind profile; see Fig. 10.5.
What Lee et al. [131] propose is to abandon the bins and instead use an inho-
mogeneous GEV distribution whose parameters are not constant but depend
on weather conditions.

Consider 10-minute maximum loads, z1, . . . , zn, with corresponding covari-
ate variables x1 = (V1, s1), . . ., xn = (Vn, sn), as defined in Eq. 10.1. Let us
consider modeling zi conditional on x, such that

zi|xi ∼ GEV(µ(xi), σ(xi), ξ), σ(·) > 0, (10.9)

where the location parameter µ and scale parameter σ in this GEV distribu-
tion are a nonlinear function of wind characteristics x. The shape parameter
ξ is fixed across the wind profile, while its value will still be estimated using
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the data from a specific wind turbine. The reason behind the fixed ξ is to
keep the final model from becoming overly flexible. Too much flexibility could
cause complexity in model fitting and parameter estimation.

Let us denote µ(xi) and σ(xi) by

µ(xi) = q(xi), (10.10)

σ(xi) = exp(g(xi)), (10.11)

where an exponential function is used in Eq. 10.11 to ensure the positivity of
the scale parameter. To capture the nonlinearity between the load response
and the wind-related covariates, Lee et al. [131] model q(·) and g(·) using a
Bayesian MARS model [46, 47]. Recall the discussion about splines in Sec-
tion 5.3.3. A shortcoming of the spline methods is its lack of scalability to
model multivariate inputs. One of the methods that addresses this issue is the
MARS model [68], which uses an additive model structure, allowing factor
interactions to be added through a hierarchical inclusion of interaction terms
for the purpose of accomplishing scalability. The Bayesian MARS model is
basically a MARS model but includes the number and locations of knots as
part of its model parameters and determines these from observed data.

Lee at al. [131] state that they explore simple approaches based on polyno-
mial models for modeling µ(x) and σ(x). It turns out that polynomial-based
approaches lack the flexibility of adapting to the datasets from different types
of turbines. Due to the nonlinearity around the rated wind speed and the
limited amount of data under high wind speeds, polynomial-based approaches
perform poorly in those regions that are generally important for capturing
the maximum load. Spline models, on the other hand, appear to work better
than a global polynomial model, because they have more supporting points
spreading over the input region.

The Bayesian MARS models, i.e., q(x) for the location parameter µ and
g(x) for the scale parameter σ, are represented as a linear combination of the
basis functions Bµk (x) and Bσk (x), respectively, such that

q(x) =

Kµ∑
k=1

βkB
µ
k (x), and (10.12)

g(x) =

Kσ∑
k=1

θkB
σ
k (x), (10.13)

where βk, k = 1, . . . ,Kµ and θk, k = 1, . . . ,Kσ are the coefficients of the basis
functions Bµk (·) and Bσk (·), respectively, and Kµ and Kσ are the number of
the respective basis functions. According to Denison et al. [47] who propose
the Bayesian MARS method, the basis functions should be specified as

Bk(x) =

{
1, k = 1,∏Jk
j=1

[
hjk · (xr(j,k) − tjk)

]
+
, k = 2, 3, . . . ,Kµ orKσ.

(10.14)
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Here, [·]+ = max(0, ·), Jk is the degree of interaction modeled by the basis
function Bk(x), hjk is the sign indicator, taking the value of either −1 or +1,
r(j, k) produces the index of the predictor variable which is being split on tjk,
whereas tjk is commonly referred to as the knot points.

Lee et al. [131] introduce an integer variable Tk to represent the types
of basis functions used in Eq. 10.14. Since two input variables, V and s, are
considered for the three inland turbines, there could be three types of basis
functions, namely [±(V −∗)]+ or [±(s−∗)]+ for the main effect of a respective
explanatory variable and [±(V −∗)]+[±(s−∗)]+ for the interactions between
them. Let Tk take the integer value of 1, 2, or 3, to represent the three types
of basis functions. That is, [±(V − ∗)]+ is represented by Tk = 1, [±(s− ∗)]+
represented by Tk = 2, and [±(V − ∗)]+[±(s− ∗)]+ by Tk = 3.

To model the location parameter µ for ILT1 and ILT3 data, Lee et al. [131]
set Tk ∈ {1, 2, 3}, allowing Jk to take either 1 or 2. For ILT2, however, due
to its relatively smaller data amount, a model setting Jk = 2 produces un-
stable and unreasonably wide credible intervals. Consequently, Lee et al. set
Tk ∈ {1, 2}, restricting Jk = 1 for ILT2’s location parameter µ. For the scale
parameter σ, Jk = 1 is used for all three datasets. For ITL1 and ILT3, Jk = 1
is resulted when setting Tk ∈ {1, 2}. For ILT2, again due to its data scarcity,
Lee et al. include V as the only input variable in the corresponding scale
parameter model; this means Tk = {1}.

Let Ψa = (Ψµ,Ψσ, ξ) denote all the parameters used in the GEV model
in Eq. 10.9, where Ψµ and Ψσ include the parameters in q(·) and g(·), respec-
tively. These parameters are grouped into two sets: (1) the coefficients of the
basis functions in β = (β1, . . . , βKµ) or θ = (θ1, . . . , θKσ ), and (2) the number
of knots, the locations of the knots, and the types of basis function in φµ or
φσ, as follows,

φµ =
(
Kµ,Λ

µ
2 , . . . ,Λ

µ
Kµ

)
, (10.15)

where

Λµ
k =

{
(Tµk , h

µ
1k, t

µ
1k), when Tµk = 1, 2,

(Tµk , h
µ
1k, h

µ
2k, t

µ
1k, t

µ
2k), when Tµk = 3,

and
φσ =

(
Kσ,Λ

σ
2 , . . . ,Λ

σ
Kσ

)
, (10.16)

where

Λσ
k = (Tσk , h

σ
1k, t

σ
1k), when Tσk = 1, 2.

Using the above notations, one can express Ψµ = (β,φµ) and Ψσ = (θ,φσ).
To complete the Bayesian formulation for the model in Eq. 10.9, priors

of the parameters should be specified. Lee et al. [131] use uniform priors on
φµ and φσ. In the following expressions, we drop the subscript or superscript
indicating the association with µ or σ for the sake of notational simplicity,
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since the priors for both cases are the same. The following priors are used for
variables in φ:

f(K) =
1

n
, K ∈ {1, . . . , n}

f(Tk) =


1, Tk ∈ {1} for φσ in ILT2,

1
2 , Tk ∈ {1, 2} for φµ in ILT2 and all other φ′σs,

1
3 , Tk ∈ {1, 2, 3} for φµ in ILT1 and ILT3,

f(h·k) =
1

2
, h·k ∈ {+1,−1} ,

f(t·k) =
1

n
, t·k ∈ {V1, . . . , Vn} or {s1, . . . , sn} .

In the above, the dot notation in the expressions of h·k and t·k denotes either
1 or 2.

Given φµ and φσ, Lee et al. [131] specify the prior distribution for (β,θ, ξ)
as the unit information prior (UIP) [118], which is defined by setting the cor-
responding covariance matrix to be equal to the Fisher information of one
observation. This is accomplished by using a multivariate normal prior distri-
bution with its mean set at the maximum likelihood estimate and its covari-
ance matrix as the inverse of the negative of Hessian matrix.

10.4.2 Posterior Distribution of Parameters
The Bayesian MARS model treats the number and locations of the knots as
random quantities. When the number of knots changes, the dimension of the
parameter space changes with it. To handle a varying dimensionality in the
probability distributions in a random sampling procedure, analysts use a re-
versible jump Markov chain Monte Carlo (RJMCMC) algorithm developed by
Green [78]. The acceptance probability for an RJMCMC algorithm includes a
Jacobian term, which accounts for the change in dimension. However, under
the assumption that the model space for parameters of varying dimension is
discrete, there is no need for a Jacobian. In the turbine extreme load analysis,
this assumption is satisfied since only are the probable models over possi-
ble knot locations and numbers considered. Instead of using the RJMCMC
algorithm, Lee et al. [131] use the reversible jump sampler (RJS) algorithm
proposed in [46]. Because the RJS algorithm does not require new parameters
to match dimensions between models nor the corresponding Jacobian term in
the acceptance probability, it is simpler and more efficient to execute.

To allow for dimensional changes, there are three actions in an RJS al-
gorithm [46, page 53]: BIRTH, DEATH and MOVE, which adds, deletes, or
alters a basis function, respectively. Accordingly, the number of knots as well
as the locations of some knots change. Denison et al. [46] suggest using equal
probability, i.e., 1/3, to propose any of the three moves, and then, use the
following acceptance probability, α, while executing a proposed move from a
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model having k basis functions to a model having kc basis functions:

α = min {1, the ratio of marginal likelihood×R} , (10.17)

where R is a ratio of probabilities defined as:

• For a BIRTH action, R =
probability of DEATH in model kc

probability of BIRTH in model k
;

• For a DEATH action, R =
probability of BIRTH in model kc

probability of DEATH in model k
;

• For a MOVE action, R =
probability of MOVE in model kc

probability of MOVE in model k
.

Lee et al. [131] state that they have R = 1 for most cases, because the prob-
abilities in the denominator and numerator are equal, except when k reaches
either the upper or the lower bound.

The marginal likelihood in Eq. 10.17 is expressed as

f (Dz|φµ,φσ) =

∫
f (Dz|β,θ, ξ,φµ,φσ) f (β,θ, ξ|φµ,φσ) dβdθdξ, (10.18)

where Dz = (z1, . . . , zn) represents a set of observed load data. Since it is dif-
ficult to calculate the above marginal likelihood analytically, Lee et al. [131]
consider an approximation of f (Dz|φµ,φσ). Kass and Wasserman [118] and
Raftery [171] show that when UIPs are used, the marginal log-likelihood, i.e.,
log (f (Dz|φµ,φσ)), can be reasonably approximated by the Schwarz informa-
tion criterion (SIC) [197], also known as BIC; please refer to Eq. 2.23.

The SIC is expressed as

SICφµ,φσ = log
(
f(Dz|β̂, θ̂, ξ̂,φµ,φσ)

)
− 1

2
dk log(n), (10.19)

where β̂, θ̂, ξ̂ are the MLEs of the corresponding parameters obtained condi-
tional on φµ and φσ, and dk is the total number of parameters to be estimated.
In this case, dk = Kµ +Kσ + 1 (the inclusion of the last 1 is due to ξ).

Comparing Eq. 10.19 with Eq. 2.23, one may notice that the two expres-
sions are indeed equivalent but differ by a constant of −2. Note that in Chap-
ter 2, a smaller BIC implies a better model fit to data. Here, a larger SIC
suggests a better model fit, because of this −2 difference.

There are two dimension-varying states, φµ and φσ, in the RJS algorithm.
Consequently, two marginal log-likelihood ratios are needed. They are approx-
imated by the corresponding SICs, such as

log
f
(
Dz|φcµ,φσ

)
f (Dz|φµ,φσ)

w SICφcµ,φσ − SICφµ,φσ , (10.20)

and

log
f (Dz|φµ,φcσ)

f (Dz|φµ,φσ)
w SICφµ,φcσ − SICφµ,φσ . (10.21)
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Then, one uses two acceptance probabilities αµ and ασ for accepting or
rejecting a new state in φµ and φσ, respectively. Using the SICs, αµ and ασ
are expressed as:

αµ = min
{

1, exp
(

SICφcµ,φσ − SICφµ,φσ

)
×R

}
, (10.22)

and
ασ = min

{
1, exp

(
SICφµ,φcσ − SICφµ,φσ

)
×R

}
. (10.23)

In order to produce the samples from the posterior distribution of param-
eters in Ψa, Lee et al. [131] sequentially draw samples for φµ and φσ by using
the two acceptance probabilities while marginalizing out (β, θ, ξ), and then,
conditional on the sampled φµ and φσ, draw samples for (β, θ, ξ) using a
normal approximation based on the maximum likelihood estimates and the
observed information matrix.

10.4.3 Wind Characteristics Model
To find a site-specific load distribution, the distribution of wind characteristics
f(x) in Eq. 10.4 needs to be specified. Since a statistical correlation is noticed
in Fig. 10.4 between the 10-minute average wind speed, V , and the standard
deviation of wind speed, s, the distribution of wind characteristics f(x) can
be written as a product of the average wind speed distribution f(V ) and the
conditional wind standard deviation distribution f(s|V ).

The probabilistic distribution of wind speed, f(V ), is discussed in Chap-
ter 2. At that time, the discussion concentrates on Weibull distribution. The
three-parameter Weibull distribution fits the three wind turbine datasets well,
as one will see in Section 10.6.1, and is in fact the one used in the case study.

For modeling the 10-minute average wind speed V , the IEC standard sug-
gests using a two-parameter Weibull distribution (W2) or a Rayleigh distri-
bution (RAY) [101]. These two distributions are arguably the most widely
used ones for this purpose. But analysts [31, 134] note that under different
wind regimes other distributions may fit wind speed data better, including
the three-parameter Weibull distribution (W3), three-parameter log-normal
distribution (LN3), three-parameter Gamma distribution (G3), and three-
parameter inverse-Gaussian distribution (IG3).

What Lee et al. [131] suggest to do is to take the total of six candidate
distribution models for average wind speed (W2, W3, RAY, LN3, G3, IG3)
and conduct a Bayesian model selection to choose the best distribution fitting
a given average wind speed dataset. Lee et al. assume UIP for the parame-
ters involved in the aforementioned models, and as such, the Bayesian model
selection is again based on maximizing the SIC. The chosen best wind speed
model is denoted by MV . Then, the distribution of 10-minute average wind
speed V is expressed as

Vi ∼MV (ν), (10.24)

where ν is the set of parameters specifying MV . For instance, if MV is W3,
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then ν = (ν1, ν2, ν3), where ν1, ν2, and ν3 represent, respectively, the location,
scale, and shape parameter of the three-parameter Weibull distribution.

For modeling the standard deviation of wind speed s, given the average
wind speed V , the IEC standard [101] recommends using a two-parameter
truncated normal distribution (TN2), which appears to be what analysts have
commonly used [63]. The distribution is characterized by a location parameter
η and a scale parameter δ. In the literature, both η and δ are treated as a
constant. But Lee et al. [131] observe that datasets measured at different
sites have different relationships between the average wind speed V and the
standard deviation s. Some of the V -versus-s scatter plots show nonlinear
patterns.

Motivated by this observation, Lee et al. [131] employ a Bayesian MARS
model for modeling η and δ, similar to what is done in Section 10.4.1 for the
conditional load model. The standard deviation of wind speed s, conditional
on the average wind speed V , can then be expressed as

si|Vi ∼ TN2(η(Vi), δ(Vi)), (10.25)

where η(Vi) = qη(Vi) and δ(Vi) = exp(gδ(Vi)), like their counterparts in
Eq. 10.10 to Eq. 10.13, are linear combinations of the basis functions tak-
ing the general form as in Eq. 10.14. Notice that both of the functions have
only one input variable, which is the average wind speed.

Let Ψη = (βη,φη) and Ψδ = (θδ,φδ) denote the parameters in qη(·) and
gδ(·). Since the basis functions for qη and gδ have a single input variable, only
one type of basis function is needed, i.e., Tk = 1. For this reason, φη and
φδ are much simpler than φµ and φσ, their counterparts in Eq. 10.15 and
Eq. 10.16, and are expressed as follows:

φη =
(
Kη,Λ

η
2 , . . . ,Λ

η
Kη

)
,

where Λη
k = (T ηk , h

η
1k, t

η
1k) and T ηk = 1; (10.26)

and

φδ =
(
Kδ,Λ

δ
2, . . . ,Λ

δ
Kδ

)
,

where Λδ
k = (T δk , h

δ
1k, t

δ
1k) and T δk = 1. (10.27)

Lee et al. [131] choose the prior distribution for (βη,θδ) as UIP, the prior
for (φη,φδ) as uniform distribution, and set f(Tk) = 1 because Tk is always
1. They solve this Bayesian MARS model using an RJS algorithm, as in the
preceding two sections.

The predictive distributions of the average wind speed Ṽ and the standard
deviation s̃ are

f(Ṽ |DV ) =

∫
f(Ṽ |ν,DV )f(ν|DV )dν, (10.28)

and

f(s̃|Ṽ ,DV ,Ds) =

∫ ∫
f(s̃|Ṽ ,Ψη,Ψδ,DV ,Ds)f(Ψη,Ψδ|DV ,Ds)dΨηdΨδ. (10.29)
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10.4.4 Posterior Predictive Distribution
Analysts are interested in getting the posterior predictive distribution of
the quantile value lT , based on the observed load and wind data D :=
(Dz,DV ,Ds). Under a Bayesian framework, one draws samples, z̃’s, from the
predictive distribution of the maximum load, f (z̃|D,Ψa), which is

f (z̃|D,Ψa) =

∫ ∫
f(z̃|Ṽ , s̃,Ψa,D)f(Ṽ , s̃|DV ,Ds)dṼ ds̃, (10.30)

where f(Ṽ , s̃|DV ,Ds) can be expressed as the product of Eq. 10.28 and
Eq. 10.29.

To calculate a quantile value of the load for a given PT , one goes through
the steps in Algorithm 10.2. The predictive mean and Bayesian credible inter-
val of the extreme load level, lT , are obtained when running the RJS algorithm.
The RJS runs through Ml iterations, and at each iteration, one obtains a set
of samples of the model parameters, Ψa, and calculates an lT [Ψa]. Once the
Ml values of lT [Ψa] are obtained, the mean and credible interval of lT can
then be numerically computed.

Algorithm 10.2 Sampling procedure to obtain the posterior predictive dis-
tribution of load response z. Set Mw = 1, 000, Ml = 10, 000, Nw = 100, and
Nl = 100.

1. Draw Mw × Nw samples from the joint posterior predictive distribu-

tion f
(
Ṽ , s̃|DV ,Ds

)
of wind characteristics (Ṽ , s̃). This is realized by

employing Algorithm 10.4;

2. Draw a set of samples from the posterior distribution of model parame-
ters Ψa = (Ψµ,Ψσ, ξ). This is realized by employing the RJS algorithm
in Section 10.4.2 (or Steps 1–11 of Algorithm 10.3);

3. Given the above samples of wind characteristics and model parameters,
one calculates (µ, σ, ξ) that are needed in a GEV distribution. This yields

a short-term distribution f
(
z̃|Ṽ , s̃,Ψa

)
;

4. Integrate out the wind characteristics (Ṽ , s̃), as implied in Eq. 10.30, to
obtain the long-term distribution f (z̃|D,Ψa).

5. Draw Nl×Mw×Nw samples from f (z̃|D,Ψa) and compute the quantile
value lT [Ψa] corresponding to PT .

6. Repeat the above procedure Ml times to get the median and confidence
interval of lT .
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10.5 ALGORITHMS USED IN BAYESIAN INFERENCE
In this section, more details of the implementation procedures are provided
to facilitate the Bayesian inference.

The procedure consists of two main parts: Algorithm 10.3, which is to
construct the posterior predictive distribution of the extreme load level lT ,
and Algorithm 10.4, which is to obtain the posterior predictive distribution of
wind characteristics (V, s). The main algorithms use the RJS subroutine for
the location parameter µ and the scale parameter σ. These two subroutines
are separately listed in Algorithms 10.5 and 10.6. The two subroutines look
the same but differ in terms of the specific variables and parameters used
therein.

Algorithm 10.2 in Section 10.4.4 carries out the same task as Algo-
rithm 10.3 does. The difference is that Algorithm 10.2 outlines the main steps,
whereas Algorithm 10.3 presents more detailed steps.

10.6 CASE STUDY
This section presents numerical analysis of extreme loads recorded in the
Turbine Bending Moment Dataset and discusses the difference between the
spline-based approach and the binning-based approach.

10.6.1 Selection of Wind Speed Model
The first task is to select a model, out of the six candidate models mentioned
in Section 10.4.3, for the average wind speed. This model selection is done
using the SIC.

Table 10.2 presents the SIC values of the six candidate average wind speed
models using a respective ILT dataset. The boldfaced values indicate the
largest SIC for a given dataset, and accordingly, the corresponding model
is chosen for that dataset.

Regarding the average wind speed model, all candidate distributions ex-
cept RAY provide generally a good model fit for ILT1 with a similar level of
fitting quality, but W3 outperforms others slightly. For the ILT2 data, W2,
W3, LN3 and G3 produce similar SIC values. In the ILT3 data, W3, LN3, G3
and IG3 perform similarly. Again W3 is slightly better. For this reason, W3
is chosen as the average wind speed model.

10.6.2 Pointwise Credible Intervals
As a form of checking the conditional maximum load model, Lee et al. [131]
produce the 95% pointwise credible intervals of the load response under dif-
ferent wind speeds and standard deviations. The resulting credible intervals
are presented in Figs. 10.6 and 10.7.

To generate these figures, Lee et al. [131] take a dataset and fix V or s at
one specific speed or standard deviation at a time and then draw the posterior
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Algorithm 10.3 Construct the posterior predictive distribution of the ex-
treme load level using the Bayesian spline models. Set Mw = 1, 000, Ml =
10, 000, Nw = 100, and Nl = 100.

1. Set t = 0 and the initial φ
(t)
µ and φ

(t)
σ both to be a constant scalar.

2. At iteration t, Kµ and Kσ are equal to the number of basis functions specified

in φ
(t)
µ and φ

(t)
σ . Find the MLEs of β(t), θ(t), ξ(t) and the inverse of the negative

of Hessian matrix, given φ
(t)
µ and φ

(t)
σ .

3. Generate u1
µ uniformly on [0, 1] and choose a move in the RJS procedure.

Denote by bKµ , rKµ ,mKµ the proposal probabilities associated with a move
type; they are all set as 1

3
. Call Algorithm 10.5 to execute the RJS procedure.

