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To my sons Nityan and Haris



Preface

The fundamental dynamical variables of any physical system take values in what is
referred to as the phase space. The geometry and topology of this space play a guiding
role in the dynamics of the physical system. While this was well-appreciated and
well-understood in classical dynamics, early formulations of quantum mechanics
did not have an easy flexibility to accommodate features of geometry and topology.
Over the years, this problem was addressed with increasing levels of sophistication.
Geometric quantization gives an elegant framework for accommodating geomet-
rical and topological features of the phase space. By now there are many books
and mathematically sophisticated reviews of this topic. Most of these focus on the
formalism and some of the subtleties involved. While this is of great value, I think that
highlighting a variety of diverse applications, especially those which are physically
motivated and interesting, can be a very useful complementary approach. This book
is an attempt in this direction. In keeping with this motivation, most of the material
here is presented from a physicist’s point of view.

Some of the topics were covered in lectures at different summer schools in theo-
retical physics. More recently, a skeletal draft of most of the topics was prepared
for lectures at the Second Autumn School on High Energy Physics & Quantum
Field Theory in Yerevan, Armenia, in October 2014. This book is an augmented and
updated version of the lecture notes.

I thank all the organizers of the summer school in Armenia for the invitation to
speak there. I have discussed some of these topics with my colleagues and express
my thanks for their insights and comments. I also thank my wife Dimitra for collabo-
rations, discussions and for a span of time free from mundane worries while working
on this. This work was supported in part by the U.S. National Science Foundation
Grant PHY-2112729.

New York, USA V. Parameswaran Nair
May 2024
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Chapter 1 ®)
Introduction Check for

A physical theory, as alogical explanation of physical phenomena, is to be constructed
taking account of general principles and incorporating data and information from
experiments. Any effects we attribute to the quantum nature of phenomena should be
included from the outset. A classical description may then be obtained, in a suitable
regime of parameters, as a useful and simpler working approximation. The flow of
logic should thus be:

Genera}l princip les +} = Quantum theory = Classical approximation.
experimental input

But the build-up of a theory along these lines is almost never done in practice.
Primarily, this is because, at the human level of direct experience, most phenomena
are well described by classical dynamics, and hence our intuition about physical
systems is mostly classical. So we tend to start there and try to “quantize” the classical
theory. This is a process with many ambiguities, but over the course of many years,
we have learned to understand the structure of this procedure of quantization. In
this book, we will attempt to describe some aspects of geometric quantization and
consider a few examples or applications.

We will begin with some general observations on why we need such a proce-
dure as geometric quantization. This is best illustrated by an example. Consider the
elementary quantum mechanics of a single particle in three spatial dimensions. The
operators of position X;, i = 1, 2, 3 and momentum p; obey the Heisenberg algebra

Xx=-x'x=0

X pj—piR =id, (1.1)

pipj—pjpi=0

As is well known these have the standard Schrodinger representation on the x-
diagonal wave functions ¥ (x),
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2 1 Introduction

o i . .9
XIp:xwv pilp:_lai
X

v (1.2)
Notice that the commutation rules (1.1) and the specific representation (1.2) are
expressed in terms of Cartesian coordinates. While we know that we should have the
freedom of choosing any set of coordinates for the classical description, constructing
the commutation rules and the operators in coordinate systems other than the Carte-
sian one is not straightforward. What is usually done in textbook solutions, say, of
the Hydrogen atom in spherical polar coordinates is to set up the quantum theory
and the Schrodinger equation first in the Cartesian basis (with > = —V?) and then
make a change of coordinates. While this is an adequate working procedure for many
situations, it is clearly unsatisfactory; one would like a procedure that works directly
without the crutch of the Cartesian system. Also, in situations where we may have a
curved space or a curved phase space, a quantization procedure which takes account
of the geometry of the manifold is not just a desirable choice, but is actually needed.

There are also situations, such as in field theory, where the dynamical variables
are components of fields and have no obvious Cartesian-like structure. In assigning
commutation rules to the components of fields, a more general procedure is then
called for. Geometric quantization is a partial answer to these concerns. It highlights
the geometry and topology of the phase space and gives insights into many physical
situations. But as it stands, it is still not a complete answer to the issues mentioned
above. We will comment on some of these inadequacies later in the text.

There are many other approaches to quantization as well. Quantum theory may be
viewed as a unitary irreducible representation (UIR) of the algebra of observables,
the latter being selected by physical criteria [ 1]. The algebra itself must satisfy certain
conditions so as to have the correct physical requirements. Generally it ends up as
a C*-algebra with further additional conditions equivalent to symmetries or other
desirable properties (such as Lorentz invariance, relativistic causality) and so on. In
relativistic field theory, this would lead to a von Neumann algebra. Here we are
not going to pursue such an algebraic approach to quantization. Instead, we will
consider the essential geometry (which has to do with the symplectic structure) of
the classical theory and work out how a quantum theory can be constructed. This
will be done in the language of Hamiltonians and Hilbert space. The key principle
of quantization, as always, is that canonical transformations of the classical theory
should be represented as unitary transformations on the Hilbert space of states in the
quantum theory.

There is yet another approach to the quantum theory, the functional integral
approach, which is formulated directly in terms of the action and can be made man-
ifestly covariant if the theory of interest has relativistic invariance [2, 3]. Here we
will not discuss this formulation either, but some points of overlap will be pointed
out as the occasion arises.
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Chapter 2 ®)
Symplectic Form and Poisson Brackets e

We start with the formulation of theories in the symplectic language [4, 5]. Later, we
will briefly discuss how this is connected to the action which may be used to specify
the physical theory.

2.1 Symplectic Structure

In the analytical formulation of classical physics, the key concept is the phase space,
which is a smooth even dimensional orientable manifold M (say, of dimension 2n)
endowed with a symplectic structure §2. By this we mean that there is a differential
2-form §2 defined on M which is closed and nondegenerate. Closure means that
df2 = 0, where d denotes exterior differentiation. The qualification “nondegenerate”
refers to the fact that for any vector field £ on M, if i¢§2 = 0, then £ must be zero.
Here i¢ indicates interior contraction with the vector field £. We will use g* to denote
local coordinates on M. In terms of these, we can write

1
2 = 5 Qudg" Adg” 2.1)

The closure condition d§2 = 0 can be written out as

1082
dR = —— dg™ Adg" Adg”

2 9g° q q q
1 [082,, 082, 08,

= — dg“ Adg" Adg”
3! |: dg® dq” + ogH 1 i i

=0 2.2)
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6 2 Symplectic Form and Poisson Brackets

The contraction of £2 with a vector field £ = £#(9/0q") is given by

. i v L a
ie2 =¢"$2,,dq9", E=¢ % (2.3)

Thus in terms of components, the equation i¢§2 = 0 becomes £"£2,,, = 0. Nonde-
generacy of §2 is then seen to be equivalent to the invertibility of £2,,, as a matrix,
so that £#£2,,, = 0 implies {# = 0; in other words, £2,,,, viewed as a matrix, does
not have an eigenstate of eigenvalue equal to zero.

The inverse of £2,,,, which will be needed for some equations, will be denoted by
£2"_ with upper indices; i.e.,

MV

QR RV =6 (2.4)

For now, we will take £2 to be nondegenerate. There are cases where the action
will lead to a degenerate £2,,,; this occurs when the theory has a gauge symmetry.
Elimination of certain components of the gauge field via gauge-fixing is then needed
to define a nondegenerate §2; we will consider such cases briefly later. With the
structure 2 defined on it, M is a symplectic manifold.

Since £2 is closed, at least locally we can write

Q2 =dA 2.5)

The one-form .4 defined by this equation is called the canonical one-form or symplec-
tic potential. There is an ambiguity in the definition of A since A and A + dA will
give the same £2 for any function A on M. As we shall see shortly, this corresponds
to the freedom of canonical transformations.

There are two types of features associated with the topology of the phase space
which are apparent at this stage. The first question is: Is every 2-form £2 which
is closed (i.e., obeys d§2 = 0) the exterior derivative of a 1-form .A? In general,
the answer is no. The set of linearly independent closed 2-forms which cannot be
expressed as d.A for some 1-form A is the second cohomology group of the manifold
M; this is denoted by H?(M)." Thus, if the phase space M has nontrivial second
cohomology, i.e., if H2(M) # 0, then there are possible choices for §2 for which
there is no globally defined potential 4. There are examples of physical interest
where this happens. Such §2’s correspond to the Wess-Zumino terms in the action
and are related to anomalies and also to central (and other) extensions of the algebra
of observables.

Even when H?(M) = 0, there can be topological issues in defining A. If the first
cohomology HY(M) # 0, this means, by definition, that there are 1-forms A whose
derivative is zero, but which are not of the form d of a function on M. Thus A and
A + A will give the same £2, but the difference is not just d for some function A, since
A does not have to be of the form d A, globally. In other words, there are inequivalent

I'We refer to the cohomologies over R since adding forms with real coefficients is what is
appropriate.
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A’s for the same £2. In these cases, one can consider the integral of A around
closed noncontractible curves on M. The values of these integrals or holonomies
will be important in the quantum theory as vacuum angles. The standard #-vacuum
of nonabelian gauge theories is an example. We will take up these topological issues
in more detail later.

Given the symplectic structure, transformations which preserve §2 are evidently
special; these are called canonical transformations. In other words, a canonical
transformation is a diffeomorphism (or coordinate transformation) of M which
preserves §2. Infinitesimally, the coordinate transformation may be taken to be
q" — q" + &"(q). The change in §2 due to this is given by

1 1
¢ 2 = Eﬂuu(q +Od(@" +&M A dg" +E) — S92, dg" A dg”

89,“, e o
a + Quy 4 2p0 > | dgh A dg”
[5 dqr + raggr | 4T N

5“ (“).QW 00y 08244
0q" ogH

+5 [8u<£“9m,) — 0,(€*R2,,)] dg" A dg”
= ic(d2) + d(ic$2) (2.6)

] dg” A dg”

For a canonical transformation, this change must be zero.2 Since d§2 = 0, this
means that canonical transformations are generated by vector fields £ such that

d(i2)=0 2.7

Thus for canonical transformations, i¢§2 is a closed 1-form. If the first cohomology
H' (M) of M is trivial, we can write

of
0q"

ie§2 = —df, £ R0y = — (2.8)

for some function f on M. In other words, to every infinitesimal canonical trans-
formation, we can associate a function on M 2 Since £2 is invertible, we can always
associate a vector field to a function f by the correspondence

=", f (2.9)

2 The right hand side of (2.6) is the Lie derivative of §2 with respect to the vector field £%(9/9q®).

31f H' (M) # 0, then there is the possibility that for some transformations &, the corresponding
i¢§2 in a nontrivial element of H!(M) and hence there is no globally defined function f for this
transformation. As mentioned before this is related to the possibility of vacuum angles in the
quantum theory. For the moment, we shall consider the case H' (M) = 0.
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What we are saying now is that, for a canonical transformation, we can go the
other way, associating a function with the vector field which gives the canonical
transformation, at least when H' (M) = 0. There is a one-to-one mapping between
functions on M and vector fields corresponding to infinitesimal canonical transfor-
mations. A vector field corresponding to an infinitesimal canonical transformation
is often referred to as a Hamiltonian vector field. The function f defined by (2.8) is
called the generating function for the canonical transformation corresponding to the
vector field.

It is important that for every function f on the phase space M, we can associate
a Hamiltonian vector field as in (2.11). This means that all observables which are
functions on M generate canonical transformations.

2.2 Poisson Brackets

Let £, n be two Hamiltonian vector fields which means that they preserve £2; let
their generating functions be f and g respectively. The Lie bracket or commutator of
& and 7 is given in local coordinates by

(&, )" =&"0n" —n"0,¢" (2.10)
We can easily verify that the commutator will also preserve £2. We must therefore

have a function corresponding to [£, n]. It is designated as the Poisson bracket of g
and f and is denoted by {g, f}. Explicitly, we define the Poisson bracket (PB) as

{f.g} = ifing = 77“€"~QW
= —igdg =i,df
=2"0,f0.9 (2.11)
Notice that, for the choice f = ¢", g = ¢g”, this reduces to
g", q"y = 2" (2.12)
Because of the antisymmetry of §2,,,,, the Poisson bracket has the property

{f. 9y =—1g. f} (2.13)

Further, from the definition, we can write, using local coordinates,
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20,f. 9} =0u(n-0f —&-0g)
= 0un"Ouf +1"(0400 f) — 0a&"0ug — £"(0,,0a9)
= 0" Ouf — 08" 0ug +1m - 0("20y) — & - O 20)
= 0un'Ouf — 0u"0ug + (- On — 1 - 08" 820
+ 10,8201 + 0, 2,0)
= [&, 1" Qua + 0 ('E" 2,)
+ 1M (0uR2ar + 0,820 + 0a82,,) (2.14)

In local coordinates, the closure of §2 is the statement 0,82, + 0,240 + 0082, =
0. From the equation given above, we then see that

—d{g, f} =i 2 (2.13)

This result shows the correspondence stated earlier.

Consider now the change in a function F due to a canonical transformation g* —
g" + &". The change in F is obviously £"0,, F. Let f be the function corresponding
to the vector field £ via the correspondence (2.8). We can write the change in F as

§F = £'0,F = (2", f) O,F = {F, f} (2.16)

Thus the change in a function F due to the canonical transformation g* — g* + &*
is given by the Poisson bracket of F with the generating function f corresponding
to the vector field €.

Another important property of the Poisson bracket is the Jacobi identity. For any
three functions f, g, h, we have the identity

{filg: b} + {0, {f, g}y + g, {h, f1} =0 (2.17)

This can be verified by direct computation from the definition of the Poisson bracket.
In fact, if &, n, p are the Hamiltonian vector fields corresponding to the functions
£, g, h, then, by direct computation,

{f g, by +{n, {f, g4} +{g. {h, f}} = iciyi,(dS2) (2.18)

and so the Jacobi identity (2.17) follows from the closure of 2.
An expression which will be useful later is the change of the symplectic potential
A under an infinitesimal canonical transformation; this can be worked out as
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a (&%
6 A= Au(g +d(g" + &) — Au(g)dg" = [5“8,1,4/,, +Aa @2#} dq”

= [ga(aa-Au - 8#-/4(1) + 8;1(50-’4(1)] dq/i
= [fag(w + au(ga-Aa)] dg"
= 8# (50-’4& - f) dCI“ (2.19)

where we used the definition of £2 and the fact that £ is a Hamiltonian vector field with
a corresponding function f defined by Eq.(2.8). Equation (2.19) shows that under
a canonical transformation A — A+ dA, A =icA— f. Evidently dA = 2 is
unchanged under such a transformation. This suggests a very useful way of thinking
about these structures.

We may view A as a U(1) gauge potential and §2 as the corresponding field strength.
The transformation A — A + dA is thus a gauge transformation. We can use this point of
view to construct an invariant description, using covariant derivatives and other properly
transforming quantities.

A remark comparing the symplectic language we have used to some other formula-
tions may be useful at this point. If we use the definition of the Poisson bracket,
namely (2.11), for the phase space coordinates themselves, we have Eq.(2.12),
{g", q"} = £2""V. This is often interpreted as saying that the “basic Poisson brack-
ets” (i.e., PBs for the phase space coordinates themselves) are the inverse of the
symplectic structure.

2.3 Phase Volume

The symplectic two-form can be used to define a volume form on the phase space
M by

RAQAN N2 2 )
do(M) =c =cn! [det| — ) d¥¢g (2.20)
2m)" 21

where we take the n-fold product of §2’s for a 2n-dimensional phase space and
the second expression involves the determinant of £2,,, as a matrix. (¢ is a constant
which is undetermined at this stage.) If the dimension of the phase space is infinite,
then a suitable regularized form of the determinant has to be used, with n — oo at
the end. The volume measure defined by Eq.(2.20) is called the Liouville measure.
Since it is defined in terms of 2, this volume element is invariant under canonical
transformations.
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2.4 Darboux’s Theorem

A useful result concerning the symplectic form is Darboux’s theorem which states
that in the neighbourhood of a point on the phase space it is possible to choose
coordinates p;, x',i=1,2,...,n, (which are functions of the coordinates q" we
started with) such that the symplectic two-form is

. 1
Q=dp; Adx' = 3 JwdQ* AdQ”

0" = (p1,x", pa, X%, ..., puy X™) (2.21)

The tensor J,,, (which is £2,,,, in this coordinate system) can be expressed in matrix

form as
0

—
(=i ie]

1 0-.-

10 0-.-

Jw=|0001 (2.22)
00-10

Evidently from the form of §2, we see that the Poisson brackets in terms of this set
of coordinates are

(x',x7}y=0
{xis pj} = 61}
{pi,pj} =0 (2.23)

An elegant proof of this theorem can be found in Arnold’s book [4]. Here we will
give a short rephrasing of the same argument. The simplest way to prove the theorem
is by induction. First of all, we note that the Darboux theorem is equivalent to the
statement that one can choose coordinates such that the fundamental Poisson brackets
are given by (2.23).

We now start with a point P in some neighborhood of the manifold M. Our attempt
is to reduce 2 to the Darboux form in this neighborhood. We start by taking any
nonconstant function of the coordinates ¢ as the first coordinate p;, with dp; # 0
at P. We can also assume p; = 0 at P, since this can always be done by adding
a constant to any chosen p;. Since p; is a function in the neighborhood, there is a
Hamiltonian vector field

50p1
P = Qaﬁ 2.24
| 507 (2.24)
Consider now a set of trajectories defined by

gt _ __Q‘”a_p}

= 507 (2.25)
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These are flow lines generated by the vector field P;, with £“ as the values of the coor-
dinates ¢ on the trajectories, as functions of 7. Now choose a (2n — 1)-dimensional
surface ¥ which intersects these flow lines transversally and contains the point P.

Consider any point ¢ (with coordinates g) near X' but not necessarily on it. We
can solve (2.25) with ¢ as the initial point and choose the direction such that the
motion is towards the surface X. At some value 7 determined by the initial point ¢,
this motion arrives at X'. We denote this particular value of 7, viewed as a function
of the coordinates ¢ of the starting point g, by x;. If 7 is taken to be infinitesimal,
this is given by

f a i
€M, =g - mdaf;’ﬂ () (2.26)

Equivalently, we can write this as

3 ODi ,
2L T@ =4 €, 227

This equation shows that for this function x;(¢) = 7(g) we have
{x1,p1} =1 (2.28)

We can thus take p, x| as the first pair of Darboux coordinates. Notice that x; = 0
for points on X.

We now consider a subspace, a surface X* defined by p; = 0, x; = 0. The differ-
entials dp;, dx are linearly independent since the Poisson bracket of x; and p; is
nonzero. Thus they define two noncollinear directions which take us off the surface.
Therefore the surface X* is (2n — 2)-dimensional. If X; and P; denote the vector
fields corresponding to x; and p; respectively, wehave iy, £2 = —dx,ip 2 = —dp;.
This result, along with (2.28) shows that we can write

2 =0% + dp; Adx (2.29)

where §2* does not involve differentials dp; or dx;. (If it did, we would have a
contradiction with the contraction of X; and P; with £ in comparison to (2.28).)
Now consider a vector field y which generates a flow along (i.e. tangential to) X'*. By
definition, x cannot change the value of p;, xi, so we have i,dp; =0, i, dx; = 0.
This means that the contraction of any vector tangential to X'* with £2* is the same
as its contraction with £2. Thus £2* must be invertible for vectors tangential to X*.
Finally, it is evident that d§2* = 0. £2* therefore defines a symplectic two-form on
the (2n — 2)-dimensional subspace X'*. The problem has thus been reduced to the
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question of the existence of the Darboux coordinates on the lower dimensional space.
We can now proceed in similar manner, starting with X™* and §£2*. We can construct
another canonical pair p;, x, and reduce the problem to a (2n — 4)-dimensional
subspace, and so on inductively to complete the proof of the theorem.

Problem

2.1 Derive Eq.(2.18) from the definition of Poisson brackets.
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Chapter 3 ®)
Classical Dynamics e

The importance of the symplectic approach is that, classically, the time-evolution of
any quantity is a particular canonical transformation generated by a function H called
the Hamiltonian. This is the essence of the Hamiltonian formulation of dynamics.
Thus if F is any function on M, we then have

8F—FH 3.1

Specifically for the local coordinates g** on M this equation leads to

g OH
1 ={¢" H} =" — (3.2)
ot aqY

Since £2 is invertible, we can also write this equation as

aq"’ oH
w— = — (3.3)
at agh
If we use the Darboux coordinates (p;, x'), these equations (either (3.2) or (3.3))
become
oH i OH

1

-, x' =
ax! ap;

pi = 34
which are more easily recognizable as Hamilton’s canonical equations.