4. Find the MLEs (β∗, θ∗, ξ∗) and the inverse of the negative of Hessian matrix,

given φ∗
µ and φ

(t)
σ .

5. Generate u2
µ uniformly on [0, 1] and compute the acceptance ratio αµ in

Eq. 10.22, using the results from Step 2 and Step 4.

6. Accept φ∗
µ as φ

(t+1)
µ with probability min(αµ, 1). If φ∗

µ is not accepted, let

φ
(t+1)
µ = φ

(t)
µ .

7. Generate u1
σ uniformly on [0, 1] and choose a move in the RJS procedure.

Denote by bKσ , rKσ ,mKσ the proposal probabilities associated with a move
type; they are all set as 1

3
. Call Algorithm 10.6 to execute the RJS procedure.

8. Find the MLEs (β∗, θ∗, ξ∗) and the inverse of the negative of Hessian matrix,

given φ
(t+1)
µ and φ∗

σ.

9. Generate u2
σ uniformly on [0, 1] and compute the acceptance ratio ασ in

Eq. 10.23, using the results from Step 4 and Step 8.

10. Accept φ∗
σ as φ

(t+1)
σ with probability min(ασ, 1). If φ∗

σ is not accepted, let

φ
(t+1)
σ = φ

(t)
σ .

11. After initial burn-ins (set to 1,000 samples), draw a posterior sample of
(β(t+1), θ(t+1), ξ(t+1)) from the approximated multivariate normal distribu-
tion at the maximum likelihood estimates and the inverse of the negative of
Hessian matrix. Depending on the acceptance or rejection that happened in
Step 6 and Step 10, the MLEs to be used are obtained from either Step 2,
Step 4, or Step 8.

12. Take the posterior sample of Ψa, obtained in Step 6, Step 10, and Step 11,
and calculate a sample of µ and σ using Eq. 10.10 and Eq. 10.11, respectively,
for each pair of the Mw × Nw samples of (V, s) obtained in Algorithm 10.4.
This generates Mw ×Nw samples of µ and σ.

13. Draw Nl samples for the 10-minute maximum load z̃ from each GEV distri-
bution with µi, σi, and ξi, i = 1, . . . ,Mw × Nw, where µi and σi are among
Mw ×Nw samples obtained in Step 12, and ξi is always set as ξ(t+1).

14. Get the quantile value (that is, the extreme load level lT [Ψa]) corresponding
to 1− PT from the Mw ×Nw ×Nl samples of z̃.

15. To obtain a credible interval for lT , repeat Step 2 through Step 14 Ml times.
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Algorithm 10.4 Obtain the posterior predictive distribution of wind char-
acteristics (V, s). Set Mw = 1, 000 and Nw = 100.

1. Find the MLEs of ν for all candidate distributions listed in Sec-
tion 10.4.3.

2. Use the SIC to select the “best” distribution model for the average wind
speed V . The chosen distribution model is used in the subsequent steps
to draw posterior samples.

3. Draw a posterior sample of ν from the approximated multivariate nor-
mal distribution at the MLEs and the inverse of the negative of Hessian
matrix.

4. Draw Nw samples of Ṽ using the distribution chosen in Step 2 with the
parameter sampled in Step 3.

5. Implement the RJS algorithm again, namely Step 1 through Step 11
in Algorithm 10.3, to get one posterior sample of Ψη = (βη,φη) and
Ψδ = (θδ,φδ).

6. Take the posterior sample of Ψη and Ψδ, obtained in Step 5, and cal-

culate a sample of η and δ using Eq. 10.25 for each sample of Ṽ . This
generates Nw samples of η and δ.

7. Draw a sample for the standard deviation of wind speed s̃ from each
truncated normal distribution with ηi, δi, i = 1, . . . , Nw. Using the Nw
samples of η and δ obtained in Step 6, one obtains Nw samples of s̃.

8. To get Mw ×Nw samples of Ṽ and s̃, repeat Step 3 through Step 7 Mw

times.

Algorithm 10.5 Three types of move in the RJS for location parameter µ.

1. If u1
µ ≤ bKµ , then go to BIRTH step, denoted by φ∗µ = BIRTH-

proposal(φ
(t)
µ ), which is to augment φ

(t)
µ with a Λµ

Kµ+1 that is selected
uniformly at random;

2. Else if bKµ ≤ u1
µ ≤ bKµ + rKµ ,

then go to DEATH step, denoted by φ∗µ = DEATH-proposal(φ
(t)
µ ),

which is to remove from φ
(t)
µ with a Λµ

k where 2 ≤ k ≤ Kµ that is
selected uniformly at random;

3. Else go to MOVE step, denoted by φ∗µ =MOVE-proposal(φ
(t)
µ ), which

first do φ†µ = DEATH-proposal(φ
(t)
µ ) and then do φ∗µ = BIRTH-

proposal(φ†µ).
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Algorithm 10.6 Three types of move in the RJS for scale parameter σ.

1. If u1
σ ≤ bKσ , then go to BIRTH step, denoted by φ∗σ = BIRTH-

proposal(φ
(t)
σ ), which is to augment φ

(t)
σ with a Λσ

Kσ+1 that is selected
uniformly at random;

2. Else if bKσ ≤ u1
σ ≤ bKσ + rKσ ,

then go to DEATH step, denoted by φ∗σ = DEATH-proposal(φ
(t)
σ ),

which is to remove from φ(t) with a Λσ
k where 2 ≤ k ≤ Kσ that is

selected uniformly at random;

3. Else go to MOVE step, denoted by φ∗σ =MOVE-proposal(φ
(t)
σ ), which

first do φ†σ = DEATH-proposal(φ
(t)
σ ) and then do φ∗σ = BIRTH-

proposal(φ†σ).

TABLE 10.2 SIC for the average wind speed
models.

Distributions ILT1 ILT2 ILT3
W2 -2,984 -1,667 -12,287
W3 -2,941 -1,663 -11,242
RAY -3,120 -1,779 -13,396
LN3 -2,989 -1,666 -11,444
G3 -2,974 -1,666 -11,290
IG3 -2,986 -2,313 -11,410

Source: Lee et al. [131]. With permission.
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(a) ILT1 (b) ILT2 (c) ILT3

FIGURE 10.6 The 95% pointwise credible intervals of the load response

against wind speeds. (Reprinted with permission from Lee et al. [131].)

samples for z̃ from the posterior predictive distribution of conditional maxi-
mum load, f(z̃|x). Suppose that one wants to generate the credible interval at
wind speed V∗ or standard deviation s∗. The posterior predictive distributions
are computed as follows:

f(z̃|(V, s) ∈ DV∗ ,Dz) =

∫
f(z̃|(V, s) ∈ DV∗ ,Ψa)f(Ψa|Dz)dΨa, (10.31)

and

f(z̃|(V, s) ∈ Ds∗ ,Dz) =

∫
f(z̃|(V, s) ∈ Ds∗ ,Ψa)f(Ψa|Dz)dΨa, (10.32)

where DV∗ and Ds∗ are subsets of the observed data such that DV∗ = {(Vi, si) :
V∗−0.5 < Vi < V∗+0.5, and, (Vi, si) ∈ DV,s} and Ds∗ = {(Vi, si) : s∗−0.05 <
si < s∗ + 0.05, and, (Vi, si) ∈ DV,s}. Given these distributions, samples for
z̃ are drawn to construct the 95% credible interval at V∗ or s∗. The result
is shown as one vertical bar in either a V -plot in Fig. 10.6 or an s-plot in
Fig. 10.7. To complete these figures, the process is repeated in the V -domain
with 1 m/s increment and in the s-domain with 0.2 m/s increment. These
figures show that the variability in data are reasonably captured by the spline
method.

10.6.3 Binning versus Spline Methods
In the procedure of estimating the extreme load level, two different distri-
butions of maximum load z are involved—one is the conditional maximum
load distribution f(z|x), namely the short-term distribution, and the other
is the unconditional maximum load distribution f(z), namely the long-term
distribution. Using the observed field data, it is difficult to assess the es-
timation accuracy of the extreme load levels in the long-term distribution,
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(a) ILT1 (b) ILT2 (c) ILT3

FIGURE 10.7 The 95% pointwise credible intervals of the load response

against standard deviations. (Reprinted with permission from Lee et

al. [131].)

because of the relatively small amount of observation records. For this rea-
son, this section evaluates a method’s performance of estimating the tail of
the short-term distribution f(z|x). Doing so makes sense, as the short-term
distribution underlies the difference between the Bayesian spline method and
the IEC standard procedure based on binning. In Section 10.6.5, a simula-
tion is employed to generate a much larger dataset, allowing to compare the
performance of the two methods in estimating the extreme load level in the
long-term distribution.

To evaluate the tail part of a conditional maximum load distribution, Lee et
al. [131] compute a set of upper quantile estimators and assess their estimation
qualities using the generalized piecewise linear (GPL) loss function [73]. A
GPL is defined as follows:

Sτ,b(l̂(xi), z(xi)) =
(
1(l̂(xi) ≥ z(xi))− τ

)
1
|b| ([l̂(xi)]

b − [z(xi)]
b), for b 6= 0,(

1(l̂(xi) ≥ z(xi))− τ
)

log
(
l̂(xi)
z(xi)

)
, for b = 0,

(10.33)

where l̂(xi) is the τ -quantile estimation of f(z|xi) for a given xi, z(xi) is the
observed maximum load in the test dataset, given the same xi, b is a power
parameter, and 1 is the indicator function. The power parameter b usually
ranges between 0 and 2.5. When b = 1, the GPL loss function is the same as
the piecewise linear (PL) loss function.

For the above empirical evaluation, Lee et al. [131] randomly divide a
dataset into a partition of 80% for training and 20% for testing. They use the
training set to establish a short-term distribution f(z|x). For any xi in the

test set, the τ -quantile estimation l̂(xi) can be computed using f(z|x). And
then, the GPL loss function value is taken as the average of all Sτ,b values
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(a) ILT1 (b) ILT2 (c) ILT3

FIGURE 10.8 Comparison of piecewise linear loss function: the left verti-

cal axis represents the mean score values and the right vertical axis

represents a percentage value, which is the reduction in the mean

scores when the spline method is compared with the binning method.

(Reprinted with permission from Lee et al. [131].)

over the test set, as follows:

Sτ,b =
1

nt

nt∑
i=1

Sτ,b(l̂(xi), zi), (10.34)

where nt is the number of data points in a test set, and zi is the same as z(xi).
Apparently, Sτ,b is a mean score. The training/test procedure is repeated 10
times, and the final mean score is the average of the ten mean scores. For
notational simplicity, this final mean score is still called the mean score and
represented by Sτ,b, as long as its meaning is clear in the context.

In this comparison, two methods are used to establish the short-term distri-
bution: the binning method and the Bayesian spline method. In the sampling
algorithms outlined in Sections 10.3 and 10.5, Nl = 100 samples are drawn
from the short-term distribution. As such, one can evaluate the quality of
quantile estimations of the short-term distribution for a τ up to 0.99.

First, let us take a look at the comparisons in Fig. 10.8, which compares
the PL loss (i.e., b = 1) of both methods as τ varies in the above-mentioned
range. The left vertical axis shows the values of the mean score of the PL loss,
whereas the right axis is the percentage value of the reduction in mean scores
when the spline method is compared with the binning method. For all three
datasets, the spline method maintains lower mean scores than the binning
method.

When τ is approaching 0.99 in Fig. 10.8, it looks like that the PL losses
of the spline and binning methods are getting closer to each other. This is
largely due to the fact that the PL loss values are smaller at a higher τ , so
that their differences are compressed in the figure. If one looks at the solid
line in the plots, which represents the percentage of reduction in the mean
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TABLE 10.3 Mean scores of GPL/PL for the 0.9-quantile estimators.

Power parameter
ILT1 ILT2 ILT3

Binning Spline Binning Spline Binning Spline

b = 0 0.0185 0.0108 0.0129 0.0103 0.0256 0.0171
b = 1 0.0455 0.0265 0.0040 0.0031 0.0042 0.0028
b = 2 0.1318 0.0782 0.0013 0.0010 0.0008 0.0005

Source: Lee et al. [131]. With permission.

TABLE 10.4 Mean scores of GPL/PL for the 0.99-quantile estimators.

Power parameter
ILT1 ILT2 ILT3

Binning Spline Binning Spline Binning Spline

b = 0 0.0031 0.0018 0.0022 0.0020 0.0045 0.0027
b = 1 0.0086 0.0045 0.0007 0.0006 0.0008 0.0005
b = 2 0.0270 0.0135 0.0003 0.0002 0.0002 0.0001

Source: Lee et al. [131]. With permission.

score, the spline method’s advantage over the binning method is more evident
in the cases of ILT1 and ILT3 datasets. When τ gets larger, the spline method
produces a significant improvement over the binning method, with a reduction
of PL loss ranging from 33% to 50%. The trend is different when using the
ILT2 dataset. But still, the spline method can reduce the mean scores of the
PL loss from the binning method by 8% to 20%. Please note that ILT2 dataset
is the smallest set, having slightly fewer than 600 data records. The difference
observed over the ILT2 case is likely attributable to the scarcity of data.

Lee et al. [131] compute the mean scores of the GPL loss under three
different power parameters b = 0, 1, 2 for each method. Table 10.3 presents
the results under τ = 0.9, whereas Table 10.4 is for τ = 0.99. In Table 10.3, the
spline method has a mean score 20% to 42% lower than the binning method.
In Table 10.4, the reductions in mean scores are in a similar range.

In order to understand the difference between the spline method and bin-
ning method, Lee et al. [131] compare the 0.99 quantiles of the 10-minute
maximum load conditional on a specific wind condition. This is done by com-
puting the difference in the quantile values of conditional maximum load from
the two methods for different weather bins. The wind condition of each bin is
approximated by the median values of V and s in that bin. Fig. 10.9 shows
the standardized difference of the two 0.99 quantile values in each bin. The
darker the color is, the bigger the difference. Lee et al. exclude comparisons in
the weather bins with very low likelihood, which is the bins of low wind speed
and high standard deviation or high wind speed and low standard deviation.

One can observe that the two methods produce similar results at the bins
having a sufficient number of data points, which are mostly weather bins in the
central area. The results are different when the data are scarce—this tends to
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(a) ILT1 (b) ILT2 (c) ILT3

FIGURE 10.9 Comparison of the 0.99-quantiles between binning method

and spline method. (Reprinted with permission from Lee et al. [131].)

TABLE 10.5 Estimates of extreme load levels (lT , T = 20
years), unit: MN-m.

Datasets Binning method Spline method

ILT1 6.455 (6.063, 7.092) 4.750 (4.579, 4.955)
ILT2 0.752 (0.658, 0.903) 0.576 (0.538, 0.627)
ILT3 0.505 (0.465, 0.584) 0.428 (0.398, 0.463)

Source: Lee et al. [131]. With permission.

happen at the two ends of the average wind speed and standard deviation. This
echoes the point made earlier that without binning the weather conditions, the
spline method is able to make better use of the available data and overcome
the problem of limited data for rare weather events.

Lee et al. [131] also note that the spline method, although conceptually and
procedurally more involved, produces an overall model with fewer parameters.
To see this, consider the following—for the three ILT datasets, the average
(Kµ+Kσ) from the RJS algorithm is between 12 and 18. The number of model
parameters dk in Eq. 10.19 is generally less than 20, a number far smaller
than the number of parameters used in the binning method. As explained in
Section 10.3, when one uses a 6 × 10 grid to bin the two-dimensional wind
covariates, the binning method in fact uses a total of 121 parameters for the
overall model. Evidently, the spline method uses a sophisticated procedure to
find a simpler model that is more capable.

10.6.4 Estimation of Extreme Load
Tables 10.5 and 10.6 show the estimates of the extreme load levels lT , corre-
sponding to T = 20 and T = 50 years, respectively. The values in parentheses
are the 95% credible (or confidence) intervals.

One can observe that the extreme load levels, lT , obtained by the binning
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TABLE 10.6 Estimates of extreme load level (lT , T = 50
years), unit: MN-m.

Datasets Binning method Spline method

ILT1 6.711 (6.240, 7.485) 4.800 (4.611, 5.019)
ILT2 0.786 (0.682, 0.957) 0.589 (0.547, 0.646)
ILT3 0.527 (0.480, 0.621) 0.438 (0.405, 0.476)

Source: Lee et al. [131]. With permission.

method are generally higher than those obtained by the spline method. This
should not come as a surprise. As one pushes for a high quantile, more data
would be needed in each weather bin but the amounts in reality are limited due
to the binning method’s compartmentalization of data. The binning method
also produces a wider confidence interval than the spline method, as a result
of the same rigidity in data handling. The procedure of computing the binning
method’s confidence interval is explained in Algorithm 10.1.

10.6.5 Simulation of Extreme Load
In this section, a simulation study is undertaken to assess the estimation
accuracy of extreme load level in the long-term distribution. The simulations
use one single covariate x, mimicking the wind speed, and a dependent variable
z, corresponding to the maximum load. Algorithm 10.7 is used to generate
the simulated data. A set of simulated data thus generated is included in the
Turbine Bending Moment Dataset and ready to use, but interested readers
are welcome to generate the simulated load response data by themselves.

Once the training dataset DTR is simulated, both the binning method and
spline method are used to estimate the extreme load levels lT corresponding
to two probabilities: 0.0001 and 0.00001. This estimation is based on drawing
samples from the long-term distribution of z, as described in Section 10.4.4,
which produces the posterior predictive distribution of lT . To assess the esti-
mation accuracy of the extreme quantile values, Lee et al. [131] also generate
100 additional simulated datasets, by repeating Step 1 through Step 3 in Al-
gorithm 10.7, each of which consists of 100, 000 data points. For each dataset,
one can compute the observed quantile values l0.0001 and l0.00001. Using the
100 simulated datasets, one can obtain 100 different samples of these quantiles.

Fig. 10.10(a) shows a scatter plot of the simulated x’s and z’s in DTR,
which resembles the load responses observed. Figs. 10.10(b) and (c) present,
under the two selected probabilities, the extreme load levels estimated by the
two methods as well as the observed extreme quantile values. One notices
that the binning method tends to overestimate the extreme quantile values
and yields wider confidence intervals than the spline method. Furthermore, the
degree of overestimation appears to increase as the probability corresponding
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Algorithm 10.7 Simulated data generation to mimic wind speed and load
response for assessing the long-term distribution.

1. Generate a sample xi from a three-parameter Weibull distribution. Then
sample xij , j = 1, . . . , 1, 000, from a normal distribution having xi as its
mean and a unit variance. The set of xij ’s represents the different wind
speeds within a bin.

2. Draw samples, zij , from a normal distribution with its mean as µsij and
its standard deviation as σsij , which are expressed as follows:

µsij =

{
1.5

[1+48×exp(−0.3×xij)] , if xi < 17,
1.5

[1+48×exp(−0.3×xij)] + [0.5− 0.0016× (xi + x2
i )], if xi ≥ 17,

(10.35)

σsij = 0.1× log(xij). (10.36)

The above set of equations is used to create a z response resembling
the load data. The parameters used in the equations are chosen through
trials so that the simulated z looks like the actual mechanical load re-
sponse. While many of the parameters used above do not have any phys-
ical meaning, some of them do; for instance, the “17” in “xi < 17” bears
the meaning of the rated wind speed.

3. Find the maximum value zi = max{zi,1, . . . , zi,1000} and treat zi as the
maximum load response corresponding to xi.

4. Repeat Step 1 through Step 3 for i = 1, ..., 1, 000 to produce the training
dataset with n = 1, 000 data pairs, and denote this dataset by DTR =
{(x1, z1), . . . , (x1000, z1000)}.
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(a) Simulation dataset

(b) l0.0001 (c) l0.00001

FIGURE 10.10 Simulation dataset, estimated and observed extreme quan-

tile values: (a) an example of the simulated dataset, (b) and (c) box-

plots of the binning estimate, of the Bayesian spline estimate, and of the

respective sample quantile across 100 simulated datasets. (Reprinted

with permission from Lee et al. [131].)

to an extreme quantile value becomes smaller. This observation confirms what
is observed in Section 10.6.4 using the field data.

GLOSSARY
BIC: Bayesian information criterion

cdf: Cumulative distribution function

G3: Three-parameter Gamma distribution

GEV: Generalized extreme value

GPD: Generalized Pareto distribution
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GPL: Generalized piecewise linear (loss function)

IEC: International Electrotechnical Commission

IG3: Three-parameter inverse-Gaussian distribution

ILT: Inland turbine

LN3: Three-parameter log-normal distribution

MARS: Multivariate adaptive regression spline

MCMC: Markov chain Monte Carlo

MLE: Maximum likelihood estimation

pdf: Probability density function

PL: Piecewise linear (loss function)

POE: Probability of exceedance

POT: Peak over threshold

RAY: Rayleigh distribution

RJMCMC: Reserve jump Markov chain Monte Carlo

RJS: Reserve jump sampler

SIC: Schwarz information criterion

TN2: Two-parameter truncated normal distribution

UIP: Unit information prior

W2: Two-parameter Weibull distribution

W3: Three-parameter Weibull distribution

EXERCISES
10.1 In R, the package evd has a set of functions related to the reverse Weibull

distribution. To generate values for the probability density function of
reverse Weibull distribution, one can use the function drweibull(x,

loc, scale, shape, log = FALSE), where loc, scale, and shape are
the three parameters to be specified. Their default values are 0, 1, and 1,
respectively. Please use this function to plot a pdf curve for the reverse
Weibull distribution by setting loc = 0. Compare the reverse Weibull
pdf curve with the Weibull distribution pdf plot under the same values of
their respective scale and shape parameters. For computing the Weibull
pdf, please use the dweibull function in the stats package.
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10.2 Plot the cdf and pdf curves for GEV distribution when, respectively,
ξ = 1, ξ = 0, and ξ = −1. Make a note of the pattern of upper and
lower tails under respective ξ values.