We are now in a position to connect the dynamics to an action and a variational
principle. We define the action as

tf 1%
S:/ dt (Aﬂdi - H) (3.5)
4 dr
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where g*(t) gives a path on M. Under a general variation of the path g*(¢) —
q"(t) + £%(t), the action changes by

v I3
88=/dt (aA“disﬂJrA & —a—H;%”)

aght dt "oar agh
153
d¢" O0H
= A" dr | 2, — — — ) &* 3.6
o (e

The variational principle says that the equations of motion are given by the extrem-
ization of the action, i.e., by §S§ = 0, for the restricted set of variations with the
boundary data (initial and final end point data) fixed. From the above variation, we
see that this gives the Hamiltonian equations of motion (3.3). There is a slight catch in
this argument because ¢* are phase space coordinates and obey first order equations
of motion. So we can only specify the initial value of g*. However, the Darboux the-
orem tells us that one can choose coordinates on M such that the canonical one-form
Ais of the form p;dx’. As aresult, the £* in the boundary term is just §x'. Therefore,
instead of specifying initial data for all g#, we can choose to specify initial and final
data for the x'’s. Since the boundary values are to be kept fixed in the variational
principle §S = 0, we may set x’ = 0 at both boundaries and the equations of motion
are indeed just (3.3).

‘We have shown how to define the action if £2 is given. However, going back to the
general variations, notice that the boundary term resulting from the time-integration
is just the canonical one-form contracted with £#. Thus if we start from the action
as the given quantity, we can identify the canonical one-form and hence §2 from the
boundary term which arises in a general variation. In fact

dg"  0H
88 = ig A(te) — ic A(ty) +/dt <QW% - aq—u) gr (3.7)

As an example of this, consider a real scalar field theory with the action

1., 1 1
S = /d4x |:§<p2 — E(w)2 - Engaz — ot(p4:| (3.8)

The variation of the action leads, upon time-integration, to the boundary term
3 .o " 4
88=/dxg08g0] +/dx[~~] (3.9)
t

The canonical 1-form or the symplectic potential (at a fixed time ¢) can thus be
taken as

A= /d3x @ 8¢ (3.10)
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In this analysis, we are at a fixed time, so ¢ is a function independent of ¢. The phase
space thus consists of the set of functions {¢, ¢} on the three-dimensional space R?.
Ain (3.10) is a 1-form on the phase space, if we interpret §¢ (which is a functional
variation) as the exterior derivative on the space of fields.'

If we add a total derivative to the Lagrangian, say, S — S + f dt f , it does not
affect the equations of motion. However, the new A obtained from the boundary val-
ues has an extra term § f . This is the exterior derivative of f and hence the symplectic
two-form £2 (which is 8.4) is unchanged. We see that the freedom of adding total
derivatives to the Lagrangian is thus the freedom of canonical transformations.

An interesting variant for the scalar field theory is to consider the light-cone
quantization of the same theory. Introduce light-cone coordinates, corresponding to
a light-cone in the z-direction, as

R R
V2 V2

Instead of considering evolution of the fields in time 7, we can consider evolution
in one of the light-cone coordinates, say, u. The analog of ‘space’ is given by the
other light-cone coordinate v and the two coordinates xT = x, y transverse to the
light-cone. They correspond to equal-u hypersurfaces. The action (3.8) for the real
scalar field ¢ (u, v, x, y) can be written in these coordinates as

U= (t+2), V= (t—2) (3.1D)

S = / dudvd®x" [8,09,0 — 1(0r9)* — tm*¢* — ag?] (3.12)

This is of the first order in the u-derivatives, which are the analog of the
time-derivatives. The time-integration of the variation of this action leads to the
boundary term

S = / dvd®xT d,¢ 8<p]m + volume integral (3.13)

Since 9d,¢ is a spatial derivative now, it is not independent of ¢ and so the phase
space is given by field configurations ¢ (v, xT). The symplectic potential is

A= /dv d’xT 8,0 8¢ (3.14)

Taking the exterior derivative (denoted by the symbol § on the space of fields), we
find the symplectic two-form as?

!'In the context of field theory we will often use § to indicate the exterior derivative on the space of
fields.

2 There is a wedge product for the two differentials in this equation. To avoid clutter, we will not
write the wedge symbol from now on if it is clear from the context.
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Q= / dv dxT (3,8¢) 8¢ (3.15)

The contraction of this with the vector field £ = §/5¢ gives
i 82 = —20,(8¢p) = —6(20,9) (3.16)

The function corresponding to the vector field £ is thus 2 d,¢. Using (2.11), we
then find

20,0, x1), (', x M)} = =iV, xT) = =8(v — V)" —xT)  (3.17)

Keeping in mind the antisymmetry of the Poisson brackets, this is equivalent to
1
. x"), o', x")} = —7€v - v)s(xT —x) (3.18)
where € (v — v’) is the signature function given by

cw—vy=]1 vV (3.19)

-1 v<?

By using the symplectic form, we are directly led to the Poisson bracket (3.18). In
the more conventional approach where we consider the canonical momentum I7, the
present situation has a constraint /1 — 9,¢ = 0. In such a formulation, one has to
use Dirac’s theory of constraints to obtain the basic Poisson bracket. The use of £2
bypasses these steps.

We will consider other cases of determining the symplectic form using this method
(of identifying the surface term from the time-integration in the variation of the action)
when we take up examples.
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Chapter 4 ®)
Geometric Quantization Qouck i

Quantum theory of any physical system is a unitary irreducible representation of the
algebra of observables of the system. This means that the observables are realized
as linear operators on a Hilbert space. The allowed transformation of variables are
then unitary transformations. There are thus two key points regarding quantization:

1. We need a correspondence between canonical transformations and unitary
transformations.

2. We must ensure that the representation of unitary transformations on the Hilbert
space is irreducible.

Since functions on phase space generate canonical transformations and hermitian
operators generate unitary transformations, the first point ensures that we get a corre-
spondence between functions on phase space and operators on the Hilbert space. The
algebra of Poisson brackets will be replaced by the algebra of commutation rules for
the operators. The irreducibility leads to the necessity of choosing a polarization for
the wave functions. Some general references on geometric quantization are [5, 7, 8].

4.1 Pre-Quantization

We will first consider the notion of the wave function before discussing how operators
act on such wave functions. In the geometric approach, the first step is the so-called
prequantum line bundle.

This is a complex line bundle on the phase space with curvature 2. Sections
of this line bundle form the prequantum Hilbert space. In less technical terms, we
utilize the similarity we mentioned earlier, namely, that the symplectic potential may
be thought of as a U (1) gauge field, with the transformations A — A + d A viewed
as a gauge transformation. We can then consider complex functions ¥ (q) defined on
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open neighborhoods in M. These are like matter fields, they are the sections of the
line bundle. This means that locally they are complex functions which transform as

U ¥ =exp(id) ¥ “.1)

We can define a covariant derivative acting on ¥ (¢) using A as

R
D, W = (W - 1AM) v (4.2)

The commutator of two covariant derivatives gives —i £2, this is the meaning of
saying that the curvature of the line bundle is 2.

Since canonical transformations correspond to A — A + d A, the transformation
of ¥ as given in (4.1) is equivalent to the requirement of canonical transforma-
tions being implemented as unitary transformations. The transition rules for the ¥’s
from one patch on M to another are likewise given by exponentiating the transition
function for A. The functions ¥’s so defined form the prequantum Hilbert space
with the inner product

112) = / do (M) ¥} W, 4.3)

where do (M) is the Liouville measure (2.20) on the phase space defined by £2.

The next step will be to define operators (acting on ¥) corresponding to vari-
ous functions on the phase space. A function f(g) on the phase space generates a
canonical transformation which leads to the change A = i A — f in the symplectic
potential, see (2.19). The corresponding change in ¥ is thus

S =Er9, W — i(icA— fHW
=EM (0 —iAL) ¥ +ifWw
= (£"D, +if) ¥ (4.4)

where the first term on the right hand side in the first line gives the change in ¥
considered as a function and the second term compensates for the change of A. The
change can be expressed using the covariant derivative as in the last line. Given (4.4),
it is natural to define the prequantum operator corresponding to f(q) by

P(f) = —i(E-D + if) 4.5)

We can easily check that

/ d¥g et 2 W} [79( ) 11/2] - / 4% g /det 2 [73( f)wl]* W (46)
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so that P(f) is a symmetric operator, which is a necessary condition for a unitary
representation. (Strictly speaking, before we can claim a unitary representation, we
need to consider the completion of the set of such functions and also make sure the
domains and ranges of operators match; we will not go into this question, since the
whole issue has to be addressed for the true wave functions anyway.)

Now consider the algebra of the prequantum operators. We have already seen in
(2.15) that if the Hamiltonian vector fields for f, g are & and n respectively, then
the vector field corresponding to the Poisson bracket { f, g} is —[&, n]. Using the
definition of the prequantum operator above, we then find

[(P(f),P(@]=1-i& -D+ f,—in-D +g]

— [£"Dy. 0" D, ] — iE"[Dy. g1 + in"[D,, f]

=i&"n"2,, — ("9,n")D, + n"9,")D, — i&"d,g +in"d, f
=i(—&"n"Ru, +il€,n]- D)

i (~i i.eD) + (£, 8})

1P f. gh 4.7)

In other words, the prequantum operators form a representation of the Poisson bracket
algebra of functions on phase space.

4.2 Polarization

It seems like we have all the ingredients for the quantum theory, but not quite so. The
prequantum wave functions ¥ depend on all phase space variables. The representa-
tion of the Poisson bracket algebra on such wave functions, given by the prequantum
operators, is reducible. A simple example will suffice to illustrate this point.
Consider a point particle in one dimension, with the symplectic two-form 2 =
dp A dx. We can choose A = p dx. The vector fields corresponding to x and p are

& = —0/0p and &, = 0/0x. The corresponding prequantum operators are
.0 .0
Px)=i— +x, Plp) =—-i— (4.8)
ap ax

which obey the commutation rule
[P(x), P(p)]l =i (4.9)

We have a representation of the algebra of P(x), P(p) in terms of the prequantum
wave functions ¥ (x, p). But this is reducible. For if we consider the subset of
functions on the phase space which are independent of p, namely those which obey
the condition
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o
— =0, (4.10)
dp
then the prequantum operators reduce to
.0
Px) = x, Pp)=—i— 4.11)
0x

which obey the same algebra (4.9). Thus we are able to obtain a representation of
the algebra of observables on the smaller space of ¥ ’s obeying the constraint (4.10),
showing that the previous representation (4.8) is reducible.

In order to obtain an irreducible representation, one has to impose subsidiary conditions
which restrict the dependence of the prequantum wave functions to half the number of
phase space variables. This is the choice of polarization and generally leads to an irreducible
representation of the Poisson algebra.

If we are talking about ordinary functions f on the phase space M, the statement
that f is independent of n of the coordinates can be phrased as

0
Pl." —f =0 4.12)
dgh
where P; = Pi“ (@/ag*),i =1,2,...,n, form n linearly independent vector fields.
An integrability requirement for (4.12) is

af
[P, P;]" Forie 0 (4.13)

which can be ensured if
[P;. P;]=C} P (4.14)

where the coefficients C{‘j need not be constants. If we have a set of vector fields
P; obeying (4.14), then they are said to be in involution. If this is satisfied, we can
integrate, starting from some point on M, along these vector fields and obtain, at
least locally, a neighborhood of an n-dimensional submanifold. (This is ensured by
Frobenius’ theorem.) Such a submanifold is said to be a Lagrangian submanifold if
we also have the condition
2,, P/ P/=0 (4.15)
The prequantum wave functions are not functions on M, they are sections of a
line bundle, i.e., they transform with a phase under A — A + dA, and so we must
impose the covariant version of (4.12). Thus, as the polarization condition we choose

P'D,w =0 (4.16)
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where P; are n linearly independent vector fields obeying (4.14) and (4.15). The
integrability requirement for (4.16) is automatically satisfied since

[P/'D,, P}D,)¥ = C}; P{D,W —i82,,P/'P} ¥
—0 (4.17)

by virtue of (4.15) and (4.16). The prequantum wave functions restricted by the
polarization condition (4.16) are the true wave functions of the theory. There can be
different possible choices for the polarization leading to wave functions depending on
different subsets of phase space coordinates. For example, the difference between the
momentum space wave functions and the coordinate space wave functions familiar
from elementary quantum mechanics is one of different polarization choices.

4.3 Measure of Integration

The next step is to define an inner product to make these wave functions into a Hilbert
space. Obviously, if the wave functions do not depend on half the number of phase
space coordinates, it does not make sense to integrate over them in an inner product. In
particular, it would give an undefined or infinite value if those directions do not have
a finite volume. So one needs to define a volume measure for integration over those
directions or coordinates on which the wave functions do have a dependence. The
problem is that while the Liouville measure for all of phase space is naturally defined
in terms of the symplectic structure, there is no natural choice of integration measure
for the reduced set of variables, once we impose the polarization requirement. In
many cases, the phase space is the cotangent bundle of some manifold (which is
the configuration space Q), which means that it is made of the coordinates and
co-vectors. For example, for particle dynamics on Q = R?, M = T*R3. The usual
coordinates x* and the momenta p,, are the basic coordinates for M. Then, if we use
a polarization given by P/* = (3/dp,,), the wave functions depend on x* only. This
is the usual coordinate space Schrodinger quantum mechanics and one can use the
integration just on R?® to form the inner product. But generally speaking, unless M
is the cotangent bundle of some manifold, finding a reduced integration measure is
not trivial.

However there is one case where there is a natural inner product on the Hilbert
space. This happens when the phase space is also Kéhler and §2 is the Kihler form
or some multiple thereof. In this case we can introduce local complex coordinates
(z%, z%) and write

2 = R43dz° A dZ (4.18)

Q1

a,a =1, 2...n. The corresponding covariant derivatives are

D, =09, — 1Aa, Dz =09; — 1Az (4.19)
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The characteristic of a Kihler manifold is the existence of a Kihler potential K
such that

i i
a — __8aK» a — _3(}K 4.20
A 5 A 3 (4.20)

In this case, one can choose the holomorphic polarization (also referred to as the
Bargmann polarization) defined by

1
D;¥ = (0; + EB&K)W =0 4.21)
The solutions are the polarized wave functions i given by
Y =exp(—3K) F (4.22)

where F is a holomorphic function on M. The wave functions are thus holomorphic,
apart from the prefactor involving the Kihler potential. In this case, ¥* involves the
antiholomorphic functions F* and the product depends on all the phase space coor-
dinates. Integration over all of phase space is acceptable and the inner product of the
prequantum Hilbert space can be retained, may be up to a constant of proportionality,
as the inner product of the true Hilbert space; specifically we have

(112) = / do(M) e ¥ F*F, (4.23)

The cases where M = T*(Q for some manifold Q and the Kéhler case will cover
most of the physical situations of interest to us.

4.4 Representation of Operators

Once the polarized wave functions are defined, the idea is to represent observables
as linear operators on the wave functions as given by the prequantum differential
operators. Let £ be the Hamiltonian vector field corresponding to a function f(g). If
the commutator of £ with any polarization vector field P; is proportional to P; itself,
ie, &, P]l=C lj P; for some functions C lj , then, evidently, & does not change the
polarization; £ will obey the same polarization condition as ¥. In this case the
operator corresponding to f(g) is given by P(f), but, of course, now acting on the
wave functions in the chosen polarization.

The situation with operators which do not preserve the polarization is more com-
plicated. There are many such operators of interest in any physical problem. For
example, the Hamiltonian for a free nonrelativistic particle in one spatial dimension
is H = p*/2m, with the vector field £y = (p/m) (3/0x). If we choose the polariza-
tion which gives wave functions depending on x, namely, choose P = (d/dp), then
we find
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10
(§m, Pl = ———— (4.24)

m ox

We see that £y does not preserve the polarization. The solution is also suggested
by this example. We can define p? trivially by using the momentum-space wave
functions, namely, ones corresponding to the polarization (d/dx). It is possible to
transform from one type of wave functions to the other; in this particular case,
this is done by Fourier transformation. More generally, there are kernels, known
as Blattner-Kostant-Sternberg (BKS) kernels, which map from one polarization to
another [5]. Using this, we can define operators as follows. We carry out a canonical
transformation on the wave functions by the vector field ¢ £ ; where f is the function
whose operator version we wish to find and ¢ is a real parameter. The result is no
longer in the same polarization, but we can transform back using an appropriate
BKS kernel. The derivative of the result with respect to ¢ at t = 0 will give the
action of the operator. Equivalently, we can work out the form of the operator in a
polarization which is preserved by the corresponding vector field and then transform
to the required polarization using an appropriate BKS kernel.

4.5 Comments on the Measure of Integration, Corrected
Operators, Etc

The problem of defining the measure of integration in a given polarization has impli-
cations, which necessitates a certain modified definition for operators. Fortunately,
this will not be an issue for most of the examples we discuss later, but, neverthe-
less, a comment is in order at this stage. (For more detailed analysis, see [5, 7,
8].) To illustrate the problem, consider how we can show that P(f) is a symmet-
ric operator, as in (4.6). The relevant integration-by-parts leads to a discrepancy
95" + %é”aﬂ (log det £2) which is zero by virtue of the closure of 2 and £ being a
Hamiltonian vector field. However, the integration measure for the polarized wave
functions is not given by £2 and hence this argument does not go through. Consider
a real polarization and let the inner product be of the form

(112) = /d”x J Yl v (4.25)

(We do not necessarily mean that x denotes coordinates of some configuration space,
it is used as a generic notation here.) We then find

/lﬂl* (P(fHvr2) —/(P(f)wl)*lﬂz =i/d"xJ[8~$+$ -dlog J] i ¥
(4.26)
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Clearly using P(f) to act on the polarized wave functions will not do. One strategy
is to factorize J as 0 o where o need not be real and consider ¥ o in place of the
wave function. The quantity o behaves as the square root of the integration measure
on the complement of the subspace defined by the polarization vector fields. For this
reason, this way of considering ¥ o directly, rather than ¥ and then the measure
of integration separately, is called the half-form quantization. We then modify the
definition of the operator corresponding to f as!

P(Hivo=[(-&-D+ fHy] o — ¢ (iL:o)
—iL;o = —if - 9o — %a ko 4.27)

With this definition, we can verify that

/d”x Vo [P(Hvol= /d”x [P(Hol" Yo (4.28)

It is useful to consider the problem of the integration measure in some more detail.
For this purpose, let us consider the Lagrangian submanifold defined by the polariza-
tion {P;}. Let u’ denote the local coordinates on this submanifold. The coordinates
g" on the submanifold can be considered as functions of u’ and obey equations of
the form

agt
(EH} _aqk =P (4.29)
u

l

The matrix of functions E ik plays the role of frame fields for the subspace and we
can define a volume measure of the form (det £) d"u. In the inner product (4.25), the
integrand ¥}, is independent of u'. So, just as how one deals with the case of the
functional integral for gauge theories, we can introduce a constraint 8 () (det E)~!
and integrate with the full Liouville measure. This will effectively remove the vol-
ume element (det £)d"u of the Lagrangian submanifold from the Liouville volume
element. An alternative is to construct the antisymmetric tensor

1 .. 0 d 0
o_1(P) = —e"’z""”(E_')fl' (E")fz2 o (ETH

. A Ao 4.30
n! I Qukt T Quke dukn ( )

The contraction of this with the Liouville volume form will remove the volume factor
(det E) d"u of the Lagrangian submanifold defined by the P;’s. The expression for
o_1 given in (4.30) is in terms of local coordinates. We can extend this over the
manifold M, so that o_; can be viewed as sections of an appropriate bundle 6_; (P).
Notice that if we make a transformation P; — N,” P; on the basis of polarization

vectors, we have (E~1)¥ — Nij(E“)’; and

o_1(NP) = (det N) o_;(P) 431

! Lo is again the Lie derivative of 0.
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The reduced volume will have this transformation property. More generally, one can
consider bundles &, (P) for which we have the transformation

0,(NP) = (det N)™" o,(P) (4.32)

There are a couple of other properties obeyed by §,. For example, if we have dual
spaces F and F* (analogous to TM and T*M), 8,(F) = §_,(F*); further, from the
transformation property (4.32), 8, (F) ® §;(F) = 8,4+5(F). Also, in particular, §; (M)
can be taken as the volume element for M.