10.3 Understand the sensitivity of design load, lT , to the parameters in a
GEV distribution. Let z ∼ GEV(µ, σ, ξ), where µ = 0, σ = 1, and
ξ = 1.

a. Compute lT in Eq. 10.8 for PT = 3.8× 10−7.

b. Keeping σ = 1 and ξ = 1, change the location parameter such that
the change in lT is doubled (or halved). Quantify the change in the
location parameter.

c. Keeping µ = 0 and ξ = 1, change the scale parameter such that the
change in lT is doubled (or halved). Quantify the change in the scale
parameter.

d. Keeping µ = 0 and σ = 1, change the shape parameter such that
the change in lT is doubled (or halved). Quantify the change in the
shape parameter.

e. Repeat the same exercise when the initial GEV distribution has the
same µ and σ but ξ = −1.

f. Repeat the same exercise when the initial GEV distribution has the
same µ and σ but ξ = 0 .

10.4 To understand the binning method’s lack of scalability, consider the
following scenarios. Suppose that one has a full year of 10-minute data
pairs, {xi, zi}, with no missing data at all.

a. How many data pairs are there in this one-year dataset?

b. If x is one dimensional, and analysts use 10 bins for this variable,
how many data points are there, on average, per bin?

c. What if x is three dimensional and each variable uses 10 bins, how
many data points are there, on average, per bin? What if x is six
dimensional?

d. Suppose that in order to adequately fit a GEV distribution with
three constant parameters, one would need 25 data points. If we
want to have sufficient amount of data points per bin to fit a GEV
distribution for every single bin, what is the highest dimensionality
of the input space that the binning method can serve?

10.5 Using ILT1 data in the Turbine Bending Moment Dataset and the bin-
ning method to estimate lT corresponding to PT of both 20-year service
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and 50-year service. This time, instead of fixing the bin-based GEV
distribution as the Gumbel distribution, please treat ξ as the third pa-
rameter in each bin and estimate based on the data. For the bins that do
not have data or sufficient amount of data, follow the treatment in Algo-
rithm 10.1. Compare the estimated l20-yr and l50-yr with its counterpart
in Tables 10.5 and 10.6.

10.6 Suppose that we use a two-parameter Weibull distribution, instead of the
three-parameter Weibull distribution, to model the average wind speed
(recall that we used the two-parameter Weibull distribution to model
the wind speed in Chapter 2). Reproduce the 95% credible interval plots
in Fig. 10.6 and see if there is any noticeable difference.

10.7 Consider a TN2 model with constant η and δ, and, a LN2 model (two-
parameter log-normal distribution) with constant distribution parame-
ters, as alternatives for modeling wind speed standard deviation s. Use
the SIC as the criterion to select the modeling option that produces the
best model fit to the three turbines in the Turbine Bending Moment

Dataset. Is the best model the TN2 with functional η and δ, TN2 with
constant η and δ, or LN2 with constant parameters?

10.8 An alternative method to evaluate Eq. 10.2 is through a peak-over-
threshold (POT) approach. The POT approach is to model the uncon-
ditional distribution of z directly without accounting for the effect of
wind covariates in x. First, select a threshold u for the z values in a
dataset. Use the z data points above this threshold (that is where the
name comes from) to estimate a generalized Pareto distribution (GPD).
Assume that the extreme load z follows this GPD and estimate lT for
the corresponding PT based on the estimated GPD. For the three tur-
bine datasets, use this POT approach to estimate their 20-year and
50-year lT and compare the outcome with those in Tables 10.5 and 10.6.
When using the POT approach, set u as the 95-percentile value of the
respective dataset.

10.9 Apply the POT method to the simulated training dataset, again with
the threshold, u, set as the 95-percentile value of that dataset. Estimate
l0.0001 and l0.00001, as what has been done while using the binning and
spline methods. Compare the POT outcome with those in Fig. 10.10.
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C H A P T E R 11

Computer
Simulator-Based Load
Analysis

T
he principal challenge in reliability assessment of wind turbines is rooted
in the fact that a small tail probability, f(z > lT ), in the order of 10−7

for T = 50 years, needs to be estimated. To accurately estimate this type of
small probability requires a sufficient number of high-z load response values.
If one opts to collect enough high-z values from physical turbine systems, it
takes tens of years, as the high-z values, by definition, are rare events. Adding
to the challenge is that hardly have any commercial wind turbines been in-
stalled with strain sensors, due to cost concerns. Physically measured bending
moments are typically obtained on a few test turbines and only for a short
duration of time, which is the reason behind the need for an extrapolation
and the modeling of the conditional load density, as explained in Chapter 10.
Wind engineers have been developing aeroelastic simulators that can produce
reasonably trustworthy bending moments response under a wind force input.
The availability of these simulators lends a degree of convenience to load anal-
ysis, as a simulator can be steered, at least in principle, towards the region of
high load responses so as to produce more high-z data points. For this reason,
using the aeroelastic simulators could expedite and enhance the estimation
of extreme load distribution and facilitate the reliability assessment of wind
turbines. Of course, running aeroelastic turbine load simulators can be com-
putationally expensive. Data science methods are much needed to make the
simulator-based load analysis efficient and practical.

301
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11.1 TURBINE LOAD COMPUTER SIMULATION
11.1.1 NREL Simulators
Two NREL simulators are popularly used in the study to generate the struc-
tural load response on a turbine—one is TurbSim [112] and the other is
FAST [113]. To simulate the structural load response on a turbine, it takes two
steps: first, TurbSim generates an inflow wind profile in front of a wind turbine,
and second, FAST takes the inflow profile as input and simulates structural
and mechanical load responses at multiple turbine components. Please refer
to Fig. 10.1 for an illustration of load responses on turbine components.

More than a single-point turbulence computed based on the hub height
wind speed, TurbSim simulates a full-field stochastic inflow turbulence envi-
ronment in front of a turbine, “reflect[ing] the proper spatiotemporal turbu-
lent velocity field relationships seen in instabilities associated with nocturnal
boundary layer flows” [120]. The input to TurbSim is the hub height wind
speed, either measured or simulated, and the output is the full-field inflow
environments to be used to drive a downstream load simulator. FAST is the
aeroelastic dynamic load simulator, and uses wind inflow data and solves for
the rotor wake effects and blade-element loads.

The data in the Simulated Bending Moment Dataset are simulated us-
ing the two simulators [37]. According to Choe et al. [37], the 10-minute av-
erage wind speed is simulated using a Rayleigh distribution. Recall that as
mentioned in Section 10.4.3, the IEC standard recommends using a Rayleigh
distribution to model the 10-minute average wind speed, although the nu-
merical studies in Section 10.6.1 show that other distributions may fit the
actual wind speed data better. TurbSim and FAST are used to simulate a
turbine’s 10-minute operations, given the average wind speed. The maximum
load responses at a blade root are recorded as the output. Two load types,
the edgewise and flapwise bending moments, are simulated and their respec-
tive maximum values in a 10-minute interval are recorded in the Simulated

Bending Moment Dataset. Choe et al. [37] define a simulation replication or
one simulator run as a single execution of the 10-minute turbine operation
simulation that generates a 10-minute maximum edgewise and flapwise load.
The simulated maximum load is still denoted by z, same as the notation used
for the physical maximum load.

Fig. 11.1 illustrates the load responses simulated from TurbSim and FAST,
following the procedure discussed in [149].

11.1.2 Deterministic and Stochastic Simulators
Not only does the wind industry use computer simulators to complement
physical experiments or make up data deficiency in physical measurements, the
use of computer simulators, sometimes referred to as computer experiments,
is popular and common in many other engineering applications [124, 193].

Many computer simulators used in engineering applications are based on
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(a) Edgewise bending moments
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(b) Flapwise bending moments

FIGURE 11.1 Simulated blade root load responses. (Reprinted with per-

mission from Choe et al. [37].)

solving a set of partial differential equations, or a mix of differential and al-
gebraic equations, derived from physical laws and principles. Finite element
analysis in mechanics is a frequently mentioned example of this type of com-
puter simulators. These computer simulators are referred to as deterministic
computer simulators, and numerical analyses run on such simulators are called
deterministic computer experiments. They are called “deterministic” because
for the same given input, the simulator’s output remains the same, no matter
how many times one re-runs the same simulator. Let us denote by g(·) the
function of the black-box simulator, and by z(x) := g(x) the output of the
simulator, given the input at x. Note that z here refers to a generic output, al-
though it could be, but not necessarily, the load response. For a deterministic
computer simulator, z(x) does not change, as long as x stays the same.

The development of turbine load simulators is indeed based on aerody-
namic and aeroelastic physical principles. But TurbSim and FAST are not
deterministic simulators, because for a given input, x, the load response is
not guaranteed to be the same. Rather, the simulator response exhibits ran-
domness, resembling the characteristics of noisy physical measurements. This
is because the turbine load simulators embed a large number of uncontrollable
variables inside the black-box simulator. These variables take different values,
produced from certain random number generators, at individual runs of the
same simulator, so that even if the input, x, remains the same, the output, z,
could be, and is almost surely different. The turbine load simulators are there-
fore known as the stochastic computer simulators, and numerical analyses run
on them are stochastic simulations or stochastic computer experiments, mim-
icking physical experiments. For the stochastic simulators, their g function
should include two types of inputs—x that can be set prior to running the
simulator and ε that is not controlled explicitly but takes its values from ran-
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dom number generators. In other words, the simulator response z is such that
z(x) = g(x, ε).

When simulating the turbine load response, x is considered a stochastic
input, and its marginal distribution, f(x), is either known a priori, or prac-
tically, estimated from the historical data. Random samples of x are drawn
from f(x) and used to drive TurbSim and FAST simulators. For a determin-
istic simulator, its inputs can be stochastic and drawn from its own marginal
distribution. Analysts may question whether a stochastic simulator may be-
come deterministic, if one treats the combined set of variables, (x, ε), as a new
input. This is to say, let us specify the joint probability distribution, f(x, ε),
for both x and ε and then draw samples from f(x, ε) to drive the stochastic
simulator. Given a specific value of (x, ε), the simulator response, g(x, ε), re-
mains the same, no matter how many times the same value of (x, ε) is used
to re-run the same simulator.

Technically, this is correct. In fact, nothing is exactly uncontrolled in com-
puter simulations—even the random numbers generated are, rigorously speak-
ing, pseudo random numbers. But practically, there are too many random
variables embedded inside the load response simulators to be specified with a
joint probability distribution. According to Choe et al. [37], ε in the NREL
simulators has over eight million elements. By contrast, elements in x are far
fewer—its number is generally in a single digit. It is thus practical to specify
a joint distribution only for x and draw samples from it, while leaving ε to
be individually handled by its own random number generator. A computer
simulator is stochastic in the sense that ε is left uncontrolled.

Another branch of stochastic simulators are commonly found in discrete
event simulations. One of such simulations is mentioned in Section 9.4.3, which
is the DEVS-based simulation platform for a wind farm. In that wind farm
simulator, a number of inputs or parameters, such as the number and locations
of wind turbines, can be specified by analysts running the simulation, but
there are many more random variables left to be individually handled by
a respective random number generator, such as the degradation path for a
turbine component. In the end, even under a fixed x, the wind farm simulator
changes its response when it is re-run.

11.1.3 Simulator versus Emulator
Running computer simulators is to reduce cost by not conducting too many
physical experiments, either too expensive, or too time consuming, or unre-
alistic. But running computer simulators incurs its own cost, in the form of
computational expense. Depending on the fidelity of a computer simulator,
the time to run one simulation replication ranges from a couple of minutes
(low-fidelity ones) to hours or even days (high-fidelity ones).

Analysts therefore develop efficient, or computationally cheap, mathemat-
ical surrogates of computer simulators and hope to rein in the computational
expense by running a small number of computer simulations but a large num-
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ber of the surrogate models. The surrogate models are models of models,
because computer simulators are themselves mathematical models of a physi-
cal reality, rather than the physical reality itself. For this reason, a surrogate
model is known as a meta-model. They are also called emulators, to be differ-
entiated from the simulators, and the surrogate models do mean to emulate
the behavior of a respective simulator.

A popular branch of emulators is based on Gaussian process regression,
or the kriging model, as introduced in Section 3.1.3. To model simulator re-
sponses, the location input, s, used in the spatial modeling in Section 3.1.3, is
to be replaced by a generic input, x. While Gaussian process regression used
in Section 3.1.3 for spatial modeling has an input dimension of two, the same
modeling approach can be easily extended to general applications of more
than two inputs, without changing much of the formulations and solution
procedures as outlined in Section 3.1.3.

When modeling a stochastic simulator response, Eq. 3.8 or Eq. 3.17 can
be directly used, as the simulator response is treated as if it were a physical
response. A training dataset, collected from running the stochastic simulators
at different x’s, is needed to estimate the parameters in the Gaussian process
model. The resulting model, if we express it by ĝ(x), is a meta-model or an
emulator.

When modeling a deterministic simulator response, the main difference
is to use Eq. 3.8 or Eq. 3.17 without the nugget effect, i.e., remove ε in the
respective equation. This is because a deterministic simulator returns the same
response for the same input, so that an emulator is supposed to produce the
precise response at the same input value of x. It can be shown that a Gaussian
regression model without the nugget effect interpolates precisely through the
training data points, known as its interpolating property (see Exercise 3.3).

The popularity of the Gaussian process model as an emulator arises from
its modeling of deterministic computer simulators. When deterministic com-
puter simulators become common, analysts realize its difference from phys-
ical experiments, particularly the aspect of having noise-free responses, and
therefore seek a different modeling approach. Sacks and his co-authors adopt
the Gaussian process model from spatial statistics to model computer experi-
ments [189, 190] and note the interpolating property; their effort launched the
field of design and analysis of computer experiments.

But Gaussian process models are not the only emulator choice, especially
when it comes to modeling the stochastic computer simulators. Recall that
the response of a stochastic computer simulator looks more like physical mea-
surements. Many data science methods introduced in this book, employed to
model various types of physical responses, can be used to model the response
of a stochastic computer simulator and hence be an emulator. As we will see in
Section 11.4, the emulator used in the turbine load analysis is not a Gaussian
process model.
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11.2 IMPORTANCE SAMPLING
Let us first consider the use of deterministic computer simulator in reliabil-
ity analysis. Given a wind condition x, the deterministic computer simulator
produces a load response, z = g(x). This output can be compared with the
design load, or a turbine system’s resistance level, l, to see if the turbine struc-
ture may fail under the simulated load response z. For reliability assessment,
analysts are interested in knowing the failure probability P (z > l), which was
expressed in Eq. 10.1 with a subscript T . Here we drop the subscript for the
simplicity of notation. Relying on the response of a deterministic computer
simulator, this failure probability can be expressed as

P (z > l) =

∫
1(g(x) > l)f(x)dx = E[1(g(x) > l)], (11.1)

where 1(·) is the indicator function.

11.2.1 Random Sampling for Reliability Analysis
Computer simulators, including the turbine load simulators, are considered
black boxes because an output is numerically computed by going through
thousands of lines of computer codes. It is impractical to analytically evaluate
the failure probability P (z > l) in Eq. 11.1. It is, however, rather straight-
forward to evaluate the failure probability empirically through random sam-
pling. The simplest method is the plain version Monte Carlo method, also
known as the crude Monte Carlo (CMC), which is to draw random samples,
{x1, . . . ,xNT }, from f(x), where NT is the number of the random samples.
Each one of the samples is used to drive the computer simulator and produce
a corresponding load output. As such, NT is also the number of simulation
runs.

The simulated load response is then compared with l. If g(x) > l, a failure
occurs and the indicator function, 1(g(xi) > l), returns a one; otherwise, no
failure occurs and the indicator function, 1(g(xi) > l), returns a zero. The
failure probability is empirically estimated by

P̂ (z > l) =
1

NT

NT∑
i=1

1(g(xi) > l). (11.2)

The estimate is simply counting how many times, among the NT runs, the
simulator output exceeds the design load level l.

The crude Monte Carlo method is easy to use and applies to almost any
applications. Its main shortcoming is the inefficiency for reliability assessment.
Heidelberger [89] presents the following example to stress the point. Let us
denote the probability in Eq. 11.1 by P and the estimate in Eq. 11.2 by P̂CMC.
It is not difficult to show (see Exercise 11.1) that the expectation and variance
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of P̂CMC are, respectively,

E[P̂CMC] = P, and

V ar[P̂CMC] =
1

NT
P (1− P ).

(11.3)

If using a normal approximation, the 100(1 − α)% confidence interval for P
is P̂CMC ± zα/2

√
P (1− P )/NT . A similar treatment is used in Eq. 2.8. The

expectation expression in Eq. 11.3 also means that the crude Monte Carlo
estimate is unbiased.

Heidelberger [89] asks that how many random samples, or equivalently, how
many simulator runs, are required in order to estimate the 99% confidence
interval of P to be within 10% of the true probability. To accomplish the
desired estimation accuracy, it requires that zα/2

√
P (1− P )/NT ≤ 0.1P for

α = 0.01, or equivalently,

2.58

√
(1− P )

P
· 1

NT
≤ 0.1,

so that

NT ≥ 666× 1− P
P

. (11.4)

For a well-designed product, its failure probability P is small, suggesting 1−
P ≈ 1, so that NT is roughly of 666/P , which is going to be large for a small
P . Suppose the target failure probability is at the level of P = 10−5. To have
an accurate enough estimate of this small probability, the sample size or the
number of simulation runs required is 6.7 × 107. Even if a single run of the
computer simulator takes only one second, 6.7× 107 seconds still translate to
more than two years. The essence of reliability assessment is to capture and
characterize the behavior of rare events. While attempting to come up with
enough samples of the rare events, the inefficiency of the crude Monte Carlo
leads to a high computational demand.

11.2.2 Importance Sampling Using Deterministic Simulator
Importance sampling is to introduce another density function, q(x), to draw
samples of x, where q(x) is referred to as the importance sampling density.
We explain later where the name comes from.

While using q(x), the failure probability expression in Eq. 11.1 can be
written differently, i.e.,

P (z > l) =

∫
1(g(x) > l)

f(x)

q(x)
q(x)dx = E

[
1(g(x) > l)

f(x)

q(x)

]
. (11.5)

By multiplying and dividing q(x) in the integrand, the above probability ex-
pression remains equivalent to that in Eq. 11.1.
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Denote by

L(x) =
f(x)

q(x)

the likelihood ratio between the two density functions. Eq. 11.5 can be ex-
pressed as

P (z > l) = E[1(g(x) > l)L(x)].

The empirically estimated failure probability based on importance sampling
(IS) density is then

P̂IS(z > l) =
1

NT

NT∑
i=1

1(g(xi) > l)L(xi), (11.6)

where the samples, {x1, . . . ,xNT }, are drawn from q(x).
Technically, any valid density function can be used as q(x) in importance

sampling, and P̂IS is an unbiased estimator of P , as long as q(x) = 0 implies
that 1(g(x) > l)f(x) = 0 for any x, which means that a non-zero feasible sam-
ple under the old density f(·) with g(x) > l must also be a non-zero feasible
sample under the new density q(·). However, this does not mean that an arbi-
trary choice of q(x) can help address the computational inefficiency problem
of the crude Monte Carlo method. To understand the choice for an optimal
importance sampling density, we first provide an intuitive understanding how
importance sampling works.

The condition to be verified for failures, g(x) > l, defines the events of
interest (EOI) for a reliability assessment. But the concentration of f(x) does
not coincide with the EOI. The region of x, whose corresponding response
belongs to the EOI, is referred to as the critical region. By the nature that the
EOI in reliability analysis are rare, random sampling from f(·) has a low hit
rate on the critical region. An importance sampling can help if the density so
chosen, q(·), steers the sample concentration towards the critical region. This
means that while f(·) is small over the critical region, q(·) needs to be large on
that region, so as to make the EOI likely to occur. The name, “importance,” is
given to the sampling approach because the new density is supposed to place
the right importance on the critical region, or the new density concentrates
on the region of importance.

This intuition is realized through variance reduction in random sampling.
To see this, consider the following. The variance of the importance sampling
estimator in Eq. 11.6 can be expressed as

V ar[P̂IS] =
1

N2
T

NT∑
i=1

Eq
[
(1(g(xi) > l)L(xi))

2
]

+ C

=
1

NT
Ef [1(g(x) > l)L(x)] + C,

(11.7)

where the subscript placed on the expectation operator is to make explicit
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which probability measure the expectation is taken with respect to and C is
a constant not depending on the sampling action. The first equality in the
above question means that reducing the variance of the importance sampling
estimator corresponds to selecting a q(x) that reduces the second moment of
1(g(x) > l)L(x).

Let us take a look at the likelihood ratio, which is L(x) = f(x)/q(x).
For importance sampling, following the intuition above, f(x) is small in the
critical region where 1(g(xi) > l) = 1, while q(x) should be large. As such, the
likelihood ratio, L(x), is small. Consequently, the variance of the importance
sampling is small, according to Eq. 11.7. A proper choice of the importance
sampling density is thereby to reduce the likelihood ratio, which in turn makes
the samples less spread out (small variance). Together with the unbiasedness
property of P̂IS, a variance-reduced importance sampling is able to concentrate
on the critical region to sample. For the derivation of Eq. 11.7, please see
Exercise 11.2.

The theoretically optimal importance sampling density is

q∗IS =
1(g(x) > l)f(x)

P (z > l)
, (11.8)

because this q∗IS leads to a failure probability estimate that has a zero (and
hence the smallest) variance, and one sample from it gives us the uncondi-
tional POE, P (z > l), exactly. Practically, this q∗IS is not implementable. The
probability P (z > l) is unknown and precisely what analysts want to esti-
mate using the simulators and random samples. Moreover, the critical region,
implied by g(x) > l, is not known, either, before the simulator is run on the
random samples of x.