In order to have a strategy which can work for all polarizations, including holo-
morphic (or partly holomorphic) ones, we will need to consider a “square root” of
8_1(P),say 6_1,. This bundle 6_; > is called a metaplectic structure on M. There are
conditions on whether this square root can be defined consistently over the manifold,
as we mention below. (We may think of §; , as defining a volume on spinor frames.)
The volume for the polarized subspace can be defined using §_;,>(P) and §_; /2(15)
acting on 8;(M). Let W = (P U P)/(P N P). This can be shown to be a symplectic
space with its own volume measure which will transform as 0. The general formula
for the required integration measure is then

di = 0_12(P) 6_12(P) 01 (W) do (M) (4.33)

For areal polarization, P = P and W is empty. Thus we get the result o_; (P) do (M)
which is the same as (4.25). The formula (4.33) factors out the effect of the directions
defined by P. The two factors o_;,»(P) and o, /2(13), which we denoted by o and
& in Eqgs. (4.27) and (4.28), are needed for the action of the operators as in (4.27).> In
the integration measure, we can go back to the form 6§ (u) det E~! which is given by
o_1(P). If we consider holomorphic polarization, then PU P = Mand PN P = @,
so that we get o1 (W) = o1(M), which gives another factor of +/det £2. This cancels
with the o_;, factors retaining do (M) as the volume. Thus we see that (4.33) will
correctly reproduce the expected volume element.

Anexplicit formulafor o_ ; is not easy to construct, but this is not needed for most
of the calculations. As seen from the statements above, the two factors of §_; > often
combine to produce an appropriate factor of 6_;. However, the transformation rule
is important in working out the consequences of using half-forms. As we see from
(4.27), once we include such half-form factors, the definition of operators will have
the corrections from Lgo_1,». This can give a correction even when the operator & ¢
preserves the polarization. If & preserves the polarization, then we find

Le, P, =[&;, Pl =C] P, (4.34)

2 By the way, 0+(P) = o, (P).
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for some Cij . Since the polarization is preserved by & ¢, the prequantum operator with
the modification as in (4.27) can be used as the quantum version of f. Thus

P(f)z(—iE-D—i-f)—%TrC (4.35)

In comparison with (4.32), N ~ 1 —iC.

The condition for the existence of a metaplectic structure is essentially the same as
the condition for the existence of spinors on the manifold, namely, the vanishing of the
Stiefel-Whitney class; i.e., H*(M, Z,) = 0. (The metaplectic group is the covering
group for the symplectic group, and §_; > can be constructed using spinor frames.)
If we have H2(M, Z,) = 0, then there can still be inequivalent 6_, bundles, which
are classified by H!(M, Z,), exactly as for spinors.

The metaplectic structure gives amore formal and better way to address the issue of
defining the integration measure for the inner product of the true wave functions and
of having to modify the definition of operators corresponding to f as in (4.27). We
will not go into this in any more detail here. The point is that, overall, while geometric
quantization is very beautiful, it must be admitted that defining operators which do
not preserve the polarization and defining an integration measure on the space of
polarized wave functions are somewhat awkward and cumbersome. In what follows,
we will be considering mostly the holomorphic polarization which avoids most of
these issues.
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Chapter 5 ®)
Topological Features of Quantization e

Many of the topological properties of the phase space have an impact on the pro-
cedure of quantization and on key features of the quantum theory. We have already
mentioned the Stiefel-Whitney class H?(M, Z,) for the existence of the metaplec-
tic structure and how H' (M, Z,) will classify such structures. There are two other
important features we will consider here. These are in relation to the first and second
cohomology of the phase space. For further reading, see [5-7].

5.1 The Case of Nontrivial H1(M, R)

Consider first the case of H! (M, R) # 0, which means that M admits one-forms, say
A, which are closed but not exact. This implies that, for a given symplectic two-form
£2, we can have different symplectic potentials A and A + A which lead to the same
£2 since A is closed, i.e., dA = 0. Now if A is exact, there is some globally defined
function & on M such that A = dh. The function # is a canonical transformation and
physical results will be unchanged. In fact an exact one-form is equivalent to A = 0
upon carrying out a canonical transformation. However, if A is closed but not exact,
i.e., it is a nontrivial element of the cohomology H'(M, R), then we cannot get rid
of it by a canonical transformation. Locally we can still write A = df for some f,
but f will not be globally defined on M. Thus globally we cannot eliminate A.
Classical dynamics is defined by the equations of motion as in (3.2) which involves
only £2, not the symplectic potential .4. Thus this ambiguity in the choice of the
symplectic potential due to nonzero H' (M, R) will not affect the classical dynamics.
In the quantum theory such A’s do make a difference. This can be seen in terms of
the action S; for a path C, parametrized as g/ (¢) from a point ¢ on M to a point b,

the action is
dg* b
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The action depends on the path but the contribution from A is topological. If we
change the path slightly from C to C’ with the end points fixed, we find, using

Stokes’ theorem,
/A_/Azyﬁ A:/dA:O 52)
c ' c-c’ z

where C — C’ is the path where we go from a to b along C and back from b to a
along C’. (Since this is the return path, the orientation is reversed, hence the minus
sign.) X' is a surface in M with C — C’ as the boundary. The above result shows
that the contribution from A is invariant under small changes of the path, which also
explains why it does not contribute to the classical equations of motion, since the
latter arise from extremization of the action under small variations. (The full action
S does depend on the path.) In particular, the value of the integral of A is zero for
closed paths so long as they are contractible; for then we can make a sequence of
small deformations of the path (which do not change the value) and so the value of
the integral will coincide with what it is for a path that is contracted to zero. In other
words, the value will be zero.

If there are noncontractible loops, which is the case if HY(M,R) # 0, then there
can be nontrivial contributions arising from the integral of A around such loops.
While this is irrelevant for the classical dynamics, in the quantum theory, it is €'
which is important, so we need ¢'JA_ (If one considers a path-integral formulation of
the quantum theory, it is clear that ¢! is what is relevant. For the present discussion of
an equal-time operator formulation, ' is again the relevant quantity as it determines
the phases of the wave functions, which can be measurable via interference. Hence
a nontrivial ¢'/4 has physical consequences.)

Assume for simplicity that 7'(M, R) has only one nontrivial element (say «)
up to addition of trivial terms and multiplicative factors. Then there is only one topo-
logically distinct noncontractible loop apart from multiple traversals of the same.
Let A = 6 o where 6 is a constant and « is normalized to unity along the noncon-
tractible loop for going round once. For all paths which include n traversals of the

loop, we find
exp (i % A) = exp (i@ 55 Ot) =exp(ifn) (5.3)

Notice that a shift @ — 6 + 2 does not change this value, so that we may restrict 6
to be in the interval zero to 2. Putting this back into the action (5.2), we see that, as a
function over all paths, the action has an extra parameter 6. Thus the ambiguity in the
choice of the symplectic potential due to H' (M, R) # 0 leads to an extra parameter
6 which is needed to fully characterize the quantum theory. Since 6 is in the interval 0
to 27, we may regard A = 6 « as an element of H! (M, R)/H' (M, Z). If H' (M, R)
has more than one distinct element, there are more distinct paths possible and there
can be more parameters like 6. Such parameters are generally called vacuum angles.

Itis now easy to see these results in terms of wave functions. The relevant covariant
derivatives are of the form D, ¥ = (9, —iA, —iA,)¥. We can write
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q
¥ (q) = exp (1/ A> P(q) 5.4)

where the lower limit of the integral is some fixed point a. By using this in the
covariant derivative, we see that A is removed from D,, in terms of action on @; D,
acting on @ is then just D, = 9, — iA,. The redefinition of the wave functions in
(5.4) is like a canonical transformation, except that the relevant factor exp (i foq A)
is not single valued. As we go around a closed noncontractible curve, it can give
a phase ¢!’ Since ¥ is single-valued, this means that @ must have a compensating
phase factor; @ is not single-valued but must give a specific phase labelled by 6.
Thus we can get rid of A from the covariant derivatives, and hence from various
operator formulae, by taking the wave functions to be the @’s related to the ¥’s as in
(5.4). But diagonalizing the Hamiltonian on such @’s can give results which depend
on the angle 6, since the ®’s must pick up a phase ¢ for each traversal of the
noncontractible loop.

The 6-vacua in a nonabelian gauge theory is an example of this kind of topological
feature. The description of particles of fractional statistics in two spatial dimensions
is another example.

5.2 The Case of Nontrivial H2(M, R)

We now turn to the second topological feature mentioned earlier, namely the case of
H?(M, R) # 0. This means that there are closed two-forms on M which are not exact.
Correspondingly, there are closed two-surfaces which are not the boundaries of any
three-dimensional region, i.e., there exists noncontractible closed two-surfaces. In
general, elements of H2(M, R) integrated over such noncontractible two-surfaces
will not be zero. If the symplectic two-form §2 is some nontrivial element, or it has
a part which is a nontrivial element, of 7>(M, R), then the symplectic potential A
cannot be globally defined. This is easily seen from the following argument. Consider
the integral of £2 over a noncontractible two-surface X,

1(3) = f 2 (5.5)
z
First of all, this is a topological invariant, for if X" is a small deformation of X, then
I(Z‘)—I(Z"):/ 2 =/d.Q=0 (5.6)
-3 1%

where V is a three-dimensional volume with the two surfaces X — X’ as the bound-
ary. This shows that the integral of £2 is invariant under small deformations of the
surface over which it is integrated. If we could write 2 as d.A for some A which is
globally defined on X' then clearly / (X) is zero by Stokes’ theorem. Thus if 7 (X) is
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nonzero, we must conclude that there is no potential .A which is globally defined on
. We have to use different choices for A in different coordinate patches on M and
have transition functions relating the .4’s in the overlap regions. But we must have
the same £2 on a given overlap region whether we use the A for one patch or the A
for the other patch to calculate it. Thus the transition functions on overlap regions
must be canonical transformations (or gauge transformations on A).

As an example, consider a closed noncontractible two-sphere, or any smooth
deformation of it, which may be a subspace of M. We can cover it with two coordi-
nate patches corresponding to the two hemispheres, denoted N and S as usual. The
symplectic potential is represented by Ay and Ay respectively. On the equatorial
overlap region, they are connected by

Ay = As +dA (5.7)

where A is a function defined on the overlap region. It gives the canonical
transformation between the two A’s.

The symplectic potential A is what is needed in setting up the quantum theory.
And since canonical transformations are represented as unitary transformations on
the wave functions, we see that we must also have a Wy for the patch N and a Wy
for the patch S. On the equator they must be related by the canonical transformation,
which from (4.1), is given as

Uy =exp(iA) ¥y (5.8)

Now consider the integral of dA over the equator E, which is a closed curve being
the boundary of either N or S. From (5.7) this is given as

AA:fdA:/AN—/AF= Ay + As
E E E IN as

:/9+/9:/9 (5.9)
N S X

(In the second step, we reverse the sign for the S-term because E considered as the
boundary of S has the opposite orientation compared to it being the boundary of
N.) The above equation shows that the change of A as we go around the equator
once, namely A A, is nonzero if /(X) is nonzero. In other words, A is not single-
valued on the equator. But the wave function must be single-valued. From (5.8), we
see that this can be achieved if exp(iAA) = 1 or if AA = 27n for some integer 7.
Combining with (5.9), this can be stated as a topological quantization rule implied
by the single-valuedness of wave functions in the quantum theory,

/ 2=2nn (5.10)
z
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The integral of the symplectic two-form §2 on closed noncontractible two-surfaces
must be quantized as 2 times an integer. (Or we may say that £2 must belong to
an integral cohomology class of M.) Notice that A only sees dA as we go from one
patch to the other, and the transition condition on the wave functions only involve
exp(i A)asin(5.8). BothdA and exp(i A) are single-valued if the condition (5.10) is
satisfied, so there is no difficulty for any observable quantity in the quantum theory.

We have given the argument for surfaces which are deformations of a two-sphere,
but a similar argument can be made for general noncontractible two-surfaces. The
quantization condition (5.10) on 2 is quite general: The integral of £2 over any
closed two-cycle in M must be 27 times an integer.

The quintessential example of this kind of topological feature is the motion of a
charged particle in the field of a magnetic monopole. The condition (5.10) is then the
famous Dirac quantization condition. The Wess-Zumino terms occuring in many field
theories are another example.

5.3 Summary of Holomorphic Polarization
and Quantization

Since we will be using geometric quantization with holomorphic polarization in
some of the examples later, this is a good point to summarize the key features of
quantization using the holomorphic polarization.

1. We need a phase space which is also Kihler; the symplectic two-form must be a
multiple of the Kéhler form.

2. The prequantum wave functions are sections of a bundle which is the product of
the holomorphic line bundle with curvature equal to the symplectic form and a
half-form bundle. (The existence of the half-form bundle requires the vanishing
of the Stiefel-Whitney class as mentioned earlier.)

3. The true wave functions are obtained by imposing the polarization condition,
which, for the holomorphic polarization is D; ¥ = 0.

4. The inner product of the prequantum Hilbert space, which is essentially square
integrability on the phase space with the Liouville measure of integration, is
retained as the inner product on the true Hilbert space in the holomorphic
polarization.

5. The operator corresponding to an observable f(q) which preserves the chosen
polarization is given by the prequantum operator P( f) acting on the true (polar-
ized) wave functions. The half-form part of the wave functions, while not impor-
tant for the integration measure in the holomorphic polarization, can modify the
operators as in (4.27) or (4.35).

6. For observables which do not preserve the polarization, one has to construct
infinitesimal unitary transformations whose classical limits are the required
canonical transformations.
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7. If H'(M, R) is not zero, then there are inequivalent A’s for the same £2 and we
need extra angular parameters to specify the quantum theory completely.

8. If the phase space M has noncontractible two-surfaces, then the integral of £2
over any of these surfaces must be quantized in units of 2.

Problem

5.1 For a particle moving on a circle with coordinate 8, d6/(2m) is an element of
H'(M). Consider the action

Szfdt [%é%%é]

Obtain the energy eigenvalues to show how they depend on the vacuum angle «.
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Chapter 6 ®)
Coherent States, the Two-Sphere oy
and G/ H Spaces

We will now consider some examples of geometric quantization. Specifically, we
discuss coherent states in flat space, on the two-sphere and on the complex projec-
tive space, using local coordinates, homogeneous coordinates and a group-theoretic
formulation [5-7, 9]. Quantization of Kihler spaces of the G/ H -type and the use of
index theorems to calculate the dimension of the Hilbert space will also be briefly
outlined.

6.1 Coherent States

We will start with the simplest case of coherent states for a one-dimensional quantum
system to illustrate how the ideas of geometric quantization take concrete form. In
one spatial dimension, £2 = dp A dx = i(dz A dZ)/k, where z, Z = K (p £ ix)/+/2.
(We introduce a parameter x« which will be useful for later considerations.) Choose
i -

A= —(zdz—zdz) (6.1)
2K
The space has the Kéhler property, with the Kéhler potential K = zz/«. The covariant
derivatives corresponding to (6.1) are

D: =0:+ — (6.2)

Holomorphic polarization corresponds to P = 0/0z, so that the polarization
condition on the prequantum wave functions is

<

bW = (aZ + 2K

) =0 6.3)
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The solutions of this equation are of the form

1, -
= e 2 o) (6:4)

where ¢(z) is holomorphic in z. The Hamiltonian vector fields corresponding to
z,Zz are

7 <> —ik—, 7 <— iKk— (6.5)

0z 0z

These commute with P = 0/0z and so are polarization-preserving. The prequantum
operators corresponding to these are

L 0 z 0y

P(z) = —i( m)(82+2/£>+z_ naz—i-zz

o 0 z -0 L
P(z) = —i(ik) <8_Z - ﬂ) +z= Ka—z + 52 (6.6)

In terms of their action on the functions ¢(z) in (6.4), corresponding to ¥’s obeying
the polarization condition, we define the operator versions of z and z by

1_ . 1_ .
P)¥ =e 25 O(2)p(2), PRY =e 2% O(R)p(z) (6.7)
so that

O(2) p(z) = 2 9(2)

0
0@ p(2) = n- (6.8)
<

The inner product for the ¢(z)’s is

dzAdT .,

A basis for the Hilbert space of states is given by

Zﬂ

K2/n!

What we have obtained is the standard coherent state (or Bargmann) realization of
the Heisenberg algebra.

Y = e 3G = (zln) (6.10)
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It is illuminating to consider the quantization of the function zz. The vector field
corresponding to thisis £ = ix(z0, — z0;). The prequantum operator for this is easily
seen to be zJ, acting on ¢(z). For the polarization we have chosen,

(¢ 0:] =ik O: (6.11)

Thus £ preserves polarization and we can identify C = ix in comparing with (4.34).
The operator corresponding to zz, including the metaplectic correction, is thus

_ o 1
O@zz) =k (Zé)_z + 5) (6.12)

For most of what follows we will set x = 1.

6.2 Quantizing the Two-Sphere

We now consider the example of the phase space being a two-sphere S2. This space
can be considered as CP', the complex projective space in one (complex) dimen-
sion. It is a Kihler manifold. We may also regard S as SU(2)/U(1), a point of
view which is useful for generalization later. We will consider quantization of the
two-sphere first in local coordinates, then using homogeneous coordinates for CP!,
and then from the group theory point of view.

6.2.1 Quantization Using Local Coordinates

We introduce local complex coordinates for CP' as z = x + iy,Z = x — iy, the
standard Kéhler two-form is given by

dz Andz
=i— 6.13
(14 z2)? 13
These coordinates can be related to an embedding of S? in R? via
z+2z i(z—2) 1 —zz
Xi=——, 2= T - 3= T = (6~14)
(1+z2) (1+z2) (1+z2)

so that we may view z, z as the coordinates of a plane onto which the sphere is
stereographically projected. The metric is given by ds? = e'e' 4 e¢%e¢? where the
frame fields are
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d d
o= = (6.15)
I+2zz I+2zz
The Riemannian curvature is R}, = 4 ¢! A 2, giving the Euler number
R
y=[| 22 =2 (6.16)
27

The phase space has nonzero H?(M, R) with its generating element given by
the Kihler two-form, which is also proportional to the volume form for S2. As the
discussion which led to (5.10) showed, the symplectic two-form must belong to an
integral cohomology class of M to be able to quantize properly. So we consider the
symplectic form

dz A dz

— " —iddK K =nlog(l + zZ 1
n(l+zZ)2 i00K, nlog(l + z2) (6.17)

L=nw=1

where n is an integer. In this case, we can verify by direct evaluation of the integral
that

/ 2 =2mn (6.18)
M

as required by the quantization condition. In (6.17), K is the Kidhler potential for
£2. Classically the Poisson bracket of two functions F and G on the phase space is
given by

{F,G} = 2" 0,F 9,G
i OF 0G  OF 9G
= ~(1+22) (—— )

- = 6.1
0z 0z 07 0z (©-19)

Turning to the quantization, first of all, the symplectic potential corresponding to
the £2 in (6.17) can be taken as

nlzdz—zdz
=i— | — 6.20
A 12[ (I+29) } (620)

The covariant derivatives, which are given by 0 — i.4, are

n z
D, =0, —iA =0, — =
Z Z IAZ Z 21—"—ZZ
Di= 8 —ids = 0 42—~ 6.21)
I Z Z Z 21+ZZ .
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The holomorphic polarization condition is

n Z
DY = (9: — iAW = | 0: + = —|v=0 6.22
(0; —iAz) [ +2(1+zz)] (6.22)

This can be solved as
n
v =exp(~Slog(1 +22) @ (6.23)

where f(z) is a holomorphic function of z. Notice that we have a factor exp(— % K)
as expected. The inner product is given by

112) =1 dendz . 6.24
<|>—lcfmf1fz (6.24)

Here c is an overall constant, which can be absorbed into the normalization factors
for the wave functions. Since f(z) in (6.23) is holomorphic, we can see that a basis of
nonsingular wave functions is given by f(z) = 1, z, 2., higher powers of z
will not have finite norm. The dimension of the Hilbert space is thus (n + 1). We could
have seen that this dimension would be finite from the semiclassical estimate of the
number of states as the phase volume. Since the phase volume is finite for M = S2,
the dimension of the Hilbert space should be finite.
An orthonormal basis for the wave functions may be taken to be

1

n! L
fk(Z)= [m] Z (6.25)

with the inner product

dz Andz

(112) =i(n + 1)/ In(l 222

it f (6.26)

Here we have chosen the parameter ¢ in (6.24) such that the trace of the identity
operator is the dimension of the Hilbert space, equal to n + 1.
Consider now the vector fields

(0 , 0 (9 50 _ (.9 _90
5*“(65“&)’ &= ‘(&“az)’ 53_1(Zaz Zaz)

(6.27)
It is easily verified that these are the standard SU (2) isometries of the sphere. The
Lie commutator of the &’s give the SU(2) algebra. Further, these are Hamiltonian
vector fields corresponding to the functions

z z n({l-—zz
Jo=—-n , J_=-n -, J3=—— — 6.28
* 1+ 22 : 2<1+zz> (0.28)




40 6 Coherent States, the Two-Sphere and G/H Spaces

The prequantum operators —i€ - D + J corresponding to these functions are

243 -
Y PR T R
Pﬁl)—-< . 21+%Z) €.
1 _
P(J3) = <zaz - §m> — €D (6.29)

Acting on the polarized wave functions, D; in these expressions will give zero.
Writing ¥ as in (6.23), we can then work out the action of the operators on the

1
holomorphic wave functions f(z), by moving the derivatives through the eiiK

factor. We then find

Jof=E0,—n2)f
J_f=(d)f
Bf=Go.—4snf (6.30)

If we define j = n/2, which is therefore half-integral, we see that the operators
given above correspond to a unitary irreducible representation of SU (2) with J? =
Jj(j 4+ 1)and dimensionn + 1 = 2 + 1. Notice that there is only one representation
here and it is fixed by the choice of the symplectic form £2. In other words, the
quantization of the two-sphere with the symplectic form (6.17) gives one unitary
irreducible representation of SU (2) with j = n/2.