De Boer et al. [45] present a cross-entropy-based approximation to im-
plement the idea of importance sampling. Consider the case that the density
function, f(x), can be parameterized by a vector u. To make this parametriza-
tion explicit, let us express it as f(x;u). Suppose that the importance sam-
pling density takes the same function form but uses different parameters, i.e.,
q(x) := f(x;v). The likelihood ratio can be expressed as

L(x;u,v) =
f(x)

q(x)
=
f(x;u)

f(x;v)
. (11.9)

The cross-entropy algorithm is iterative in nature. When the algorithm
starts, it attempts to find an event not so rare, by setting a probability, say
κ = 0.01, so that there are almost surely EOI produced from the simulator. Let
t be the iteration index and Nt be the sample size at the t-th iteration. When
the Nt samples are evaluated using the simulator at the t-th iteration, the

responses are labeled as {g(t)
1 , . . . , g

(t)
Nt
}. Without ambiguity, the superscript

(t) is often dropped. We order the simulator response from smallest to largest,
such that g(1) ≤ g(2) ≤ . . . ≤ g(Nt), where g(j) is the j-th order-statistic of the
sequence {g(x1), . . . , g(xNt)}.
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The iterative cross-entropy algorithm constructs a sequence of reference
parameters {vt, t ≥ 0} and design load thresholds {lt, t ≥ 1}. It starts with
v0 = u and updates both vt and lt by steering the sampling action towards the
critical region. The specific steps are outlined in Algorithm 11.1. The optimiza-
tion formulation in Step 3 is based on the minimization of the Kullback-Leibler
distance between the optimal importance sampling density, q∗IS in Eq. 11.8,
and the actual importance sampling density to be used for the next iteration,
q(t+1)(x) := f(x;vt). The Kullback-Leibler distance is also termed the cross
entropy between the two density functions of interest (see Exercise 11.3).

Algorithm 11.1 Iterative cross-entropy approximation for importance sam-
pling.

1. Set v̂0 = u and t = 1.

2. Draw samples, {x1, . . . ,xNt}, from the density q(t)(x) := f(x;vt−1).
Compute the (1−κ)Nt-th order-statistic of {g(x1), . . . , g(xNt)} and set
that as the estimate of lt, i.e.,

l̂t = g(d(1−κ)Nte).

If l̂t ≥ l, then let l̂t = l.

3. Use the same samples drawn in Step 2, {x1, . . . ,xNt}, to solve the
following optimization problem and get an update of vt. Denote the
solution by v̂t.

max
v

1

Nt

Nt∑
i=1

1(g(xi ≥ l̂t))L(xi;u, v̂t−1) ln f(xi;v). (11.10)

4. If l̂t < l, set t = t+ 1 and reiterate from Step 2. Else proceed to Step 5.

5. Estimate the failure probability by using Eq. 11.6, re-written below as

P̂IS(z > l) =
1

NT

NT∑
i=1

1(g(xi) > l)L(xi;u, v̂T ).

where T is the final number of iterations.

Dubourg et al. [53] present a different approximation approach, which is
based on the use of a meta-model. The idea is simple. First, draw a small
number of samples of x, say a couple of hundreds, and use the computer sim-
ulator to generate the corresponding structural responses. Using this small set
of simulator-generated samples, Dubourg et al. [53] build a Gaussian process
emulator, which can run more efficiently and be used to generate a much larger
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sample set, say several thousands or even tens of thousands. The importance
sampling estimate in Eq. 11.6, instead of relying on the simulator function
g(·), now uses the emulator function, ĝ(·).

One challenge faced by this meta-model-based approach is that with the
initial small number of samples, the chance of having a sufficient number of
EOI is low. The subsequent Gaussian process emulator is therefore unlikely
able to gain a good accuracy in the tail probability estimation when there
are very few quality samples to build the meta-model in the first place. Like
the cross-entropy approach, an iterative procedure appears unavoidable for
the meta-model-based approach, which gradually steers the sampling action
towards the critical region.

11.3 IMPORTANCE SAMPLING USING STOCHASTIC SIMULA-
TORS

The importance sampling described in Section 11.2 relies on the use of a
deterministic computer simulator. This is reflected in the failure verification
function, 1(g(x) > l). Due to the deterministic nature of the simulator used,
g(x) is a constant for a given x, so that g(x) > l is either true or false,
meaning 1(g(x) > l) is either one or zero, once x is fixed. This is no longer
true for stochastic simulators, because g(x) varies even for the same x. The
verification condition, g(x) > l, compares in fact a random variable with a
threshold, and for this reason, the indicator function is no longer appropriate
to be used to capture the failure verification outcome. Rather, a probability
should be assessed of this condition, namely P (g(x) > l).

In the context of stochastic simulators, the crude Monte Carlo estimate is
changed to

P̂CMC(z > l) =
1

M

M∑
i=1

P̂ (g(xi) > l)

=
1

M

M∑
i=1

 1

Ni

Ni∑
j=1

1(gj(xi) > l)

 ,

(11.11)

where {x1, . . . ,xM} are M random samples from f(·) and M is called the
input sample size. At each input xi, the simulator is run Ni times to produce
Ni outputs, g1(xi), . . . , gNi(xi), each of which is a realization of a stochastic
process and can then be compared with the design threshold l in a determin-
istic manner. The number of simulations per input, Ni, is called the allocation
size. The total number of simulator runs is then NT =

∑M
i=1Ni.

Apparently, the inclusion of the inner summation in Eq. 11.11 is the major
difference between the failure probability estimate using a stochastic simulator
and that using a deterministic simulator. When using a deterministic simula-
tor, Ni is set simply one, so that NT = M . When using a stochastic simulator,
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the sample average of Ni simulator responses under the same xi is used to
approximate the probability, P̂ (g(xi) > l).

Importance sampling based on deterministic simulators can be explicitly
referred to as the deterministic importance sampling (DIS), whereas impor-
tance sampling based on stochastic simulators is referred to as the stochastic
importance sampling (SIS). In the sequel, some of the “IS” subscripts used
previously is replaced by “DIS.” For instance, q∗IS in Eq. 11.8 is expressed as
q∗DIS from this point onwards.

Choe et al. [37] develop two versions of the stochastic importance sampling
method, referred to as SIS1 and SIS2, respectively, which are to be explained
in the sequel.

11.3.1 Stochastic Importance Sampling Method 1
Noticing the difference between Eq. 11.2 and Eq. 11.11, when introducing an
importance sampling density to the stochastic simulators, Eq. 11.6 should be
written as

P̂SIS1(z > l) =
1

M

M∑
i=1

P̂ (g(xi) > l)L(xi) =
1

M

M∑
i=1

(
1

Ni

Ni∑
j=1

1(gj(xi) > l)

)
L(xi),

(11.12)

where the samples, {x1, . . . ,xM}, are drawn from q(x). Here, P (g(xi) > l)
is the probability of exceedance, conditioned on input xi. Let us denote this
conditional POE by

S(x) := P (g(x) > l). (11.13)

In Eq. 11.12, the conditional POE is estimated by the sample mean of suc-
cesses.

In SIS1, Choe et al. [37] state that NT and M are assumed given and
the goal is to find the optimal allocation, Ni, and the optimal importance
sampling density function, qSIS1(·).

Recall the intuition behind importance sampling described in Sec-
tion 11.2.2. The optimal importance sampling density is supposed to mini-
mize the variance of the failure probability estimate. For P̂SIS1(z > l), Choe
et al. [37] obtain

V ar[P̂SIS1] = V ar

[
1

M

M∑
i=1

Ŝ(xi)L(xi)

]

=
1

M2
E

[
V ar

{
M∑
i=1

Ŝ(xi)L(xi)

}]
+

1

M2
V ar

[
E

{
M∑
i=1

Ŝ(xi)L(xi)

}]

=
1

M2
E

[
M∑
i=1

1

Ni
S(xi)(1− S(xi))(L(xi))

2

]
+

1

M
V ar [S(x)L(x)] .

(11.14)

Choe et al. further prove that the following allocation sizes and importance
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sampling density function make P̂SIS1 an unbiased estimator and minimize
the variance of the failure probability estimate in Eq. 11.14:

q∗SIS1(x) =
1

Cq1
f(x)

√
1

NT
S(x)(1− S(x)) + S(x)2, (11.15a)

N∗i =
NT

√
NT (1−S(xi))

1+(NT−1)S(xi)∑M
j=1

√
NT (1−S(xj))

1+(NT−1)S(xj)

, (11.15b)

where Cq1 is a normalizing constant such that

Cq1 =

∫
f(x)

√
1

NT
S(x)(1− S(x)) + S(x)2 dx.

When using the above formula for Ni, Ni is rounded to the nearest integer. If
the rounding yields a zero, Choe et al. suggest using one in its place in order
to ensure unbiasedness in the failure probability estimation.

The importance sampling density is a re-weighted version of the original
density for x. It gives more weight to the critical region when EOI are more
likely to occur, and less weight to the region when EOI do not happen as
often, so as to refocus the sampling effort on the critical region.

The allocation size is roughly proportional to
√

1− S(xi), after we ap-
proximate 1 + (NT − 1)S(xi) by one for a small S(xi). This allocation policy
says that for a smaller failure probability, one needs a larger size of samples.
This result may sound counter-intuitive at first, because one would expect
the smaller failure probability area to be accompanied by a smaller sample
size. While sampling from the critical region where EOI are more likely to
occur, the optimal importance sampling density, q∗SIS1, concentrates more re-
sources on the region where g(·) is close to l, rather than on the region where
g(·) is much greater than l. This turns out to be a good strategy because for
the region where g(·) is much greater than l, the certainty is high, foreclos-
ing the need for large sample sizes. In summary, among the important input
conditions under which a system can possibly fail, SIS1’s allocation strategy
finds it a more judicious use of the simulation resources by allocating a larger
(smaller) number of replications in the region with a relatively small (large)
S(x).

The q∗SIS1 reduces to q∗DIS in Eq. 11.8 (where it was called q∗IS then) when
the stochastic simulator is replaced by a deterministic simulator. Under a
deterministic simulator, Ni = 1, NT = M , and S(x) = 1(g(x) > l). The
last expression means that under a deterministic simulator, the conditional
POE deteriorates to an indicator function, taking either zero or one. As such,
S(x)(1− S(x)) = 0, so that the density function becomes

q∗SIS1 =
S(x)f(x)∫
S(x)f(x)dx

=
1(g(x) > l)f(x)∫
1(g(x) > l)f(x)dx

=
1(g(x) > l)f(x)

P (z > l)
.
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11.3.2 Stochastic Importance Sampling Method 2
Choe et al. [37] propose an alternative stochastic importance sampling-based
estimator that restricts Ni to one, such that

P̂SIS2(z > l) =
1

NT

NT∑
i=1

1(g(xi) > l)L(xi). (11.16)

Although the right-hand side of Eq. 11.16 looks the same as that in Eq. 11.6, a
profound difference is that g(·) function here is not deterministic. As a result,
qDIS cannot be used as qSIS2. Choe et al. [37] present the optimal density
function as

q∗SIS2(x) =
1

Cq2
f(x)

√
S(x), (11.17)

where Cq2 is another normalizing constant such that

Cq2 =

∫
f(x)

√
S(x)dx.

The importance sampling density, q∗SIS2, also reduces to q∗DIS when the
stochastic simulator is replaced by a deterministic simulator. Again, under a
deterministic simulator, S(x) = 1(g(x) > l), i.e., an indicator function taking
either zero or one. Therefore,

√
S(x) = S(x), so that the density function

becomes

q∗SIS2 =
f(x)S(x)∫
f(x)S(x)dx

=
1(g(x) > l)f(x)

P (z > l)
.

11.3.3 Benchmark Importance Sampling Method
Choe et al. [37] mimic the deterministic importance sampling density func-
tion by replacing the failure-verifying indicator function in Eq. 11.6 with the
conditional POE, and call the resulting importance sampling density function
the benchmark importance sampling (BIS) density, i.e.,

q∗BIS(x) =
S(x)f(x)

P (z > l)
=

S(x)f(x)∫
S(x)f(x)dx

,

and use Eq. 11.6 as the failure probability estimator. To be consistent with the
notations used in q∗SIS1 and q∗SIS2, we denote by CqB the normalizing constant
in the above density function, i.e.,

q∗BIS(x) =
1

CqB
f(x)S(x), (11.18)

where,

CqB =

∫
f(x)S(x)dx.
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11.4 IMPLEMENTING STOCHASTIC IMPORTANCE SAMPLING
In the stochastic importance sampling densities, described in the preceding
section, two pieces of detail need to be sought out for their implementation.
The first is about modeling the conditional POE, S(x), and the other is how
to sample from a resulting importance sampling density without necessarily
computing the normalized constant in the denominator.

11.4.1 Modeling the Conditional POE
Choe et al. [37] suggest using a meta-modeling approach to establish an ap-
proximation for S(x), but argue that using the Gaussian process model is
appropriate when the modeling focus is on the part around the mode of a
probability density function. For extreme load and failure probability analy-
sis, the focus is instead on the extreme quantiles and the tail probability of a
skewed distribution. Unlike Dubourg et al. [53] who use the Gaussian process-
based approach, Choe et al. use a generalize additive model for location, scale,
and shape (GAMLSS) [179].

In Chapter 10, a GEV distribution is used to model the extreme load on
critical turbine components. The GEV distribution has three distribution pa-
rameters: location, scale, and shape. Section 10.4 presents an inhomogeneous
GEV distribution, in which the location parameter and the scale parameter
are modeled as a function of the input x using MARS models. The approach
in Section 10.4 falls under the broad umbrella of GAMLSS.

In [37], Choe et al. still use a GEV distribution and also model its location
and shape parameter as a function of the input, while keeping the shape pa-
rameter fixed, the same approach as used in Section 10.4. Choe et al. choose
to include only the wind speed in x, so that the functions for the location and
shape parameters are univariate. For this reason, Choe et al. use a smooth-
ing spline to model both functions, rather than the MARS function used in
Section 10.4. Recall that a smoothing spline handles a univariate input well
but does not scale very well in higher input dimensions. MARS is one popular
multivariate spline-based models handling multi-dimensional inputs. Please
visit Section 5.3.3 for more details on smoothing splines and spline-based re-
gression.

Choe et al. [37] obtain a training dataset using the NREL simulators. The
training dataset consists of 600 observation pairs of {xi, yi}, i = 1, 2, . . . , 600.
The x is the wind speed sampled from a Rayleigh distribution but trun-
cated between the cut-in wind speed at 3 m/s and the cut-out wind speed
at 25 m/s. The y is the corresponding load response obtained by running the
NREL simulators. Slightly different from the smoothing spline formulation in
Eq. 5.22, here are two smoothing splines, one for the location parameter and
the other for the scale parameter, to be estimated simultaneously. Following
the GAMLSS framework, Choe et al. maximize an objective function regu-
larized by both smoothing splines. Let µ(x) be the location function, σ(x) be
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FIGURE 11.2 Location and scale parameter functions for both bending

moments responses. (Reprinted with permission from Choe et al. [37].)

the scale function, and γµ and γσ be the two respective penalty parameters.
The objective function is then

min

{
log-lik− γµ

∫
µ′′(t)2dt− γσ

∫
(log σ(t)′′)2dt

}
, (11.19)

where log-lik refers to the log-likelihood function using the training dataset.
Fig. 11.2 presents the estimated functions for the location and scale pa-

rameters using the 600 data pairs in the training set. The shape parameter,
kept constant in the above modeling process, is estimated at −0.0359 for the
edgewise bending moments response and at −0.0529 for the flapwise bending
moments response. In both cases, the resulting GEV distribution exhibits the
pattern of a reverse Weibull distribution.

11.4.2 Sampling from Importance Sampling Densities
The three importance sampling densities, q∗SIS1, q∗SIS2, and q∗BIS in Section 11.3,
all have a normalizing constant in the denominator of their respective expres-
sion. Let us refer to this normalizing constant generically as Cq. Specifically,
Cq = Cq1 in q∗SIS1, Cq = Cq2 in q∗SIS2, and Cq = CqB in q∗BIS. In order to
compute the failure probability estimate using Eq. 11.12 or Eq. 11.16, these
constants need to be numerically evaluated. All the constants involve the in-
tegration of one known function, f(x), and a meta-model function, S(x), so
that a numerical integration routine can compute these constants. In their
study [37], Choe et al. use the MATLAB function quadgk for the numerical in-
tegration whose input is the univariate wind speed. If one has multiple inputs
in x and needs to use a numerical integrator for multivariate inputs, Choe et
al. recommend using mcint.

For drawing samples from the importance density functions, Choe et
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(a) Edgewise moments with l = 9, 300 kNm (b) Flapwise moments with l = 14, 300 kNm

FIGURE 11.3 Empirical SIS1 importance sampling density for both bend-

ing moments responses, overlaid on top of the density function of wind

speed f(x). (Reprinted with permission from Choe et al. [37].)

al. [37] skip the computing of these normalizing constant. They advocate
using an acceptance-rejection algorithm to sample from the respective im-
portance sampling density. The acceptance-rejection algorithm samples a u
from a uniform distribution over the interval of [0, f(x)] and then compares
u with Cq · q∗(x). If u is smaller, then accept x as a valid sample; otherwise,
reject this sample and repeat the sampling action and check again.

Note that the acceptance-rejection condition, u ≤ Cq · q∗(x), does not
involve computing Cq, because Cq · q∗(x) can be determined based on f(x)
and S(x), according to Eqs. 11.15a, 11.17, and 11.18.

11.4.3 The Algorithm
Choe et al.’s algorithm to execute the importance sampling using stochastic
simulators is summarized in Algorithm 11.2. Fig. 11.3 presents the empirical
importance sampling densities of both bending moments responses, overlaid on
top of the original wind speed density f(x). The importance sampling densities
in Fig. 11.3 are obtained by using q∗SIS1. Similar results can be obtained by
using either q∗SIS2 or q∗BIS. One can observe from Fig. 11.3 that the distribution
of samples over the wind spectrum is different under the importance sampling
density versus that under the original wind distribution. Where the high mass
of samples appears depends on the physical mechanism governing the bending
moments response and exhibits close correlation with the trend shown in the
respective plot in Fig. 11.1.
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Algorithm 11.2 Importance sampling algorithm using stochastic simulators.

1. Approximate the conditional POE, S(x), with a meta-model. In the case
of turbine load response, estimate S(x) using a small training dataset
and fit an inhomogeneous GEV distribution model.

2. Select one of the stochastic importance sampling densities and obtain the
set of samples, {xi, i = 1, . . . ,M}, based on the following acceptance-
rejection procedure:

(a) Sample x from the original input distribution, f(x).

(b) Sample a u from the uniform distribution over [0, f(x)].

(c) If u ≤ Cq · q∗(x), return x as an sample drawn from the respective
importance sampling density; otherwise, discard the sample and
draw a new sample of x from f(·).

(d) Repeat the acceptance-rejection check and sampling action until
the prescribed sample size M is reached.

3. For SIS1, determine the allocation size, N∗i , using Eq. 11.15b, for each
xi. For SIS2 and BIS, N∗i = 1.

4. Run the stochastic simulator N∗i times at each xi, i = 1, 2, . . . ,M .

5. Estimate the failure probability using Eq. 11.12 or Eq. 11.16.
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11.5 CASE STUDY
Choe et al. [37] present both a numerical analysis, illustrating various aspects
of the stochastic importance sampling method, and a case study, using the
NREL simulator’s responses to estimate the failure probability and to demon-
strate the computational benefit of using the importance sampling method.

11.5.1 Numerical Analysis
In the numerical analysis, Choe et al. [37] use the following data generating
mechanism

x ∼ N (0, 1),

y|x ∼ N (µ(x), σ2(x)),
(11.20)

where µ(x) and σ(x) in the distribution of y are functions of input x. Specifi-
cally, µ(x) and σ(x) are chosen as

µ(x) = 0.95δx2(1 + 0.5 cos(5x) + 0.5 cos(10x)), and

σ2(x) = 1 + 0.7|x|+ 0.4 cos(x) + 0.3 cos(14x).
(11.21)

To use the stochastic importance sampling densities in Section 11.3, Choe
et al. [37] specify the meta-models used for µ(x) and σ(x), respectively, as

µ̂(x) = 0.95δx2(1 + 0.5ρ cos(5x) + 0.5ρ cos(10x)), and

σ̂(x) = 1 + 0.7|x|+ 0.4ρ cos(x) + 0.3ρ cos(14x),
(11.22)

which are nearly the same as the location and scale functions in Eq. 11.21
but with a ρ inserted to control the accuracy of meta-modeling between µ(x)
and µ̂(x) and between σ(x) and σ̂(x). Both µ(x) and µ̂(x) also include a δ
to control the similarity between the importance sampling density and the
original density function of x.

The simulation parameters are set asNT = 1, 000 andM = 300 when using
SIS1 or simply NT = 1, 000 for using SIS2 and BIS. To assess the uncertainty
of the failure probability estimates, the numerical experiment is repeated 500
times so as to compute the standard error of a failure probability estimate.
The computational efficiency is measured by the relative computational ratio

of NT /N
(CMC)
T , where N

(CMC)
T is the total number of simulation runs required

by a crude Monte Carlo method to achieve a standard error comparable to
that achieved by using the importance sampling method.

The first numerical analysis sets ρ = 1, while choosing δ = 1 or δ =
−1, and running for three failure probabilities, P = 0.1, 0.05, or 0.01. The
analysis outcome is presented in Table 11.1. Choe et al. [37] observe that
the computational benefit of using the stochastic importance sampling, as
indicated by a small relative computational ratio, is more pronounced when
the target probability is smaller, which is a desired property for the importance
sampling method.
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FIGURE 11.4 Sample scatter plots under different δ’s. (Reprinted with

permission from Choe et al. [37].)

The parameter δ affects the critical region where the importance sampling
density function is supposed to draw its samples. In this simulation study,
the critical region is where the large positive y values can be found. When
δ = 1, the critical region is where |x| is large, i.e., at both ends of the input
area and far away from the origin. This choice of δ thus makes the importance
sampling density different from the original density of x, as the original density
centers at zero. The choice of δ = −1 flips the spread of samples vertically.
Consequently, the critical region under δ = −1 is around the origin, so that the
resulting importance sampling density function has a great overlap with the
original density function of x. In other words, δ = −1 makes the importance
sampling density less different from the original density. To appreciate this
effect, please see the sample scatter plots in Fig. 11.4, drawn with δ = 1 and
δ = −1, respectively. Note how much in each case, or how much less, the
positive tails overlap with the area around the origin.

When the importance sampling density is different from the original den-
sity, the computational gain by using the importance sampling method is
supposed to be more substantial. This is confirmed by the analysis outcome
in Table 11.1, where the computational benefit is greater when δ = 1 than
that when δ = −1.

In the second analysis, Choe et al. [37] vary ρ in µ̂(x) and σ̂(x) so that the
meta-model may deviate from the respective true function. Table 11.2 presents
the analysis result for ρ = 1, 0.50, and 0. The standard error of the failure
probability estimate does increase as ρ decreases, but the rate of increase for
SIS1 and SIS2 is slower than that for BIS. The slowest increase is witnessed
in the case of SIS2, whose standard error increases about 67% from a perfect
meta-model (when ρ = 1) to a meta-model substantially different from the
original model (when ρ = 0), whereas the standard error increases three times
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TABLE 11.1 Estimates of the failure probability and the
associated standard errors (ρ = 1).

δ = 1

P = 0.10 P = 0.05 P = 0.01

SIS1
Average estimate 0.1004 0.0502 0.0100
Standard error 0.0068 0.0039 0.0005

NT /N
(CMC)
T 51% 32% 2.5%

SIS2
Average estimate 0.0999 0.0501 0.0100
Standard error 0.0069 0.0042 0.0006

NT /N
(CMC)
T 53% 37% 3.6%

BIS
Average estimate 0.1002 0.0505 0.0101
Standard error 0.0089 0.0068 0.0014

NT /N
(CMC)
T 88% 97% 20%

CMC
Average estimate 0.1005 0.0506 0.0100
Standard error 0.0092 0.0070 0.0030

δ = −1

P = 0.10 P = 0.05 P = 0.01

SIS1
Average estimate 0.1001 0.0500 0.0100
Standard error 0.0090 0.0062 0.0026

NT /N
(CMC)
T 90% 81% 68%

SIS2
Average estimate 0.1001 0.0500 0.0099
Standard error 0.0086 0.0064 0.0028

NT /N
(CMC)
T 82% 86% 79%

BIS
Average estimate 0.1009 0.0503 0.0101
Standard error 0.0095 0.0067 0.0031

NT /N
(CMC)
T 100% 95% 97%

CMC
Average estimate 0.1005 0.0498 0.0100
Standard error 0.0096 0.0071 0.0031

Source: Choe et al. [37]. With permission.
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TABLE 11.2 Effect of ρ on failure probability estimate
(δ = 1 and P = 0.01).

ρ

1.00 0.50 0

SIS1
Average estimate 0.0100 0.0100 0.0101
Standard error 0.0005 0.0008 0.0017

SIS2
Average estimate 0.0100 0.0101 0.0100
Standard error 0.0006 0.0007 0.0010

BIS
Average estimate 0.0101 0.0100 0.0102
Standard error 0.0014 0.0018 0.0063

CMC
Average estimate 0.0099 0.0099 0.0099
Standard error 0.0030 0.0030 0.0030

Source: Choe et al. [37]. With permission.

in the case of SIS1 and four and a half times in the case of BIS. Choe et al.
state that SIS2 is less sensitive to the quality of meta-modeling, making SIS2
a robust, and thus favored, choice in the applications of importance sampling.
While the standard errors of SIS1 and SIS2 remain substantially smaller than
that of CMC even when ρ = 0, the standard error of BIS grows exceeding,
and in fact, more than doubling, that of CMC at ρ = 0, indicating that the
approach disregarding the stochasticity in a stochastic simulator’s response
has serious drawbacks.

Recall that the deterministic importance sampling density in Eq. 11.8 leads
to a failure probability estimate of zero variance. It is also mentioned in Sec-
tions 11.3.1 and 11.3.2 that when the response of a stochastic simulator be-
comes less variable under a given input, the two stochastic importance sam-
pling densities reduce to a deterministic importance sampling density. Putting
the two pieces of information together, one expects to see failure probability
estimates of much smaller standard errors when SIS1 and SIS2 are used on
less variable stochastic simulators.

To show this effect, Choe et al. [37] devise a numerical experiment in their
third analysis, in which they change σ(x) in Eq. 11.21 to

σ2(x) = τ2, (11.23)

while keeping µ(x) unchanged. Choe et al. vary τ to control the variability in
the response of the simulator. Fig. 11.5 visualizes the variability in response
under three values of τ . Comparing the spread of data samples for a given x
value demonstrates that the variability in the response when τ = 0.5 is much
smaller than that when τ = 8.

Table 11.3 presents the failure probability estimates and the associated
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FIGURE 11.5 Sample scatter plots under different τ ’s. (Reprinted with

permission from Choe et al. [37].)

TABLE 11.3 Effect of randomness in the simulator’s response on the
failure probability estimate (ρ = 1, δ = 1 and P = 0.01).

τ

0.50 1.00 2.00 4.00 8.00

SIS1
Average estimate 0.0102 0.0101 0.0101 0.0102 0.0100
Standard error 0.0001 0.0001 0.0005 0.0021 0.0028

SIS2
Average estimate 0.0102 0.0101 0.0101 0.0104 0.0100
Standard error 0.0001 0.0002 0.0006 0.0023 0.0028

Source: Choe et al. [37]. With permission.

standard errors. It is evident that when τ gets smaller, the standard errors of
the failure probability estimates, resulting from both stochastic importance
sampling methods, get close to zero quickly.

11.5.2 NREL Simulator Analysis
Choe et al. [37] employ the stochastic importance sampling method to estimate
the failure probability using the NREL simulators. Both edgewise bending
moments and flapwise bending moments are studied. There are two design load
levels used, which are l = 8, 600 kNm and l = 9, 300 kNm for edgewise bending
moments, and l = 13, 800 kNm and l = 14, 300 kNm for flapwise bending
moments. The two load levels are chosen so that they correspond roughly
to the failure probability of P = 0.05 and P = 0.01, respectively. The total
computational runs set for the two design levels are, respectively, NT = 1, 000
and NT = 3, 000 for the edgewise bending moments response and NT = 2, 000
and NT = 9, 000 for the flapwise bending moments response. When using
the same number of computational runs, the average estimates of the failure
probability by the three importance sampling methods are comparable but
their standard errors are different. Using SIS1 leads to the smallest standard
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error, whereas using BIS sees a sizeable increase in the resulting standard
error.

To assess the computation required for the crude Monte Carlo method
to attain the same level of estimation accuracy, one could run the simula-
tors a sufficient number of times, as one has run the simulator under the
importance sampling method. Running the NREL simulator takes about one
minute, not much for a single run. The difficulty is that a crude Monte Carlo
method needs sometimes more than 60,000 runs of simulation to attain the
same level of estimation accuracy as the importance sampling method does.
Sixty thousand NREL simulator runs would take more 40 days to complete,

too time consuming to be practical. For this reason, N
(CMC)
T is computed by

using Eq. 11.3 without actually running the NREL simulators under CMC.
To compute NT , one plugs in the standard error attained by the importance
sampling method and the target probability value, P (note that in Eq. 11.3,
V ar[P̂CMC] is the square of the standard error). Taking the edgewise bending
moments as an example, CMC needs about 11,000 runs to attain the same
estimation accuracy attained in 1,000 runs for l = 8, 600 kNm by the impor-
tance sampling method using SIS2, or about 51,000 runs for l = 9, 300 kNm,
as compared to 3,000 runs needed by the importance sampling method using
SIS2. When compared with the importance sampling method using SIS1, the
two run numbers become 18, 000 and 61, 000, respectively.

Tables 11.4 and 11.5 present, respectively, the failure probability estimates
for edgewise and flapwise bending moments. In the tables, the standard er-
ror is computed by repeating the computer experiments 50 times. The 95%
confidence intervals of the standard error are obtained by running a boot-
strap resampling and using the bootstrap percentile interval [55]. In general,
SIS1 performs the best but SIS2 performs rather comparably. Both SIS1 and
SIS2 outperform BIS by a noticeable margin. Both SIS1 and SIS2 use only
a fraction of simulation runs that would be needed by CMC in the case of
estimating the failure probability for edgewise bending moments. The compu-
tational benefit in the case of flapwise bending moments is not as pronounced
as in the case of edgewise bending moments, primarily because the impor-
tance sampling densities are not as much different from the original density
f(·) in the case of flapwise bending moments. Still, even for flapwise bending
moments, the computation needed by SIS1 is only about one-third of what is
needed for CMC.

It is interesting to observe the appreciable difference between the stochastic
importance sampling methods and BIS, especially between SIS2 and BIS.
Looking at Eqs. 11.17 and 11.18, one notices that the density functions are
rather similar. The normalizing constants are different, but that difference
does not affect the sampling process outlined in Algorithm 11.2. The essential
difference is in the numerator, where SIS2 uses a

√
S(x), while BIS uses

S(x) without taking the square root. That simple action apparently makes
a profound difference, as SIS2 is more efficient and requires fewer simulation
runs than BIS does, for achieving a comparable standard error. Comparisons
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TABLE 11.4 Estimates of the failure probability and the
associated standard errors for edgewise bending moments.

Method
l = 8, 600, NT = 1, 000

Average Standard error
NT /N

(CMC)
Testimate (95% bootstrap CI)

SIS1 0.0486 0.0016 5.5%
(0.0012, 0.0020)

SIS2 0.0485 0.0020 8.7%
(0.0016, 0.0024)

BIS 0.0488 0.0029 18%
(0.0020, 0.0037)

Method
l = 9, 300, NT = 3, 000

Average Standard error
NT /N

(CMC)
Testimate (95% bootstrap CI)

SIS1 0.00992 0.00040 4.9%
(0.00032, 0.00047)

SIS2 0.01005 0.00044 5.9%
(0.00036, 0.00051)

BIS 0.00995 0.00056 9.6%
(0.00042, 0.00068)

Source: Choe et al. [37]. With permission.
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TABLE 11.5 Estimates of the failure probability and the
associated standard errors for flapwise bending moments.

Method
l = 13, 800, NT = 2, 000

Average Standard error
NT /N

(CMC)
Testimate (95% bootstrap CI)

SIS1 0.0514 0.0028 32%
(0.0022, 0.0033)

SIS2 0.0527 0.0032 42%
(0.0025, 0.0038)

BIS 0.0528 0.0038 59%
(0.0030, 0.0044)

Method
l = 14, 300, NT = 9, 000

Average Standard error
NT /N

(CMC)
Testimate (95% bootstrap CI)

SIS1 0.01070 0.00061 32%
(0.00047, 0.00074)

SIS2 0.01037 0.00063 34%
(0.00046, 0.00078)

BIS 0.01054 0.00083 59%
(0.00055, 0.00110)

Source: Choe et al. [37]. With permission.
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presented in Table 11.2 also show that SIS2 is more robust than BIS against,
or less sensitive to, the meta-model’s misspecification.

Fig. 11.6 presents a comparison of the two density functions. The original
density function of wind speed, f(·), is also shown in Fig. 11.6. Not surpris-
ingly, the concentration of f(·) does not coincide with the critical region. It
turns out that BIS is able to focus on the correct sampling region. As com-
pared with SIS2, however, BIS’s focus is a bit too narrow and that action
back fires. The square-root operation used in SIS2 appears crucial to attain
the right balance in the bias (where to focus) versus variance (how narrowly
to focus) tradeoff.

One more note is regarding the level of the target failure probability used
in the case study. In Section 11.2.1, we cite a target failure probability at
the level of 10−5, but in the case study, the target probability is at or larger
than 0.01. The reason that a smaller probability is not used is because doing so
demands many more simulation runs than a numerical analysis could tolerate.
Consider an importance sampling method that uses one percent of the runs
required by CMC, for achieving the desired estimation accuracy for a target
failure probability of P = 10−5. As calculated in Section 11.2.1, CMC would
need 6.7× 107 simulation runs, and one percent of the CMC simulations is to
run the simulator 6.7×105 times. When each simulator run takes one minute,
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as opposed to one second, it takes more than a year to run the simulator that
many times. In practice, in order to estimate the small failure probability for
a turbine’s 20-year or 50-year service, an iterative procedure, in the spirit
of Algorithm 11.1, together with parallel computation taking advantage of
multiple CPU cores, is inevitable. These solution approaches are in fact being
actively pursued in ongoing research.

GLOSSARY
BIS: Benchmark importance sampling

CI: Confidence interval

CMC: Crude Monte Carlo

CPU: Central processing unit

DEVS: Discrete event system specification

DIS: Deterministic importance sampling

EOI: Events of interest

GAMLSS: Generalized additive model for location, scale, and shape

GEV: Generalized extreme value

IEC: International Electrotechnical Commission

IS: Importance sampling

MARS: Multivariate adaptive regression splines

NREL: National renewable energy laboratory

POE: Probability of exceedance

SIS: Stochastic importance sampling

EXERCISES
11.1 Prove the expectation and variance formulas in Eq. 11.3, which are about

a crude Monte Carlo method’s ability to estimate a failure probability.

11.2 Derive Eq. 11.7, the variance expression for the importance sampling
method using a deterministic computer simulator.

11.3 The Kullback-Leibler distance between a pair of density functions, g(·)
and h(·), is defined as

D(g, h) = Eg
[
ln
g(x)

h(x)

]
=

∫
g(x) ln g(x)dx−

∫
g(x) lnh(x)dx.

(P11.1)
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The cross-entropy between the same two density functions is defined as

H(g, h) = Eg [− lnh(x)] = −
∫
g(x) lnh(x)dx. (P11.2)

The entropy function of g(·) is the cross-entropy between g(·) and itself,
i.e., H(g, g).

a. Express the Kullback-Leibler distance using an entropy and a cross-
entropy.

b. In Algorithm 11.1, our objective is to minimize the distance between
q∗(x) and f(x,v), in order to choose v, where q∗ is the optimal
importance sampling density to be solved for. Show that the mini-
mization of D(q∗, f) is the same as maximizing −H(q∗, f), the neg-
ative cross-entropy between the two density functions. This is why
the algorithm is referred to as a cross-entropy method.

c. Prove that Eq. 11.10 is meant to minimize the D(q∗, f) or maximize
−H(q∗, f) (through their empirical counterparts).

11.4 Derive Eq. 11.14, the variance expression of the failure probability esti-
mate, P̂SIS1.

11.5 Derive the optimal density, q∗SIS1, and the optimal allocation, N∗i , in
Eq. 11.15.

11.6 Prove that the variance of P̂SIS2 takes the following expression.

V ar
[
P̂SIS2

]
=

1

NT

(
Ef [S(x)L(x)]− P (z > l)2

)
. (P11.3)

11.7 Derive the optimal density, q∗SIS2, in Eq. 11.17.

11.8 Using the data pairs in the training set, build a kriging-based meta-
model, S(x). For this purpose, please use the ordinary kriging model in
Eq. 3.8 without the nugget effect. Establish a kriging meta-model for
the edgewise bending moments response and another for the flapwise
bending moments response.

11.9 Using the meta-models created in Exercise 11.8 and draw wind speed
samples using the importance sampling density functions. Plot the em-
pirical distribution of the resulting samples and overlay them on top of
the original wind speed samples; the same is done in Fig. 11.3. Observe
the empirical distributions and compare them with their counterparts
in Fig. 11.3.
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11.10 Let us modify the location function and the associated meta-model in
Eqs. 11.21 and 11.22 to the following:

µ(x) = 0.95x2(1 + 0.5 cos(10νx) + 0.5 cos(20νx)), and

µ̂(x) = 0.95βx2(1 + 0.5 cos(10νx) + 0.5 cos(20νx)),
(P11.4)

where β is the scaling difference between the two functions, while ν
controls the roughness of the location function. When ν = 0, the location
function and its meta-model reduce to a quadratic function of x.

a. Set the target failure probability P = 0.01 and the roughness pa-
rameter ν = 0.5. Investigate the effect of β on the failure probability
estimate. Try for β = 0.90, 0.95, 1.00, 1.05, and 1.10. For each of the
β values, produce the average and standard error of the failure prob-
ability estimate for four methods, SIS1, SIS2, BIS, and CMC.

b. Set P = 0.01 and β = 1. Investigate the effect of ν on the failure
probability estimate. Try for ν = 0, 0.50, and 1.00. Same as in part
(a), produce the average and standard error of the failure probability
estimate for four methods, SIS1, SIS2, BIS, and CMC.



C H A P T E R 12

Anomaly Detection and
Fault Diagnosis

L
oad assessment, as introduced in Chapters 10 and 11, definitely plays an
important role in wind turbine reliability management. But load assess-

ment addresses a specialized category of problems and faults, which happen
as a result of excessive mechanical load. A wind turbine generator is a com-
plex system, comprising a large number of electro-mechanical elements. Many
other types of operational anomalies and faults could happen and do take
place. This is the reason that we dedicate the last chapter to the general topic
of anomaly detection and fault diagnosis. Anomaly detection techniques are
supposed to identify anomalies from loads of seemingly homogeneous data and
lead analysts and decision makers to timely, pivotal and actionable informa-
tion. It bears a high relevance with the mission of reliability management for
wind turbines.

In this chapter, we could not run the case study using wind turbine fault
data. Instead, the methods introduced in the chapter are demonstrated using
a group of publicly accessible benchmark datasets, plus a hydropower plant
dataset.

12.1 BASICS OF ANOMALY DETECTION
12.1.1 Types of Anomalies
Loosely speaking, anomalies, also referred to as outliers, are data points or a
cluster of data points which lie away from the neighboring points or clusters
and are inconsistent with the overall pattern of the data. A universal defini-
tion of anomaly is difficult to come by, as what constitutes an anomaly often
depends on the context.

Goldstein and Uchida [77] illustrate a few different types of anomalies;
please see Fig. 12.1. Points A1 and A2 are referred to as the global point-

331
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FIGURE 12.1 Illustration of different types of anomalies. (Source: Gold-

stein and Uchida [77].)

wise anomalies, as they are far away from the existing data points and data
clusters. Point A3 is referred to as a local pointwise anomaly, because, globally,
this point is closer to the data cluster C2 than to many other data points
and data clusters, but locally and relative to C2, it is away from the rest of
data points in that cluster. The data clusters, C2 (including A3) and C3, are
considered as the collective anomalies or anomalous clusters, referring to the
situation when a whole set of data behaves differently from the other regular
clusters or data points. Of course, one can argue that should we deem C2 to
represent the normal operation conditions, the cluster, C1, is the anomalous
cluster. That is certainly possible. Absent strong prior knowledge suggesting
otherwise, however, the anomalies are always treated as the minority cases
in a dataset. Such treatment makes intuitive sense for especially engineering
systems, because if the faults and anomalies become more numerous than the
supposedly normal operation conditions, the said system is definitely in need
of a redesign or an overhaul.

The complexity in defining anomalies translates to the challenges faced in
anomaly detection. Methods for detecting anomalous clusters have a strong
connection with the research in the field of clustering [86, Section 14.3] and
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community detection [66, 154]. But in this chapter, our main focus is on the
pointwise anomalies.

A branch of research relevant to anomaly detection is the field of statis-
tical process control (SPC) or statistical quality control (SQC) [147]. SPC
considers a time series response from a process that has a natural, under-
lying randomness and aims to detect a change that is deemed substantially
greater than the inherent fluctuation of the underlying process. SPC methods
are usually manifested in a control chart, a run chart with the horizontal axis
representing the time and the vertical axis representing the response or a test
statistic computed out of the response.

Fig. 12.2 presents two types of anomalies often encountered in the SPC
literature. The left-hand plot of Fig. 12.2 shows a spike type of change. The
right-hand plot shows a sustained mean shift—in this particular case, the
process response increases substantially at time t0 and stays there for the
next period of time, until a new change happens in the future. This time
instance, t0, is called a change point, and for this reason, SPC methods are
part of the change-point detection methods.

The two types of changes correspond naturally to the pointwise anoma-
lies and the clustered anomalies. Apparently, the spike type of change is a
pointwise anomaly, whereas the sustained mean shift partitions the dataset
into two clusters of different operational conditions, one being normal and the
other being anomalous. To represent both types of change detection, the term
anomaly detection, also labeled as novelty detection or outlier detection, is
often used together with the term change detection, creating the expression
change and anomaly detection. The subtle difference between change detec-
tion and anomaly detection lies in the different types of changes or anomalies
to be detected.

To detect a change or an anomaly, the SPC approaches rely on a statistical
hypothesis test to decide if a mean shift or a spike comes from a statistically
different distribution. The distribution in question is typically assumed to be,
or approximated by, a Gaussian distribution. The detection mission can thus
be reduced to detecting whether the key distribution parameter, either the
mean or the variance (or both), is different, with a degree of statistical signif-
icance, from that of the baseline process. A control chart runs this statistical
hypothesis test repeatedly or iteratively over time, comparing the newly ar-
rived observations with the control limits, i.e., the decision limits, that are
established according to the chosen degree of statistical significance, and trig-
gering an anomaly alarm when something exceeds the control limits.