6.2.2 Quantization Using Homogeneous Coordinates

The complex coordinates we used are only local coordinates valid in a coordinate
patch around z = 0; strictly speaking we need at least another coordinate patch with
a different choice of coordinates to describe the sphere in a nonsingular way. This
second patch would be needed around z = oo, corresponding to the south pole of the
sphere S? in the stereographic projection (6.14). It did not matter too much in what
we did so far, because the potential coordinate singularity is basically a point with
Zero measure.

A more global approach is to use the homogeneous coordinates of the sphere
viewed as CP'. Recall that the complex projective space CP* is defined by
(k+ 1) complex coordinates (uj,us,...,Ur+1) € Ck! with the identification
(uy, ua, ooy ugg1) ~ A(uy, U, - .., Ugyy), for any complex nonzero A, A € C — {0}.
Thus, for CP', we will need two u’s which we may think of as a two-component spinor
Uy, o = 1,2, with the identification u,, ~ Au,. We also define u; = u3, u, = —uj
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ori, = eagujg, where €,3 = —€34, €12 = 1. The metric corresponding to the frames
(6.15) is . . .
ds? = db_t-du_u-c}udwu 631)
i-u (u - u)?

This is known as the Fubini-Study metric. The symplectic form corresponding to
(6.17)is

(6.32)

du-di  @- . dii
Q:—in[u i i-duu du]

i-u (- u)?
where the notation is u - v = u,vge,g. This means that it - v = utv = uivy + u;vz.l
It is easily checked that £2(Au) = £2(u); it is invariant under u — Au and hence is
properly defined on CP' rather than on C2. The choice of u, /u; = z leads to the previ-
ous local parametrization; this is valid around u; # 0. We can use another coordinate
patch with the local coordinates w = u;/u;. These two patches will correspond to
the north and south hemispheres of the sphere, in the stereographic projection.
The symplectic potential corresponding to (6.32) is

A= _iﬁ [M] (6.33)
2 u-u

Directly from the above expression we see that
.n N
AQw) = Aw) + d (15 log()\/)\)> (6.34)

This means that .A cannot be written as a globally defined form on CP' since it is not
invariant under the needed identification u, ~ Au,. This is to be expected because
J $2 # 0 and hence we cannot have a globally defined potential on CP'. From the
transformation law (6.34) and (4.1), we see that the prequantum wave functions must
transform as B n B

W (O, Nii) = W (u, i) exp [5 log()\/)\)] (6.35)

The polarization condition for the wave functions becomes

0 nUg€gqy
—_ - v =0 6.36
[aﬁa 2 u-u ] (6.36)

The solution to this condition is

W = exp (—g log (i - u)) fw) (6.37)

1n (6.32), a wedge product is implied, while there is no wedge product in (6.31).
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Combining this with (6.35), we see that the holomorphic functions f(u) should
behave as

JQu) =X f(u) (6.38)

Therefore f(u) must have n u’s and hence is of the form
f(u) — Z C(yl...an ual e Ma” (639)

a's

Because of the symmetry of the indices, there are n + 1 independent functions, as
before. There is a natural linear action of SU (2) on the u, u given by

u/ = af I/lg, L_l?y = Ua,‘{g IZﬂ (640)

«

where U,g form a (2 x 2) SU(2) matrix. The corresponding generators are the J,
we have constructed in (6.29) and (6.30). We have thus recovered all the previous
results in a more global way.

6.2.3 Group Theoretic Version

Equation (3.5) relating the action and the symplectic potential A shows that the
potential of interest to us, namely, (6.20) can be obtained from the action

sziﬁ/dt @l (6.41)
2 14+ zz

where the overdot denotes differentiation with respect to time. This action may be
written as [10, 11]

S = ig / dt Tr(o39~'9) (6.42)

where g is an element of SU (2) written as a (2 x 2)-matrix, g = exp(i (¢;/2)6;) and
0,1 =1, 2,3, are the Pauli matrices, given explicitly as

o) = ((1) é) , o= <? Bi> , o3= <(1) _01> (6.43)

In the action (6.42), the dynamical variable is thus an element of SU (2). There are
many ways to parametrize the group element, corresponding to local coordinates
on the group viewed as a Riemannian manifold. One convenient parametrization is
given by
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_ <1z> éi 0 6.44)
= Traz\=21) |0 '

If this is used in (6.42), we get (6.41).
In the action (6.42), if we make a transformation g — g h, h = exp(iosp), we get

S—)S—n/‘dtgb (6.45)

The extra term is a boundary term and does not affect the equations of motion. (It
is for this same reason that § in (6.44) does not appear in (6.41).) Since equations
of motion do not depend on 6§, we see that classically the dynamics is actually
restricted to SU (2)/U (1) = §2.

Even though classical dynamics is restricted to SU(2)/ U (1), the boundary term
in (6.45) does have an effect in the quantum theory. Consider choosing ((#) such that
p(—00) = 0and p(co) = 2. In this case h(—oo) = h(oo) = 1 giving a closed loop
in the U (1) subgroup of SU (2) defined by the o3-direction. For this choice of h(z),
the action changes by —27n. However, 'S remains single-valued since 7 is chosen
to be an integer, and, even in the quantum theory, the extra U (1) degree of freedom
is consistently removed. If the coefficient were not an integer, this would not be the
case and we would have inconsistencies in the quantum theory. The quantization
of the coefficient to an integral value, already seen in (6.18), is seen again from a
slightly different point of view.

We can now move ahead and complete the quantization. The canonical one-form
is obtained from S as "

A= izTr(a3 g~ 'dg) (6.46)

The corresponding two-form is given by
Q= —i%Tr(a3 g~'dg g~'dg) (6.47)

The prequantum wave functions are sections of a bundle on SU (2)/U (1). Let us
start with functions on SU(2). A function on SU(2) may be written as a linear

combination of the representation matrices D{%) (g) as

w=>Y > cIDN@=3">" c (@l |b) (6.48)
j ab Jj ab

where J; is the angular momentum or SU (2) generator in an arbitrary representation.
(The matrices DC%) (g9) are also known as the Wigner D-functions.) Consider the
transformation g — gh, h = exp(i%?); the change in A is given by A — A —
(n/2)d@. Since o3/2 corresponds to J3 in an arbitrary representation, this implies
that the wave functions must obey
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iJ56 in
w (ge g ) =w(g) exp(—50 (6.49)

This identifies the J3-eigenvalue of the state |b) in (6.48) as —n /2, so that we can
write [b) = |j, —3).

We have considered translations of g on the right by 42 € U(1). The remaining
generators for the right action are Ry = R; £ iR,, where R; is defined by

The combinations R are complex and conjugate to each other. We can take R_ as
the polarization condition, requiring the wave functions to obey

R_W=R_ ZZ cY (ale by = Yy (@l j 1y =0 (6.51)
J Jj ab

This is a holomorphicity condition and upon using the parametrization (6.44) will be
seen to be identical to the condition (6.22), namely, D;¥ = 0. From the group theory
point of view, (6.51) means that the state |b) must also be the lowest weight state.
If we have a state |b) with J3 = —n/2 and it is also the lowest weight state, then
we must have j = n/2. Thus only one representation in (6.48) will have nonzero
coefficients, identifying the general wave function as

v = Z ... (9) (6.52)

A general state is a linear combination of D 2 (g) since a takes 2j + 1 values,
we see that the Hilbert space corresponds to a umtary irreducible representation of
SU (2) with j = n/2. The operators J; given in (6.29) or (6.30) correspond to the
left action on g, i.e.,

5) (ﬂ) gi (%) (%)
Ji¥(9) = Zc;% D, (59 =) ClyUaDy(9) (653

Here (J;)4c 1s the matrix version of f, in the representation with j = n/2. We have
thus reproduced the previous results from a purely group theoretic point of view.

The explicit construction of the wave functions is also straightforward. Since R_
must annihilate ¥ (¢) and we need R3¥ = —(n/2)¥, we see that the wave functions
are of the form

Y(9) =N gi2 92 Gin2 (6.54)

where g;; is given by the 2 x 2 matrix in (6.44). Once we choose a coordinate patch,
we can set 6 to some specific value. In particular around z = 0, we can set § = 0.
Notice that the second index for each g;; is set to the value 2. It is then easy to see that
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this does give —n /2 for the value of R; and that R_ annihilates this since each g;,
is in the lowest state for the right translations. In this equation N is a normalization
factor. The wave function ¥ is symmetric in the indices iy, i, .. ., i,, so that the
number of independent components is n + 1, as expected. Normalizing these wave
functions, we then get the same set as in (6.23), (6.25).