12.1.2 Categories of Anomaly Detection Approaches
Goldstein and Uchida [77] categorize anomaly detection approaches in three
broad branches, depending on the availability and labeling of the data in a
training set.

The first category is supervised anomaly detection, when one has appropri-
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FIGURE 12.2 Control charts, change-point detection, and two types of

anomalies.

ately labeled training data in advance, both normal and anomalous instances,
so that analysts can train a model based on these labeled data and use the
model to decide the labels of future data. This is in fact the classical two-class
classification approach, and many of the data science methods introduced in
the early part of this book can be used for this purpose, including SVM, ANN,
kernel regression and classification, MARS, CART, among others. While using
the two-class approaches for anomaly detection, analysts need to be mindful
of the imbalance nature of the data instances in the training set. Understand-
ably, the anomalies are far fewer than the normal instances. This data imbal-
ance issue has received considerable attention and is still an active research
topic [29, 35, 167].

The second category is known as semi-supervised anomaly detection, in
which one has only the normal instances and no anomalous data. The idea
is to employ the normal data to train a model and create a decision bound-
ary enclosing the normal data. The approach classifies future observations as
anomalies if they fall outside the decision boundaries. In other words, the
semi-supervised anomaly detection is to define what constitutes the normalcy
and treats anything that deviates from the normalcy as anomalies. One-class
SVM [196] falls under this category. Park et al. [159] develop a non-parametric
semi-supervised anomaly detection method which is proven to be asymptoti-
cally optimal. Park et al. show that under the Gaussianity assumption, their
optimal detection method reduces to a Hotelling’s T 2, a popular method used
in SPC [147, Section 11.3].

The most difficult scenario is the absence of any labels for the data or
the inability to assume that all data points are normal. As a result, it is not
possible to conduct a supervised training. One therefore has to rely entirely
on the structure of the dataset and to detect the anomalies in an unsupervised
manner. This last category is known as unsupervised anomaly detection.

The SPC methods are commonly considered as a method of semi-
supervised anomaly detection, as the control limits used in the control charts
are based on the normal condition data, known as the in-control data in
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the SPC vernacular. But an SPC procedure usually starts with a dataset for
which one cannot guarantee all data instances are normal. This creates the
desire of separating change and anomaly detection into two stages: Phase I
and Phase II. Phase I is to separate the anomalous cases from the normal
majority, whereas Phase II uses the normal majority to establish a decision
boundary, or control limits, to flag an incoming observation if it is deemed
anomalous. In this sense, Phase I in an SPC procedure is unsupervised, while
Phase II is semi-supervised.

Our focus in this chapter is unsupervised anomaly detection. The relevance
of an unsupervised anomaly detection is evident not only to the wind industry
but to many engineering systems, instrumented with various types of sensors
on many components or subsystems. When a service and maintenance engineer
suspects that there is a malfunction in a turbine, she/he extracts a dataset
from the control system that contains the collected sensor data for that turbine
for a selected period of time (weeks, months, or even years), and then stores
the data in a relational database or simply in a CSV file for further analysis.
Staring at the spreadsheet of data, a service and maintenance engineer often
wonders if there is an automated, efficient way to isolate the anomalies from
the rest of the data. The historical data in the spreadsheet have almost surely
both normal condition data and anomalies. It is just that the service and
maintenance engineers do not know which is which. An unsupervised anomaly
detection is meant to answer the call.

12.1.3 Performance Metrics and Decision Process
To assess the performance of an anomaly detection method, the usual type-I
error versus type-II error trade-off applies. The type-I error, also known as
false alarms or false positives, is when the underlying truth of the instance
is normal, but the method nonetheless flags it as an anomaly. The type-II
error, on the other hand, is when the underlying truth of the instance is an
anomaly, but the method fails to flag it. The type-II error is also referred to
as missed detections or false negatives. The trade-off between the two types of
error says that with all other conditions and parameters held unchanged, one
type of error can only be reduced at the expense of increasing the other type
of error. Of course, it is possible to reduce both types of errors, but doing so
calls for more capable methods or more resources like a larger sample size.

In the mission of anomaly detection, the desire to have a higher detection
capability, or equivalently, a smaller type-II error, often triumphs a small type-
I error. The fundamental reason is because an anomaly detection method is
useful only if it can detect something. A method that rarely detects is utterly
useless no matter how nice a property it has in terms of the false positive rate.
In the meanwhile, if a detection method triggers too many false alarms, it will
eventually become a nuisance and will be turned off in practice.

One common practice in maintaining a healthy trade-off between these two
errors for anomaly detection is to set a cut-off threshold, say, No, and let an
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anomaly detection method rank the data from being most likely anomalous to
being least likely so. The top No ranked data instances are flagged as anoma-
lies, whereas the rest are treated as normal. Once No is given, a commonly
used performance metric is the precision at No (P@No) [30], defined as the
proportion of correct anomalies identified in the top No ranks, such as

P@No =
#{oi ∈ O | rank(oi) ≤ No}

No
, (12.1)

where O is the set of true anomalies and oi is the i-th element in the ranked
dataset, according to their likelihood of being an anomaly. A small rank value
implies a higher likelihood, so the most likely instance has a rank(oi) = 1.

Under a given No, the goal is to have as high a P@No as possible. When
No is the number of true anomalies, the number of false positives or false
alarms is simply No − No × P@No. In reality, the number of true anomalies
is not known. Still, a high detection rate at No strongly implies a lower false
positive rate. For this reason, one does not always present the false positive
rate separately.

Without knowing the number of true anomalies, one practical problem is
how to set the cut-off threshold No. A good practice is to set No to be larger
than the perceived number of anomalies but small enough to make the subse-
quent identification operations feasible. The rationale behind this choice lies
in the fact that the false positive rate for anomaly detection problems is gen-
erally high, especially compared to the standard used for supervised learning
methods. Despite a relatively high proportion of false positives, anomaly de-
tection methods can still be useful, particularly used as a pre-screening tool.
By narrowing down the candidate anomalies, it helps human experts a great
deal to follow up with each circumstance and decide how to take a proper
action or deploy a countermeasure. A fully automated anomaly detection is
not yet realistic, due to the challenging nature of the problem. Therefore, a
useful pre-screening tool, as the current anomaly detection offers, is valuable
in filling the void, while analysts strive for the ultimate, full automation goal.

Not only is the number of true anomalies not known in practice, which
data instance is a genuine anomaly is also unknown, as the dataset itself
is unlabeled and finding out the anomalous instances is precisely what the
method intends to do. Verifying the detection accuracy has to rely on another
layer of heightened scrutiny, be it a more expensive and thus more capable
detection instrument or method or a laborious and time-consuming human
examination. In Section 12.6, we use a group of 20 benchmark datasets for
which the true anomalies are known, plus a hydropower data for which the
anomalies are verified manually by domain experts.

12.2 BASICS OF FAULT DIAGNOSIS
Detecting an anomaly is an important first step to inform proper actions to
respond. Sometimes, the response or countermeasure needed could be obvious,
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once the nature of the anomaly is revealed, but oftentimes, the anomaly just
reveals the symptom of the problem. Yet multiple root causes may lead to the
same symptom, so that a diagnostic follow-up is inevitable. This is very much
analogous to medical diagnosis. A high body temperature and sore throat are
anomalous symptoms on a healthy person. But a large number of diseases can
cause these symptoms. Deciding what specific pathogen causes the symptoms
is necessary before a proper medicine can be administrated to cure the illness.

Diagnosis of engineering systems relies heavily on the knowledge of the
systems and know-how of their operations. The diagnostic process can hardly
be fully automatic. Rather it is almost always human experts driven and
could be labor intensive. But data science methods can facilitate the diag-
nostic process. For instance, a data science method can help find out which
variables contribute to the anomalies and provide a pointed interpretation of
each anomaly, thus aiding the domain expert to verify the root causes and fix
them, if genuine. In this section, we present two commonly used diagnosis-
aiding approaches: diagnosis based on supervised learning and visualization,
and diagnosis based on signature matching.

12.2.1 Tree-Based Diagnosis
One immediate benefit of anomaly detection is that the outcomes of the de-
tection can be used to convert the original unsupervised learning problem into
a supervised learning problem. Suppose that the anomaly detection method
does an adequate job, analysts can then label the data instances in the training
set, according to their respective detection outcome. With the labeled dataset,
many supervised learning methods can be used to extract rules or find out
process variable combinations leading to the anomalous conditions.

The application of supervised learning methods is rather straightforward.
While various methods can be used for this purpose, tree-based methods, like
CART, are popular, due to its ability to visualize what leads to the anomalous
outcomes. CART produces the learning outcomes in the fashion of mimick-
ing a human-style decision-making process, which is another reason behind
engineers’ fondness of using this tool.

In the hydropower plant case, to be discussed in Section 12.6.2, after the
anomalies are detected, a CART is built to facilitate the diagnosis process.
While the bulk detail of that case study is to be discussed later, let us present
the CART’s learning outcome in Fig. 12.3.

From the resulting tree in Fig. 12.3, one can see that using the variables
Oil Temperature of Bearing 4, Air Pressure, Turbine Vertical Vibration and
Delta Oil temp - Air Temp of Bearing 1 can correctly classify 25 anomalies
based on the proper combination of their conditions. One such condition is
when the oil temperature of bearing 4 is less than 27.216 degrees Celsius,
the turbine generator almost surely behaves strangely. This condition consis-
tently leads to eleven anomalous observations. Such specific information can
certainly help domain experts go to the right components and subsystems
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FIGURE 12.3 CART model based on anomaly detection and to be used

to facilitate the diagnostic process. (Reprinted with permission from

Ahmed et al. [4].)

to perform a follow-up and authenticate the root cause. The pertinent pro-
cess conditions revealed by the CART model expedite the diagnostic process
because the domain experts or the maintenance engineers save the effort of
sifting through the large number of variables and data records to find and
locate such conditions.

12.2.2 Signature-Based Diagnosis
The idea of signature-based diagnosis is intuitive. A signature library is built
to store unique signatures of certain forms that have been associated with
specific root causes or faults. If the data collected from ongoing operations
can reveal the fault signature lurking in the current process, comparing the
estimated signature with the ones in the signature library leads naturally
to the identification of the responsible root cause, fulfilling the task of fault
diagnosis.

While an intuitive idea, the specifics behind how to build the signature
library and how to estimate the signature for ongoing operations can become
involved. There is no universal definition of what constitutes a signature. A
particular harmonics in the vibration signal resulting from gearbox rotations
or the trace of a type of metallic ingredient in the lubricant oil can be signa-
tures sought after. On the other hand, a signature may not be in plain sight
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but needs to be worked out by building a mathematical model first. Invariably,
the signature library building process is performed offline, while the signature
estimation is conducted online, in a fashion similar to Fig. 9.4, in which one
can replace “offline optimization” with “offline signature library” and “online
control” by “online signature estimation.”

The signature-based diagnosis approach has been successfully applied in
many other industries, such as in the automotive assembly process [49]. The
approach is general enough. With a similar model built for a wind turbine
system, the method is applicable to the wind energy applications.

Let us briefly explain how the model-based signature matching works. For
the sake of simplicity, let us consider a system whose input and output can
be linked through a linear model, such as

y = Hx+ ε, (12.2)

where y and x are the outputs and inputs, ε is assumed to be a Gaussian
noise, and H is the system matrix capturing the input-output relationship.
This equation in fact looks similar to the observation equation in Eq. 2.37,
except that the one in Eq. 2.37 has a univariate output, whereas the model
above has a multivariate response.

Assume ε ∼ N (0, σ2
εI). Then, taking the variance of both sides of Eq. 12.2

and furthermore assuming independence between x and ε, one has

Σy = HΣxHT + σ2
εI. (12.3)

Suppose that one of the elements in x, say, xi, is malfunctioning. As a result,
xi creates a substantially large variation source of the magnitude of σ2

i . As-
sume that all other elements in x are properly functioning and thus have zero
variance, or a variance so small relative to σ2

i that it can be approximated by
zero. As such,

Σx =



0
. . .

σ2
i

. . .

0

 . (12.4)

Substituting the above Σx into Eq. 12.3, one gets

Σy = σ2
i hih

T
i + σ2

εI, (12.5)

where hi is the i-th column of H.
With the presence of a systematic fault, the magnitude of the background

noise, measured by σ2
ε , is supposed to be much smaller than that of the fault,

σ2
i ; otherwise, the fault may not be a real fault, or it may not be detectable.

Aware of this, let us approximate Eq. 12.5 by dropping the term of the back-
ground noise. So the approximation reads

Σy ' σ2
i hih

T
i . (12.6)
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What Eq. 12.6 implies is that hi is an eigenvector of Σy. To see this,
applying Σy to hi, one gets

Σyhi = σ2
i hih

T
i hi = λihi, (12.7)

where λi is the corresponding eigenvalue, taking the value of λi = σ2
i ‖hi‖22. Of

course, when there exists background noise, the noise’s presence may create
some perturbation to the eigenvector pattern. In the special case of having an
uncorrelated noise (so that the noise covariance matrix is of the form σ2

εI),
the eigenvector pattern will not be affected; just that the magnitudes of the
eigenvalues change (see Exercise 12.2).

The above analysis leads to the signature-based diagnosis procedure sum-
marized in Algorithm 12.1. In an eigenvalue analysis, most commercial soft-
ware produces the set of eigenvectors in Step 5 to be unit vectors. To facilitate
the comparison in Step 7, it is a good idea to normalize the column vectors
in H while creating the signature library.

Algorithm 12.1 Linear modeling and signature-based fault diagnosis.

1. Establish a linear model as in Eq. 12.2 for the engineering system of
interest.

2. The library of the fault signatures can be formed by taking the column
vectors of the system matrix H. This modeling process is conducted
offline and based on physical and engineering principles governing the
said system.

3. During the online process, collect the data of the response, y.

4. Calculate its sample covariance matrix Sy and use it as the estimation
of Σy.

5. Compute the eigenvalues and eigenvectors of Sy.

6. Locate the eigenvector corresponding to the largest eigenvalue. This
eigenvector is the estimated fault signature.

7. Compare the eigenvector located in Step 6 with the column vectors in the
signature library. A statistical test is usually necessary, due to the pres-
ence of background noise and the use of the sample covariance matrix
Sy. Identify the fault source based on a signature matching criterion.

12.3 SIMILARITY METRICS
In both anomaly detection and fault diagnosis, a central question is how to
define the similarity (or dissimilarity) between data instances. It is evident
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that without a similarity metric, it is impossible to entertain the concept
of anomaly, as being anomalous means different, and a data instance is an
anomaly because it is so substantially different from the rest of instances in
a group. The similarity metric is equally crucial in the mission of diagnosis.
For the supervised learning-based approach, the similarity metric is embedded
in the loss functions. For the signature-based approach, a similarity metric is
used explicitly to decide the outcome in the matching and comparison step.
We discuss in this section a few schools of thoughts concerning the similarity
metrics.

12.3.1 Norm and Distance Metrics
In an n-dimensional vector space, Hn×1, the length of a vector or the distance
between two points is defined through the concept of norm, which is a function
mapping from the vector space to the nonnegative half of the real axis, i.e.,

Hn×1 7−→ [0,+∞).

Consider a vector x. Its p-norm, p ≥ 1, is defined as

‖x‖p := (|x1|p + |x2|p + . . .+ |xn|p)
1
p . (12.8)

When p = 2, the above definition is the 2-norm, also known as the Euclidean
distance, that we use repeatedly throughout the book. When p = 1, the above
definition gives the 1-norm, also nicknamed the Manhattan distance. The
definition of a p-norm is valid when p =∞, known as the ∞-norm, defined as

‖x‖∞ := max{|x1|, |x2|, . . . , |xn|}. (12.9)

When 0 < p < 1, the expression in Eq. 12.8 is no longer a norm, because
the triangular inequality condition, required in the definition of a valid norm,
is not satisfied. When p = 0, the expression in Eq. 12.8 is called the 0-norm,
which is also not a valid norm. Nevertheless, analysts use the 0-norm as a
convenient notation to denote the number of non-zero elements in a vector.

The norm, ‖x‖p, is the length of vector x and can be considered as the
distance between the point, x, and the origin. For two points in the vector
space, xi and xj , the distance between them follows the same definition as in
Eq. 12.8 or Eq. 12.9 after replacing x by xi − xj .

The p-norm has a nice geometric interpretation. Fig. 12.4 illustrates the
boundaries defined by ‖x‖p = 1 in a 2-dimensional space. The boundary of
the 1-norm, ‖x‖1 = 1, is the diamond shape, that of the 2-norm, ‖x‖2 = 1, is
the circle, and that of the∞-norm, ‖x‖∞ = 1, is the square. When p > 2, the
boundary is a convex shape between the circle and the square. When p < 1,
even though ‖x‖p is no longer a proper norm, the boundary of ‖x‖p = 1 can
be visualized on the same plot, as the concave shapes inside the diamond.

The 2-norm, corresponding to the Euclidean distance, is the shortest dis-
tance between two points in a Euclidean space. This 2-norm metric measures
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FIGURE 12.4 Boundaries defined by ‖x‖p = 1.

the distance in our daily sense. It is widely used in many machine learning and
data science methods as the metric defining the loss functions. It is arguably
the most widely used similarity metric in anomaly detection.

12.3.2 Inner Product and Angle-Based Metrics
A similarity metric can also be defined as the angle between two vectors.
This angle-based metric is particularly popular in the signature-based fault
diagnosis.

To define the angle, the concept of inner product needs to be added to a
vector space. In an n-dimensional vector space, Hn×1, the inner product of
two vectors, x and y, is defined as

〈x,y〉 := xTy =
n∑
i=1

xiyi, (12.10)

where 〈·, ·〉 is the notation used to denote an inner product. Given this defini-
tion, it is established that 〈x,x〉 = ‖x‖22.

In a Euclidean space, the angle, θ, formed by a pair of vectors can be
defined by using the inner product, such that

θ = arccos

(
〈x,y〉
‖x‖2‖y‖2

)
. (12.11)

See Fig. 12.5, left panel, for an illustration.
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points on the same line in a vector space.

This angle, θ, can be used as a measure of similarity between two vectors.
Take a look at Fig. 12.5, middle panel. If θ = 0◦, meaning that the two vectors
are parallel and they point to the same direction, then these two vectors are
considered the same, subject possibly to a difference in magnitude. If θ = 90◦,
then the two vectors are said to be orthogonal to each other and they bear no
similarity. If θ = 180◦, meaning that the two vectors are parallel but they point
to the opposite directions, these vectors could still be considered the same, if
the pointing direction does not matter in the context of an application. For
this reason, some of the angle-based similarity criteria considers only the acute
angles formed by two vectors.

The distance-based similarity metric and the angle-based similarity metric
may serve different purposes in detection and diagnosis. The distance between
two vectors depends on the lengths of them, but the angle does not. Look at
the two data points in Fig. 12.5, right panel, which are on the same line but
at different locations. The elements in x are proportional to those in y, so
that the angle between x and y is zero. If the two data points are consid-
ered different, then, the angle-based metric cannot signal such difference; the
distance-based metric must be used instead. In some applications, such as in
the signature-based diagnosis, however, what matters is the pattern exhibited
by the relative magnitudes among the elements in a vector, rather than the ab-
solute magnitudes. Recall that in the signature-based diagnosis, eigenvectors
are normalized to be unit vectors, so that the vector lengths are neutralized. In
that circumstance, the angle-based measure is a better metric. The distance-
based metric can still be used if the vectors involved are normalized before
comparison.

One advantage of using the angle-based similarity metric is its robustness
in a high-dimensional space, as compared to the distance-based metric. When
comparing two vectors, x and y, in an n-dimensional space, the Euclidean
distance, ‖x−y‖2, is affected more by the background noise embedded in the
two vectors than the angle between them.

The distance-based and angle-based metrics can be connected. Recall the
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kernel function K(xi,xj) used in the formulation of SVM—revisit Eqs. 2.47
and 2.48. Note that the kernel function is the exponential of the Euclidean dis-
tance between xi and xj . Consider a reproducing kernel Hilbert space induced
by the defined kernel function, K(·, ·). This RKHS is spanned by a possibly in-
finite set of basis functions, denoted as φ(x) = (φ1(x), φ2(x), . . . , φ`(x), . . .).
The theory of RKHS [86] tells us that

K(xi,xj) = 〈φ(xi),φ(xj)〉,

which connects the distance-based metric in the left-hand side with the angle-
based metric in the right-hand side. This above result underlies the well-known
kernel trick. The RKHS basis functions on the right-hand side provides theo-
retical foundation for how an unknown function is reconstructed by learning
through the training data. But the basis functions themselves are difficult to
express analytically in closed forms. On the other hand, the kernel functions,
such as the radial basis kernel in Eq. 2.48, can be easily expressed in sim-
ple, closed forms. With the equality above, one does not have to worry about
the RKHS basis function, φ(·), but can simply use the corresponding kernel
function, K(·, ·), instead. This substitute is the trick referred to as the kernel
trick.

12.3.3 Statistical Distance
The Mahalanobis distance [140] used in Chapter 7 is also known as the statis-
tical distance. A statistical distance is to measure the distance between a data
point from a distribution or two data points in a vector space by accounting
for the variance structure associated with the vector space.

Consider an x and a y from the multivariate normal distribution,N (µ,Σ).
The statistical distance between them is defined as

MD(x,y) :=
√

(x− y)TΣ−1(x− y). (12.12)

This expression is equivalent to Eq. 7.3.
The statistical distance, MD(x,µ), measures the distance between the

observation of x and the distribution, N (µ,Σ). Its interpretation is that the
likelihood of obtaining x as an observation from N (µ,Σ) can be quantified
by this statistical distance—the smaller the distance is, more likely that x will
be observed (or the larger the likelihood of the observation).

The statistical distance between two samples is a weighted distance,
whereas the Euclidean distance is an un-weighted distance. Given the same
Euclidean distance between two points, their respective statistical distance
could be different and is in fact re-scaled by the variance along the direction
of the distance in question. Intuitively speaking, variance implies uncertainty.
The vector space embodying the data are re-shaped by the level of uncer-
tainty. Along the axis of low uncertainty, the scale is magnified (an old one
mile could count as ten), whereas along the axis of high uncertainty, the scale
is suppressed (an old ten miles may count only as one).



Anomaly Detection and Fault Diagnosis � 345

2 4 6 8

2
4

6
8

A

C

B

xA= (4, 7)T

xB= (7, 6)T

µ= (5,5)T

stat. dist. =11.9

stat. dist. =2.05

99% probability contour

x1

x 2

11.29

FIGURE 12.6 Statistical distance versus Euclidean distance. The elliptic

contour is the 99% probability contour of a bivariate normal distribu-

tion.

As illustrated in Fig. 12.6, points A and B have the same Euclidean dis-
tance from the distribution center, C, but the respective statistical distances
are very different. MD(A,C) is a whole lot greater than MD(B,C), because
the vector, AC, aligns with the direction of a much smaller variance than the
vector, BC. The distance between any point on the 99% probability contour
and C is the same, although the respective Euclidean distance varies.

12.3.4 Geodesic Distance
When a vector space is unstructured, so that any pair of points in the space
can reach each other in a straight line, that straight line is the shortest path
between the pair of points, and the distance between them is measured by the
corresponding Euclidean distance. But when a space is structured or curved,
meaning that certain pathways are no longer possible, then, the shortest path
between two points may not be a straight line anymore. One example is the
shortest flight route between two cities on the surface of the earth. Because
the flight route is constrained by the earth’s surface and the shortest route
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between two cities is a curved line, not a straight line. The distance in a
structured space is measured by a geodesic distance.

Fig. 12.7 presents an example, inspired by the Swiss roll example presented
by Tenenbaum et al. [213, Fig. 3]. Suppose that the data are constrained along
the swirl structure in the space. Given this structural constraint, the distance
between D and F is shorter than that between D and E, because along the
curve and going from D, one reaches F first before reaching E. The distance
between D and F along the curve, or that between D and E, is the geodesic
distance between them. Should the space is unstructured, then the straight line
linking D and E is shorter than that linking D and F . The implication is that
using the pairwise Euclidean distance in all circumstances could mislead a data
science algorithm to wrongly rank the similarity between data instances—in
this case, using the Euclidean distance deems E more similar to D, in spite of
the fact that the opposite is true. Tenenbaum et al. [213] raise the awareness of
the existence of structures in data spaces and its impact on machine learning
tasks.

Computing the geodesic distance can be complicated. This distance is usu-
ally approximated by the summation of the short hops using a series of inter-
mediate points in between; see Fig. 12.7, right panel. The distance of any of
the short hops is still calculated using a Euclidean distance. But the summa-
tion is no longer Euclidean. In Section 12.5, a minimum spanning tree (MST)
is used to capture the structure of the underlying data space. The geodesic
distance between any two points is approximated by the shortest path linking
them through the MST.
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12.4 DISTANCE-BASED METHODS
In this section, a few methods focusing on detecting local, pointwise anomalies
are introduced.

12.4.1 Nearest Neighborhood-based Method
The concept of k-nearest neighborhood is explained in Section 5.3.1. Ra-
maswamy et al. [172] base their definition of anomaly on the distance of a
point’s k-th nearest neighbor.

Denote by Dk(xi) the distance between the k-th nearest neighbor of xi
and xi itself. Ramaswamy et al.’s method is to compute Dk(xi) for every data
point in a dataset, rank them from the largest to the smallest, and declare
the first No data instances as anomalies. In this method, the neighborhood
size, k, and the anomaly cut-off, No, are prescribed. The resulting method is
referred to as the kNN anomaly detection.

Angiulli and Pizzuti [9] follow this kNN idea but argue that instead of using
the distance between the k-th nearest neighbor and the target data point, one
should use the summation of all distances from the most nearest neighbor to
the k-th nearest neighbor. Angiulli and Pizzuti call this summation the weight
of data point xi. Same as in the kNN anomaly detection, this weight is used to
rank all data points and classify the top No points as anomalies. This revised
nearest neighborhood-based method is referred to as kNNW, with the “W”
implying “weight.”

12.4.2 Local Outlier Factor
Breunig et al. [22] introduce a local outlier factor (LOF) method that makes
use of the k-th nearest neighbor distance. First, for a given neighborhood size
k, Breunig et al. introduce the concept of a reachability distance. Denoted
by RDk, the reachability distance of the data point, x∗, with respect to an
arbitrary point in the dataset, xi, is

RDk(x∗,xi) = max{Dk(xi), D(x∗,xi)}, (12.13)

where D(x∗,xi) is the Euclidean distance between the two data points. Ba-
sically, the reachability distance is a lower bound truncated distance. When
the two points are too close, their reachability distance is no smaller than
the k-th nearest neighbor distance, whereas when the two data points are far
away enough, their reachability distance is the actual distance between them.
In a sense, the concept of reachability distance is like putting a shield on xi.
The point x∗ can reach to xi up to its k-th nearest neighbor but not nearer.
Breunig et al. state that using the reachability distance reduces the statistical
fluctuation of the actual distance and exerts a smoothing effect.

Next, Breunig et al. [22] want to quantify the reachability density of points
in the neighborhood of x∗. Points that have a lower reachability density than
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its neighbors are deemed anomalies. Note that here the term “density” does
not mean a probability density but rather the number of data points per unit
volume.

A local reachability density (LRD) is defined as

LRD(x∗) =
1(∑

xi∈ Nk(x∗)
RDk(x∗,xi)

)
/|Nk(x∗)|

, (12.14)

where Nk(x∗) is the k-nearest neighborhood of x∗ and |·| takes the cardinality
of a set. LRD of x∗ is the inverse of the average reachability distance using
data points in the k-nearest neighborhood of the same point. When the average
reachability distance is large, the density is low.

Finally, Breunig et al. [22] define their anomaly score as the ratio of the
average local reachability density of x∗’s k-nearest neighbors over the local
rechability density of x∗ and label it as LOF, such as

LOF(x∗) =

(∑
xi∈ Nk(x∗)

LRD(xi)
)
/|Nk(x∗)|

LRD(x∗)
. (12.15)

The smaller the local density of x∗, the higher its LOF, and more likely it is
an anomaly. The LOF scores, once computed for all data points, are used to
rank the data instances. The tope No instances are declared anomalies.

12.4.3 Connectivity-based Outlier Factor
Tang et al. [207] argue that the reachability density proposed by Breunig et
al. [22] only considers the distances but does not consider the connectivity
among neighborhood points. Yet, a low density does not always imply an
anomaly. Rather, one should look at the degree of isolation of the said data
point, which can be measured by the lack of connectivity. In other words, a
data point that is less connected to other data points in a neighborhood is
more likely an anomaly. Tang et al. state that “isolation can imply low density,
but the other direction is not always true.”

Tang et al. [207] introduce a connectivity-based outlier factor (COF) score,
which is in spirit similar to the LRD ratio used in Eq. 12.15, but the respective
LRD is replaced with a connectivity-based distance metric.

Tang et al. [207] first define the distance between two non-empty sets, X
and Y, that are also disjoint, i.e., X

⋂
Y = ∅, such that

D(X ,Y) = min{D(x,y) : ∀x ∈ X and y ∈ Y}. (12.16)

Consider a target point, x∗, to be evaluated. Tang et al. [207] iteratively
build a k-nearest neighborhood for x∗ and establish the sequence of connec-
tion. The procedure is outlined in Algorithm 12.2. In this algorithm, Gt records
all the neighbor points and Et records the local, pairwise connection steps link-
ing x∗ from the nearest point to the farthest point in the neighborhood. This
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neighborhood, Gt, is different from Nk(x∗) in principle, as Nk(x∗) is decided
based purely on pairwise distances without considering the sequence of con-
nection. This sequence of connection information is what Tang et al. argue
makes all the difference between COF and LOF.

Algorithm 12.2 Build the locally connected k-nearest neighborhood for x∗.
Let D = {xi}Ni=1 be the original dataset and k be the prescribed neighborhood
size.

1. Let t = 1, Gt = {x∗}, x(0) = x∗, Dt = D\x(0), and Et = ∅.

2. Find x(t) ∈ Dt, such that D(Gt,x(t)) is minimized.

3. Augment Gt such that Gt = Gt ∪ {x(t)}.

4. Let Et = Et ∪ {(x(t−1),x(t))}.

5. Let Dt = Dt\x(t).

6. Let t = t + 1, and repeat from Step 2 until there are k + 1 elements in
Gt (or k elements besides x∗).

Once the neighborhood and its connectivity are established, Tang et
al. [207] introduce the following connectivity-based distance, or as they call
it, the chaining distance, denoted by CDG(x∗), such that

CDG(x∗) =
1

k

k∑
i=1

2(k + 1− i)
k + 1

D(x(i−1),x(i)), (12.17)

where (x(i−1),x(i)) is the i-th element in E . Obviously, CD above is a weighted
average distance, with a higher weight given to the connections closer to x∗
and a lower weight given to the connections farther away from x∗. Tang et al.
choose the weight such that when D(x(i−1),x(i)) is the same for all i’s, the
weight coefficients are summed to one (see Exercise 12.9).

Tang et al. [207] define their COF score, under a given k, as

COF(x∗) =
CDG(x∗)∑

xi∈G(x∗)
CDG(xi)/|G(x∗)|

. (12.18)

The use of COF follows that of LOF. The larger a COF, the more likely
the corresponding data instance is deemed an anomaly.

12.4.4 Subspace Outlying Degree
To deal with high-dimensional data problems, analysts choose to consider a
subset of the original features, an action commonly known as dimension re-
duction. The potential benefit of looking into a subspace is that data points
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distributed indistinguishably in the full dimensional space could deviate sig-
nificantly from others when examined in a proper subspace. On the other
hand, the danger of using a subspace approach is that if not chosen properly,
the difference between a potential anomaly and normal points may disappear
altogether in the subspace. It is obvious that the tricky part of a subspace
approach is how to find the right subspace.

Kriegel et al. [125] present a subspace outlying degree (SOD) method. The
method works as follows. First, Kriegel et al. compute the variance of the set
of the reference points in D as

VAR =
1

|D|
∑
x∗∈D

D(x∗,µ)2, (12.19)

where µ is the average position of the points in D. Similarly, compute the
variance along the i-th attribute as

VARi =
1

|D|
∑
x∗∈D

D((x∗)i,µi)
2, (12.20)

where (x∗)i and µi are, respectively, the i-th element in x∗ and µ.
Then, create a subspace vector based on the following criterion, where n

is the dimension of the original data space and α is a constant,

νi =

{
1, if VARi < α · VAR

n ,

0, otherwise.
(12.21)

Kriegel et al. [125] suggest setting α = 0.8. When νi in Eq. 12.21 is one, the
corresponding variable is selected to construct the subspace; otherwise, the
corresponding variable is skipped over. Denote the resulting subspace by S,
which is represented by the vector ν = (ν1, ν2, . . . , νn). In a three-dimensional
space, for instance, ν = (1, 0, 1) indicates that the selected subspace is spanned
by the first and third axes.

To measure the deviation of a data point, x∗, from a subspace, Kriegel et
al. [125] use the following formula,

D(x∗,S) :=

√√√√ n∑
i=1

νi((x∗)i − µi)2. (12.22)

Kriegel et al. further define their SOD score as

SOD(x∗) :=
D(x∗,S)

‖ν‖1
, (12.23)

where ‖ν‖1 is the number of dimensions of the selected subspace. A higher
SOD score means that x∗ deviates from the selected subspace a lot and is
thus likely an anomaly.
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12.5 GEODESIC DISTANCE-BASED METHOD
As explained in Section 12.3.4, the Euclidean-based similarity metric works
well in an unstructured data space but could mislead a learning method when
there are intrinsic structures in a data space restricting certain pathways con-
necting data points. In the circumstances of structured data spaces, a geodesic
distance ought to be used. The methods introduced in Section 12.4 rely heav-
ily on the use of Euclidean distance to define similarity, with the exception
of COF. COF, through the use of the connection sequence, bears certain
characteristics of the geodesic distance. In the benchmark case study of Sec-
tion 12.6.1, COF does perform rather competitively. More recently, Ahmed et
al. [4] develop an MST-based unsupervised anomaly detection method that
takes full advantage of a geodesic distance-based similarity metric.

12.5.1 Graph Model of Data
The MST-based anomaly detection method employs a minimum spanning tree
to approximate the geodesic distances between data points in a structured
space and then uses the distance approximation as the similarity metric. The
data are modeled as a network of nodes through a graph. Consider a connected
undirected graph G = (U,E), where U denotes the collection of vertices or
nodes and E represents the collection of edges connecting these nodes as pairs.
For each edge e ∈ E, there is a weight associated with it. It could be either
the distance between the chosen pair of nodes or the cost to connect them.

A minimum spanning tree is a subset of the edges in E that connects all
the nodes together, without any cycles and with the minimum possible total
edge weight. This total edge weight, also known as the total length or total
cost of the MST, is the summation of the weights of the individual edges. If
one uses the Euclidean distance between a pair of nodes as the edge weight,
the resulting spanning tree is called a Euclidean MST.

Consider the example in Fig. 12.8, where U={1, 2, 3, 4} and E ={e12, e13,
e14, e23, e24, e34}. All edges in E are all different in length and the edge length
order is specified in the left panel of Fig. 12.8. If one wants to connect all the
nodes in U without forming a cycle, there could be 16 such combinations with
only one having the minimum total edge length. That one is the MST for
this connected graph, shown in the right panel of Fig. 12.8. Note that some
of the edges in Fig. 12.8 look like having the same length. The edge e13 looks
even longer than e34 and e23. One way to imagine a layout satisfying the edge
length order specified in Fig. 12.8 is to envision node #3 not in the same plane
formed by node #1, #2, and #4, but hovering in the space and being close
to node #1.

Ahmed et al. [4] consider data instances as nodes and the Euclidean dis-
tance between any pairs of data points as the edge weight and then construct
an MST to connect all the nodes. Specifically, they use the algorithm in [168]
to construct an MST. Although the distance between a pair of immediately
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FIGURE 12.8 Formation of a minimum spanning tree. Left panel: the

complete graph; right panel: the minimum spanning tree. (Reprinted

with permission from Ahmed et al. [4].)

connected nodes is still Euclidean, the distance between a general pair of nodes
(i.e., data points) is not. Rather, it is the summation of many small-step, lo-
calized Euclidean distances hopping from one data point to another point.
The MST reflects the connectedness among data points in a structured space
and the MST-based distance approximates the geodesic distance between two
data points.

12.5.2 MST Score
Ahmed et al.’s method [4] focuses on detecting the local, pointwise anomalies.
But the MST nature enables the method to incorporate a preprocessing step
that can identify potential anomalous clusters. The idea is simple. First, build
a global MST using all the data points. After the formation of the global MST,
one can look for an unusual long edge and deem it as the connecting edge
between an anomalous cluster and the rest of the MST. Once the long edge is
disconnected, it separates the MST into two groups, and the smaller group is
considered an anomalous cluster. The “unusual” aspect can be verified through
a statistical test, say, longer than the 99th percentile of all edge lengths in
the original MST. This preprocessing step can be iteratively applied to the
remaining larger group, until no more splitting.

For detecting the local anomalies, one needs to go into the neighborhood
level. Same as the local anomaly detection methods introduced in Section 12.4,
two parameters are prescribed for the MST-based approach: the neighborhood
size, k, and the cut-off threshold, No, for declaring anomalies.

Denote by D the set of data points to be examined, where D could be
the whole original dataset or could be the remaining set of data after the
anomalous cluster is removed. For a given data point in D, first isolate its
k nearest neighbors and treat them as this data point’s neighborhood. Then,
build an MST in this neighborhood. The localized, neighborhood-based MSTs
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FIGURE 12.9 Local MST and LoMST score. The total edge weight of the

local MST for x0 is its LoMST score, i.e., Wx0 = e01 + e12 + e23 +e36

+ e04 +e45 . (Reprinted with permission from Ahmed et al. [4].)

are referred to as local MSTs (LoMST). The total edge length of the LoMST
associated a data point is called the LoMST score for this data point and is
considered the metric measuring its connectedness with the rest of the points
in the neighborhood as well as how far away it is from its neighbors. The
LoMST is then used as the differentiating metric to signal the possibility that
the said data point may be an anomaly.

Consider the illustrating example in Fig. 12.9. Suppose that one has chosen
k = 6 and start with data point x0. Then, one can locate its neighbors as x1,
x2, x3, x4, x5 and x6. The MST construction algorithm connects x0 to its
neighbors in the way as shown in Fig. 12.9. For x0, the total edge weight is
Wx0

= e01 + e12 + e23 + e36 + e04 +e45, which is used as the LoMST score
for x0. This procedure will be repeated for other data points. Fig. 12.9 does
show another MST, which is for x5 in the dotted edges.

The LoMST score for a selected data instance is compared with its neigh-
bor’s score. The steps of comparison are to be repeated to cover all nodes in
D. Then the comparison scores are normalized to be between zero and one.
The resulting normalized scores are also referred to as the LoMST scores, as
long as there is no ambiguity in the context. The normalized LoMST scores
are sorted in decreasing order, so that the top No instances are flagged as
anomalies. The method is summarized in Algorithm 12.3.
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Algorithm 12.3 MST-based anomaly detection method. Input: dataset D,
rows represent observations and columns represent attributes, the neighbor-
hood size, k, and the cut-off level for identifying anomalies, No. Output: the
anomaly index set, Ô.

1. Preprocess to remove obvious anomalous clusters, if necessary.

2. Set T = ∅, Ô = ∅, i = 1.

3. For xi ∈ D, determine its k nearest neighbors and save them in Ui.

4. Construct a complete graph using nodes in Ui. The resulting edges are
in the set, Ei.

5. Construct a local MST using the edges in Ei.

6. Calculate the total length of xi’s local MST and denote it as Wxi .

7. Calculate the average of the total length of the LoMSTs associated with
all nodes in Ui, and denote the average as W i.

8. Calculate the LoMST score for xi as Ti = Wxi −W i.

9. Let T = T ∪ {Ti} and i = i + 1. Re-iterate from Step 3 until all data
points in D are visited.

10. Normalize the scores stored in T to be between 0 and 1.

11. Rank the normalized scores in T in descending order.

12. Identify the top No scores and store the corresponding observations as
point anomalies in Ô.
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12.5.3 Determine Neighborhood Size
For the neighborhood-based methods, including LoMST, an important pa-
rameter to be specified prior to the execution of a respective algorithm is the
neighborhood size k. The difficulty in choosing k in an unsupervised setting
is that methods like cross validation that work for supervised learning do not
apply here. Ahmed et al. [4] advocate an approach based on the following
observations, illustrated in Fig. 12.10 using two benchmark datasets.

When Ahmed et al. [4] plot the average LoMST scores for a broad range of
k (here 1–100), they observe that at small k values, the average LoMST score
tends to fluctuate, but as they keep increasing k, the average LoMST score
tends to become stable at certain point. This leads to the understanding that
when a proper k is chosen and the structure of the data is revealed, the label
of the instances become fixed; such stability is reflected in a less fluctuating
LoMST score. If one keeps increasing k, there is the possibility that the data
structure becomes mismatch with the assigned number of clusters, so that the
current assignments of anomalies and normal instances become destabilized.
Consequently, the average LoMST score could fluctuate again. Based on this
observation, a sensible strategy in choosing k is to select a range of k where
the average LoMST scores are stable. If there are more than one stable ranges,
analysts are advised to select the first one.

Let us look at the examples in Fig. 12.10. For the Cardiotocography

dataset, Ahmed et al. [4] choose a k ranging from 27–47 and for the Glass

dataset, they choose a k ranging from 70–95. Within the identified stable
range, which k to choose matters less. What Ahmed et al. suggest is to select
the k value that returns the maximum standard deviation of the LoMST
scores, because by maximizing the standard deviation among the LoMST
scores, it increases the separation between the normal instances and anomalous
instances and facilitates the detection mission.

12.6 CASE STUDY
12.6.1 Benchmark Cases
As mentioned early in this chapter, one profound difficulty in assessing the
performance of anomaly detection method is due to the lack of knowledge
of the ground truth. Luckily, Campos et al. [30] published a comprehensive
survey on the topic of anomaly detection and collected and shared 20 bench-
mark datasets of wide varieties, for each of which the anomalies are known.
Readers are directed to the following website to retrieve the datasets, i.e.,
http://www.dbs.ifi.lmu.de/research/outlier-evaluation/, that hosts
the supplemental material and online repository of [30]. Several versions of
these datasets are available. These versions mainly differ in terms of the pre-
processing steps used. What is used in this section is the normalized version
of the datasets in which all the missing values are removed and categorical
variables are converted into numerical format.

http://www.dbs.ifi.lmu.de
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FIGURE 12.10 Selection of the neighborhood size k. Top panel:

the Cardiotocography dataset; bottom panel: the Glass dataset.

(Reprinted with permission from Ahmed et al. [4].)
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TABLE 12.1 Benchmark datasets and the performance of LoMST under different
data-to-attribute ratios.

Dataset N/n N n |O| Rank Rank
(Best k) (Practical k)

Arrhythmia 2 450 259 12 1 1
SpamBase 81 4,601 57 280 1 1
KDDcup99 1,479 60,632 41 200 3 2
WPBC 6 198 33 47 1 3
Ionosphere 11 351 32 126 2 3
WBC 51 367 30 10 1 1
ALOI 1,852 50,000 27 1,508 7 7
Parkinson 9 195 22 5 1 1
Annthyroid 343 7,200 21 347 11 10
Waveform 164 3,443 21 100 1 1
Cardiotocography 102 2,126 21 86 2 3
Lymphography 8 148 19 6 1 1
Pendigits 617 9,868 16 20 1 2
HeartDisease 21 270 13 7 1 1
PageBlocks 548 5,473 10 99 4 7
Stamps 38 340 9 16 1 6
Shuttle 113 1,013 9 13 1 1
WDBC 13 454 9 10 2 2
Pima 96 768 8 26 1 1
Glass 31 214 7 9 1 1

Source: Ahmed et al. [4]. With permission.

Table 12.1 summarizes the basic characteristics of the 20 benchmark
datasets, for each of which N is the total number of data amount, n is the
number of attributes, and |O| is the number of anomalies. Table 12.1 also
presents the data-to-attribute ratio, N/n, which is rounded to the nearest in-
teger. The two columns under the “Rank” headings in Table 12.1 are to be
explained later.

Ahmed et al. [4] focus on the neighborhood-based approaches. These ap-
proaches include LoMST, a few others introduced in Section 12.4, and ad-
ditional approaches that are not explained in this chapter but their details
can be found in [30]. All these methods have a common parameter, which
is the neighborhood size, k. Since the SPC method can also be used for the
purpose of anomaly detection, it is included in the study as well. The specific
SPC technique used is the Hotelling T 2 control chart. In total, 14 compet-
itive methods are evaluated in this benchmark case study. The unexplained
acronyms used in the subsequent tables are: local density factor (LDF), out-
lier detection using indegree number (ODIN), simplified local outlier factor
(SLOF), local outlier probabilities (LoOP), influenced outlierness (INFLO),
local distance-based outlier factor (LDOF), fast angle-based outlier detection
(FABOD), and kernel density estimation outlier score (KDEOS).
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TABLE 12.2 Performance comparison based on the best k value.

LoMST COF LDF kNN ODIN LOF kNNW
Better 6 0 3 1 1 0 1
Equal 7 5 5 2 1 3 2
Close 5 10 6 7 8 8 7
Worse 2 5 6 10 10 9 10
Rank 2.2 3.3 3.8 5.0 7.7 5.1 4.5

SLOF LoOP INFLO LDOF FABOD KDEOS SPC
Better 0 0 0 0 0 0 1
Equal 2 2 2 1 2 2 0
Close 6 6 5 7 5 1 1
Worse 12 12 13 12 13 17 18
Rank 5.9 5.8 6.2 7.9 7.0 8.9 11.7

Source: Ahmed et al. [4]. With permission.

Campos et al. [30] do not specify how to select k. They try a range of k
values (from 1 to 100) to obtain all the results and then choose the best k
value for each method. In the first comparison, Ahmed et al. [4] follow the
same approach and label this as the “best k” comparison. The performance
criterion used here is the precision at No, P@No, explained in Section 12.1.3.
The results are presented in Table 12.2. Please note that the best k value
in Table 12.2 may be different for respective methods. To better reflect the
detection capability as they are compared to one another, Ahmed et al. break
down the comparative performance into four major categories, namely Better,
Equal, Close and Worse. Their meanings are as follows:

• Better, if a method is uniquely the best among all candidates.

• Equal, if a method ties with other methods for being the best.

• Close, if a method’s correct detections are within 20% of the best alter-
native(s).

• Worse, if a method’s correct detections are more than 20% lower than
that of the best alternative(s).

If analysts rank each of the 14 methods in a scale of 1 to 14 according to
its actual performance in relative to others, then an average relative rank
can be calculated for each method. The average ranks are reported in the
row below the four categories—the smaller, the better. The LoMST method’s
average rank is 2.2, with some closest competitors being COF (3.3), LDF
(3.8), kNNW (4.5), kNN (5.0) and LOF (5.1).

Understandably, the “best k” is not practical, as analysts in reality do
not know the anomalies while selecting k. Using the strategy devised in Sec-
tion 12.5.3 to select a practical value of k for LoMST, Ahmed et al. [4] apply
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TABLE 12.3 Performance comparison based on the practical k value.

LoMST COF LDF kNN ODIN LOF kNNW
Better 5 2 1 1 2 0 0
Equal 5 1 4 5 1 3 4
Close 7 11 4 6 8 7 9
Worse 3 6 11 8 9 10 7
Rank 2.8 4.2 5.7 5.3 6.7 6.1 4.3

SLOF LoOP INFLO LDOF FABOD KDEOS SPC
Better 0 0 0 0 2 0 1
Equal 1 1 2 1 2 0 0
Close 8 7 7 6 6 3 3
Worse 11 12 11 13 10 17 16
Rank 6.5 5.6 5.8 7.6 4.9 11.7 8.7

Source: Ahmed et al. [4]. With permission.

the same k to the other 12 alternative methods that need this value (SPC does
not need to know k). The performance comparison based on the practical k is
presented in Table 12.3, arranged in the same way as Table 12.2. Under the
“practical k,” the average rank of LoMST is 2.8, with some closest competitors
being COF(4.2), kNNW (4.3), FABOD(4.9), kNN (5.3), and LDF (5.7).

Ahmed et al. [4] summarize LoMST’s performance with respect to the data
size and report the values under the last two columns in Table 12.1. Looking at
the two extremes, the case of the highest number of observations (N = 60, 632,
KDDcup99), which is the one having the second highest N/n ratio, versus the
case of the highest number of attributes (n = 259, Arrhythmia), which is also
the one having the lowest N/n ratio, LoMST performs on top in both cases. It
can also be noticed that on two of the datasets when the number of anomalies
are too numerous (over a few hundreds to more than one thousand), LoMST
does not do well enough. In hindsight, it makes intuitive sense, as LoMST is
designed to find the local, pointwise anomalies, which, when existing, should
be of a relatively small amount.

Another note is about the computational complexity of LoMST, which
comes from two major sources. First, one needs to conduct the k-nearest
neighbor search based on the chosen k. Then, for each observation, one needs
to build a local MST using its k-nearest neighbors. For the first step, Ahmed
et al. [4] use the fast approximate nearest neighbor searching approach [10, 16]
with a time complexity of O(nN logN) + O(kn logN). The first time com-
plexity component, O(nN logN), represents the time to build the tree struc-
ture, whereas the second component, O(kn logN), represents the k-nearest
neighborhood query time for a single observation. In the second step, building
the local MST has the time complexity of O(|U | log |E|). Because LoMST is
a localized, neighborhood-based MST, the values of |U | and |E| depend on k
but usually remain small. The neighborhood search and the local MST step
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are repeated N times, whereas the tree structure building is a one-time ac-
tion. As such, the total complexity of the LoMST algorithm is approximately
O(nN logN)+ O(N [kn logN + |U | log |E|]).

12.6.2 Hydropower Plant Case
The hydropower data initially received are time-stamped for a duration of
seven months. The data are collected from different functional areas in the
plant, such as the turbines, generators, bearings, and so on. The data records
are collected at 10-minute intervals. Missing data are common. There are a
total of 9,508 observations (rows in a data table) and 222 attribute variables
(columns in a data table). Each row has a time stamp assigned to it. Attribute
variables are primarily temperatures, vibrations, pressure, harmonic values,
active power, etc. Before applying the anomaly detection method, some basic
preprocessing and statistical analysis are performed in order to clean the data.
To maintain the similarity with the 20 benchmark datasets, the hydropower
data are normalized. After the preprocessing, the total number of observations
comes down to 9,219. In summary, for the hydropower plant dataset, N =
9, 219, n = 222, and |O| is unknown. The details of data preprocessing can be
found in [4].

Besides LoMST, Ahmed et al. [4] apply two other popular anomaly de-
tection methods to the same hydropower data. The two other methods are
LOF [22] and SOD [125]. Here, LOF is used as a representative of the
neighborhood-based methods, while SOD is a representative of the subspace
methods. Note that SOD is not included in the benchmark case study, because
the methods included in Section 12.6.1 are primarily neighborhood based. Had
SOD been included in the benchmark study, under the practical k setting,
SOD would have an average rank of 6.7 and the number of instances of its
detection in the four categories would be 0, 0, 8, and 12, respectively.

For all three methods, one needs to specify the value of the nearest neigh-
bors k. In this case, it would be great to get some suggestions from the domain
experts about the possible size of an anomaly cluster based on their knowledge
of the system. Ahmed et al. [4] indeed receive advice from their industrial col-
laborators, consider the value of k in a range of 10–20, and find the anomaly
scores for each k in the range. Then they take the average of the resulting
anomaly scores as the final anomaly score for each of the data instances. For
SOD, one needs to select two parameters instead of one—one parameter is k,
while the other one is the number of reference points for forming the subspace.
To maintain the comparability with LoMST and LOF, Ahmed et al. choose
k = 15 for SOD, which is the middle point of the above-suggested range.
Concerning the number of reference points, it should be smaller than k but
not too small, because an overly small number of reference points may render
instability in SOD. Ahmed et al. explore a few options and finally settle on
ten. Below ten, the SOD method becomes unstable.

By applying the three methods, the top 100 anomalies identified are shown
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in Table 12.4. It can be observed that after the top 30 time stamps, no
new anomaly-prone days emerge. Rather similar data patterns keep repeating
themselves with slight differences in the time stamps. We therefore skip some
rows after the top 30 stamps in Table 12.4.

The performance of the three methods are reasonably consistent, as 14 out
of the top 30 probable anomalies identified by these methods are common,
represented by an asterisk (*) in Table 12.4. This similarity continues even if
one goes beyond the top 30 time stamps. By looking closely at these top 100
time stamps, one may find that there are some particular days and certain
time chunks on these days which are more prone to anomaly. Such a pattern
makes sense, as for most of engineering systems, random anomalies happen
sparsely, while systematic anomalies take place in a cluster.

These three methods work differently, especially since SOD is from another
family of methods. In spite of their differences, they have returned similar
results for the hydropower dataset. This serves as a way to cross validate the
detection outcomes while the true anomalies are unknown.

The three methods do have differences in their detection outcomes. The
LOF method completely misses the 4th of July time stamps, although almost
half of the 100 top anomaly-prone time stamps returned by both SOD and
LoMST methods belong to that day. Ahmed et al. [4] investigate the issue
and find that most of the time stamps in July correspond to low active power,
whereas the time stamps from the 4th of July are marked with abnormally
high active power. The rest of the attributes behave almost identically as other
days of July. When the number of attributes increases, the nearest neighbor-
hood methods usually fall short of detecting anomalies if abnormal values only
happen to one or a few dimensions. This is where the subspaces method can do
better (assuming that the abnormal value subspace is successfully identified).
It is therefore not surprising to see that SOD detects these anomalies cor-
rectly. It is also encouraging to see that LoMST is capable of detecting these
anomalies as well, even though LoMST is a neighborhood-based method. On
the other hand, LOF and LoMST, being local methods, successfully identified
point anomalies on the 16th of April, whereas the SOD method fails to identify
them. In a nutshell, the LoMST method attains the merit of subspace-based
methods without losing the benefits of local neighborhood-based methods.

Anomaly detection does not immediately reveal the root causes of the
anomalies. Finding out which variables contribute to the anomalies helps the
domain expert to verify the root causes and then fix them. This calls for
a diagnostic follow-up. As presented in Section 12.2.1, after the anomalies
are identified, the original unsupervised learning problem is translated into
a supervised learning problem. While doing so, Ahmed et al. [4] discard the
July 4th time stamps from the top 100 time stamps, as the reason for that
happening is straightforward. They proceed with the remaining of the top 100
time stamps and assign them a response value of one (meaning an anomaly),
and all other data records outside the top 100 time stamps a response value of
zero (meaning a normal condition). Ahmed et al. then build a CART using the
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TABLE 12.4 Summary of the top 100 anomalies in
the hydropower dataset. Events followed by asterisk
(*) are the common ones identified by all three
methods in the top 30 time stamps.

LoMST LOF SOD
1/12/2016 11:20* 1/12/2016 11:30* 9/14/2015 8:00
9/14/2015 1:00* 9/14/2015 1:00* 1/12/2016 11:30*
1/2/2016 9:10* 9/14/2015 1:10* 9/13/2015 7:00*
1/11/2016 12:00* 1/12/2016 11:20* 7/4/2015 8:30
1/2/2016 9:30* 1/9/2016 6:50* 7/4/2015 8:20
7/4/2015 11:20 1/2/2016 9:10* 9/14/2015 1:50
7/4/2015 11:10 9/14/2015 8:00 7/4/2015 5:40
7/4/2015 11:30 1/2/2016 9:20* 1/11/2016 12:00*
1/9/2016 6:50* 1/9/2016 18:30 9/14/2015 1:00*
7/4/2015 10:40 9/14/2015 8:10* 10/3/2015 14:40
1/2/2016 9:20* 9/13/2015 7:00* 7/4/2015 5:50
7/4/2015 9:40 9/14/2015 2:00 10/13/2015 8:15*
9/13/2015 7:00* 1/11/2016 14:40 9/14/2015 1:10*
1/11/2016 1:30* 1/11/2016 13:50 11/2/2015 9:56
7/4/2015 9:50 1/11/2016 12:00* 7/4/2015 6:30
9/16/2015 10:50* 1/11/2016 13:00 7/4/2015 4:30
9/14/2015 14:10 9/16/2015 10:50* 1/2/2016 9:20*
9/14/2015 13:50 9/17/2015 11:30 9/14/2015 2:00
7/4/2015 5:20 10/3/2015 14:40 9/14/2015 8:10*
9/14/2015 1:10* 1/2/2016 21:40 7/4/2015 4:20
1/12/2016 11:40 4/16/2015 23:10 1/11/2016 1:30*
1/12/2016 11:30* 10/4/2015 3:10 1/2/2016 21:40
9/14/2015 13:20 10/13/2015 8:15* 7/4/2015 4:40
7/4/2015 4:50 10/14/2015 23:35 9/16/2015 10:50*
9/14/2015 8:10* 10/14/2015 23:15 1/2/2016 1:30*
4/16/2015 23:10 1/2/2016 9:30* 1/11/2016 14:40
4/16/2015 16:00 4/16/2015 16:00 1/2/2016 9:10*
10/13/2015 8:15* 11/2/2015 9:56 1/12/2016 11:20*
7/4/2015 5:30 1/11/2016 1:30* 1/9/2016 6:50*
7/4/2015 9:10 1/11/2016 11:50 9/14/2015 13:05
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
9/13/2015 19:10 10/13/2015 5:45 7/4/2015 0:00
7/4/2015 4:40 1/2/2016 21:00 7/4/2015 5:30
7/4/2015 6:20 1/9/2016 18:20 7/4/2015 6:20
7/4/2015 5:00 1/9/2016 18:40 7/4/2015 6:50
7/4/2015 13:50 9/14/2015 0:40 7/4/2015 7:00
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
9/14/2015 8:00 9/14/2015 2:10 7/4/2015 7:50
1/9/2016 18:30 9/14/2015 8:20 10/13/2015 5:45
1/11/2016 13:00 9/14/2015 8:30 9/16/2015 11:00
1/11/2016 11:50 9/14/2015 8:40 10/13/2015 6:35
7/4/2015 9:30 10/14/2015 8:15 10/13/2015 8:25
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
10/14/2015 7:25 1/9/2016 18:00 10/4/2015 4:30
10/14/2015 7:35 1/11/2016 11:40 10/4/2015 4:20
7/4/2015 10:10 10/13/2015 6:35 1/2/2016 21:50
7/4/2015 10:20 10/4/2015 23:10 1/11/2016 13:50
7/4/2015 10:30 9/13/2015 19:30 9/13/2015 21:40
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
7/4/2015 10:50 1/9/2016 18:10 1/11/2016 12:10
1/11/2016 13:40 1/11/2016 13:40 1/9/2016 18:30
1/11/2016 13:50 9/13/2015 19:40 10/4/2015 3:10
10/4/2015 3:10 10/14/2015 7:55 1/11/2016 11:30
1/9/2016 18:40 1/11/2016 11:30 10/14/2015 7:25

Source: Ahmed et al. [4]. With permission.
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R package rpart with the package’s default parameter values. The resulting
CART is in fact presented in Fig. 12.3, and the interpretation of the tree
model and how it helps with fault diagnosis is discussed in Section 12.2.1.

GLOSSARY
ANN: Artificial neural network

CART: Classification and regression tree

CD: Connectivity-based distance, or chaining distance

COF: Connectivity-based outlier factor

CSV: Comma-separated values Excel file format

FABOD: Fast angle-based outlier detection

INFLO: Influenced outlierness

KDEOS: Kernel density estimation outlier score

kNN: k-th nearest neighbor distance-based anomaly detection

kNNW: k nearest neighborhood distances summation

LDF: Local density factor

LDOF: Local distance-based outlier factor

LOF: Local outlier factor

LoMST: Local minimum spanning tree

LoOP: Local outlier probabilities

LRD: Local reachability density

MARS: Multivariate adaptive regression splines

MD: Mahalanobis distance or statistical distance

MST: Minimum spanning tree

ODIN: Outlier detection using indegree number

PCA: Principal component analysis

RD: Reachability distance

RKHS: Reproducing kernel Hilbert space

SLOF: Simplified local outlier factor

SOD: Subspace outlying degree

SPC: Statistical process control

SQC: Statistical quality control

SVM: Support vector machine
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EXERCISES
12.1 Speaking of the types of anomaly, one type of anomaly is called the

contextual anomaly, meaning that an observation may be an anomaly
when its covariates take certain values, but the same observation may
not be an anomaly when its covariates are under a different condition.
Please come up with some examples explaining the contextual anomaly.

12.2 Given Eq. 12.4, derive the expression of Eq. 12.5. Also prove that the
eigenvector of Σy remains hi if the covariance matrix of ε is σ2

εI.

12.3 Consider the p-norm in Section 12.3.1.

a. Recall that ‖x‖0 is used to represent the number of nonzero elements
in x. Show that the 0-norm is not a valid norm. Which requirement
for a valid norm is not satisfied by the 0-norm?

b. Prove that

‖x‖∞ ≤ ‖x‖2 ≤ ‖x‖1 ≤
√
n‖x‖2 ≤ n‖x‖∞,

where n is the dimension of x.

12.4 One kernel function used in SVM or other machine learning methods is
the dth-degree polynomial kernel, defined as

K(x,x′) = (1 + 〈x,x′〉)d.

For the polynomial kernel, it is possible to write down the mapping
functions, φ(x), explicitly and in a closed form, so that the relationship,

K(x,x′) = 〈φ(x),φ(x′)〉,

can be proven. Please do this for d = 2 by writing explicitly the expres-
sion of K(x,x′) and that of φ(x), thereby showing and confirming the
equality in the above equation.

12.5 To construct the plot of Fig. 12.6, consider a bivariate Gaussian distri-
bution, N (µ,Σ), where

µ =

(
5
5

)
, and

Σ =

(
1 0.45

0.45 0.25

)
.

The position of point A is xA = (4, 7)T and that of point B is xB =
(7, 6)T . The mean of the Gaussian distribution is represented by point
C, whose position is µ = (5, 5)T .
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a. Please compute both the Euclidean and statistical distances of AC
and BC. Do your results confirm the statement in Section 12.3.3?

b. Please compute the statistical distance between any point on the 99%
probability contour to point C.

c. Can you drive the general formula for the statistical distance between
any point on the 100(1− α)% probability contour and point C for a
given α ∈ [0, 1]?

12.6 Can you please come up with an example illustrating a circumstance for
which the kNN anomaly detection cannot correctly identify the anomaly
but kNNW could?

12.7 Consider the anomaly examples presented in Fig. 12.1. Let us remove
points, A1 and A2, and the cluster of C3 for the moment. Then, imag-
ine that the points in C2 are clustered more tightly than those in C1.
Suppose that the points in both C1 and C2 are uniformly scattered.
The nearest neighbor distance in C1 is five (whatever unit it may be),
whereas the nearest neighbor distance in C2 is one. The distance be-
tween A3 and its nearest neighbor in C2 is three. Consider k = 1 and
k = 2.

a. Use this example to show that both kNN and kNNW anomaly de-
tection methods are ineffective to flag A3 as an anomaly.

b. Show that LOF is capable of detecting A3 as an anomaly.

12.8 Consider an example presented by Tang et al. [207]. Figure 3 in [207] is
modified and then presented below, where the distance between points
#1 and #2 is five, that between #2 and #7 is three, that between #4
and #5 is six, and the distance between any other two adjacent points
on the line is one.

1

2

7 1110983 4 5 6 1213

a. Let k = 10, and use this example to compute the chaining distance
for point #1. Please show explicitly the sets of G and E associated
with point #1.

b. Select a k and show that G could be different from N for point #1.
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12.9 Prove that in Eq. 12.17, the coefficients are summed to one when
D(x(i−1),x(i)) is the same for all i’s.

12.10 In Section 12.4.4, we state that “[T]he danger of using a subspace ap-
proach is that if not chosen properly, the difference between a poten-
tial anomaly and normal points may disappear altogether in the sub-
space.” One popular method to select a subspace is principal compo-
nent analysis (PCA). PCA is to find the subspaces that account for
the largest variance in data. Please come up with an example in a two-
dimensional space, such that once the one-dimensional subspace of the
largest variance is selected and data projected onto that space, the in-
trinsic structure existing in the original data disappears. In other words,
the otherwise distinguishable two classes of data in the original two-
dimensional data space are no longer separable in the wrongly selected
one-dimensional subspace.

12.11 In Fig. 12.8, there are sixteen options of spanning trees that can connect
all nodes without forming a cycle. Please list all sixteen choices and
show that the one presented in the right panel is indeed the minimum
spanning tree.
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