Before we consider the generalization of this to arbitrary groups, it is useful to
mention some examples where these results turn up. We may regard the £2 = nw as
a U(1) magnetic field which is constant (in the appropriate coordinate frame) on the
sphere. If we consider the two-sphere to be embedded in IR?, this constant magnetic
field can be viewed as the (radial) field due to a magnetic monopole of charge n at
the origin. This identification of the U (1) field is further supported by looking at
R . These are translation operators on the sphere, but their commutator is given by
[Ry, R_1Y¥ =2 R3¥ = —n V. Since the commutator of covariant derivatives is the
field strength in the presence of a gauge field, we can identify a magnetic field for
this case as 2 B = n. (We set the electric charge to be 1; also we took the sphere to
have radius equal to 1, otherwise this would read 2 Br? = n where r is the radius of
the sphere.) In the context of charged particle dynamics in the presence of a magnetic
monopole, the quantization of the magnetic flux is the Dirac quantization condition.
We see that this is equivalent to the quantization of [ §2. Thus the states (6.52) we
find are the angular part of the wave functions for a charged particle in the presence
of a magnetic monopole. Also they can be thought of as the lowest Landau levels
for a constant magnetic field on the sphere [12, 13]. The left action of the J; as in
(6.53) correspond to the so-called magnetic translations for the Landau levels. So
quantum Hall effect on the sphere can be discussed using these wave functions. We
will consider some more details of this problem later.

The geometric quantization of the two-sphere can also appear as part of the dynam-
ics of a particle with spin; we get one unitary irreducible representation (UIR) of
SU (2), so we have exactly what is needed for spin. It can also be thought of as
describing the internal symmetry structures, such as the color degrees of freedom for
a particle with nonabelian charges for the case of the color group being SU (2).

6.3 Kihler Spaces of the G/ H-Type

The two-sphere S? = SU(2)/ U (1) is an example of a group coset which is a Kihler
manifold. There are many Kihler manifolds which are of the form G/H where H
is a subgroup of a compact Lie group G. In particular G/H is a Kéhler manifold
for any compact Lie group if H is its maximal torus. Another set of Kihler spaces
of this type is given by CP* = SU (k + 1)/ U (k). There are also examples of this
type corresponding to noncompact groups. For example, the Lobachevskian space
SL(2,R)/U(1) is also a Kéhler manifold, although its volume defined by the Kéhler
two-form is infinite. There are many other cases as well which are interesting from
the physics point of view, see later chapters and corresponding references.
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In these cases, one can consider theories where the symplectic form is propor-
tional to the Kihler form or is a combination of the generators of H?(M, R) for
these manifolds and quantize as we have done for the case of S2. The general result
is that they lead to one unitary irreducible representation of the group G, the specific
representation being determined by the choice of £2.

6.3.1 Quantizing CP?

In most of these cases with G/ H structure, it is rather simple and straightforward to
construct the Kéhler form for these spaces. We will now consider in some detail
another example, namely, the quantization of CP? = SU (3)/U (2). A general ele-
ment of SU (3) can be represented as a unitary (3 x 3)-matrix. This can be taken
to be of the form g = exp(iz,6%), where the generators {f,} in the 3 x 3 matrix
representation can be chosen as

L (010 L (00 L {100
n=5|100] n=2lioo| s=zfo-10
000 00 000
O | (00— | (000 L (000
u=51000] s=21000) w=2(001) n=200i
100 i0 0 010 0i 0
. (100
wn=——1[010 (6.55)
V12 \p0 -2

(These matrices ¢, form an orthonormal basis for the Lie algebra of SU (3), they are
normalized so that Tr(z,1,) = %5(1;,.) We define a U (1) subgroup by elements of the
form exp(it898) and we can also define an SU (2) subgroup which commutes with this
U (1) subgroup; the latter has elements of the form U = exp(iz,0°) fora =1, 2, 3.
These two subgroups together form the U (2) subgroup of SU (3).> Consider now the
one-form

3
A(g) =iw Tr(rg g~ 'dg) = —iw % Uy du’ (6.57)

2 Strictly speaking there is an identification of certain elements involved. There is a common Z,
subgroup for the factorsin SU (2) x U (1) definedby Zy = {1, hz},hz = (hy, hy) with h2Z = land

hy = (_lgxz ?) , hy = exp(itgv/127) = (‘15“ ?) (6.56)

The U (2) subgroup is thus given by SU(2) x U(1)/Z,.
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where g is an element of the group SU (3) and w is a numerical constant; u}, = ga3.
If & is an element of U (2) C SU(3) of the form h = U exp(itg 0), we find

A(gh) = A(g) — % de (6.58)

We see that A changes by a total differential under the U (2)-transformations. The
two-form dA is therefore independent of # or it is invariant under U (2) transforma-
tions. Thus the two-form d.A is defined on the coset space SU (3)/ U (2). Evidently it
is closed (dd.A = Osince d> = 0), butit is not exact since the corresponding one-form
A is not globally defined on SU (3)/U(2), but only on G = SU (3). Thus d A is a
nontrivial element of H2(SU (3)/ U (2), R) = H2(CP?, R). There will be quantiza-
tion conditions on w and the lowest possible choice, with our choice of normalization
for g, will be 2/ /3. With this choice, we define the Kiihler 2-form for SU B3)/UQ2)
as

w=d Q\% Tr(tg g_ldg)) (6.59)

The connection with the complex projective space is clarified by introducing Z, =
puq, where pis an arbitrary complex number, not equal to zero. We can then consider

V3z-dZ . 3 .
wT = =—1w7 [uudua+dlogp] (6.60)

A=—i

This A differs from (6.57) by a total derivative and hence d.A will be the same
for both A’s. We thus see that we can write w as

dz-dz dz-zz7-4z
[ ] (6.61)

w = -1 -— — —
(Z-2) (Z-Z)

which is the expected Kihler form on CP2.

As the symplectic form for quantization of the phase space CP?, we can consider
any integral multiple of w; we need an integral multiple, since the integrals of 2 =
d A over nontrivial two-cycles on CP? will have to be integers. Thus the possible
choices for w are of the form w = 2n/ \/g, n € 7.3 Therefore we will consider the
symplectic two-form

2

2n
—iZ_Tr(rsg 'dg A g 'd
7 (1sg~'dg A g~'dg)

dz-dz dz-7z -4z
] (6.62)

=nw=—in|: — — _
(Z-27) (Z-72)?

3 1t should be kept in mind that different choices of w correspond to different theories and different
physics.
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The action which leads to the chosen A and the £2 in (6.62) is
S_'Zn/dtT(t ) (6.63)
=i— T .
\/?—) 89 g

Again, for ¢S to be well defined on (CIP’Z, the values of w will have to be restricted to
the form given above, namely, w = 2n/+/3,n € Z. The wave functions are functions
on SU (3) subject to the restrictions given by the action of SU(2) and U(1) and a
holomorphicity condition, which is the polarization condition. In other words, we
can write, using the Wigner D-functions for SU (3),

W ~D\)(g) = (r, Al§Ir, B) (6.64)

Here (r) is aset of indices which labels the representation, A, B label the states within
arepresentation. Only the finite-dimensional (and hence unitary) representations can
occur here, since they form a complete set for functions on SU (3).

The groups involved in the quotient can be taken as the right action on g. The
transformation law for .4 then tells us that ¥ must transform as

W(gh) = ¥(g) exp (—i % 9) (6.65)

This shows that the wave functions must be invariant, i.e., singlets, under the SU (2)
subgroup and carry a definite charge n/+/3 under the U (1) subgroup generated by fg.
This restricts the choice of values for the state |r, B) in (6.64). Further w = 2n/ V3
must also be quantized so that it can be one of the allowed values in the representations
of SU(3) in (6.64). This is the same as what we already found, namely, that n must
be an integer.

One has to choose a polarization condition as well. The generators of SU (3) can
be divided into those of the SU(2) and U (1) subgroups, and the coset ones which
correspondtot; withi = 4, 5, 6, 7. These can be grouped into ¢,, t;, witha,a =1, 2,
corresponding to t; = #4 + ifs5, to = t¢ + it7, and their conjugates. Correspondingly,
we can define the right translation operators

Rig=gta Rig=ygta (6.66)

As the holomorhic polarization condition, we choose
R;¥(g)=0 (6.67)
This requires the state |r, B) to be alowest weight state. This requirement, along with
the earlier statement that |r, B) should be an SU (2) singlet with eigenvalue —n/~/3

for the #3-transformation, completely fixes the representation r and the state |r, B).
However, the left index A in (6.64) is free, taking values corresponding to the possible
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states in the representation r. Thus the result of the quantization is to yield a Hilbert
space which is one unitary irreducible representation of the group SU (3).

We can also carry out an explicit construction of the wave functions which form a
basis of the Hilbert space 7 along the lines of how it was done for §? = SU (2)/ U (1)
in (6.54). They are of the form

Y (9) =N g3 93 - * - Jau3 (6.68)

where g,5 € SU(3) is the 3 x 3 SU(3) matrix in the fundamental representation.
Since (gt3)a3z = —(1/ \/§)ga3 and R;g.3 = 0, we see that the requirements (6.65)
and (6.67) are indeed satisfied by ¥ (g) in (6.68). From the left action of SU(3) on
Jda3’S, we see that ¥ is in the symmetric rank-n representation of SU (3). This is the
UIR obtained for the choice of 2 = n w or the action in (6.63). The dimension of
the Hilbert space is seen to be N = 1 (n + 1)(n + 2).

The volume element for CP? is defined by the Kihler form w as w A w. We will
use a normalized volume where the total volume of CP? is taken to be 1. In terms of
local coordinates z;, i = 1, 2, with g;3 = z;/+/1 + Z - z, the volume is given by

2 d%zd’z
dy=——"-— 6.69
=0 (1+z-2)° (6.69)
The normalized version of ¥’s in (6.68) is thus
n! Zkle2
U(g) =N 122 (6.70)

kilky!(n — s)! (1 —i—Zz)%
ki,kh=1,2,...,n, s=ki+ ko

6.3.2 Quantizing General G/H Spaces

More generally, with a view of obtaining UIRs of a compact Lie group G, one can take

Alg) =i) waTr(ta g~'dg) (6.71)

where 7, are diagonal elements of the Lie algebra of G (in some suitable orthonormal
basis) and w, are a set of numbers. The number of independent generators 7, is given
by the rank of the group. The elements of the group given by the exponential map
e'a?" form the subgroup T which is the maximal torus of G.

Notice that, under g — gh, A will change by a total differential if # commutes
with the factor ), w1, in (6.71). The subgroup of G consisting of all elements which
commute with ), w,1, is the subgroup H. While A changes under right transla-
tions by 4, dA is invariant, and so dA will be a closed nonexact form on G/H.
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If some of the eigenvalues of ) w,t* are equal, H can be larger than the maxi-
mal torus. Upon quantization, for suitably chosen w,, we will get one unitary irre-
ducible representation of G and w, will be related to the highest weights defining
the representation.*

There is another way to think about this problem. Let us say that we want to
construct a unitary irreducible representation (UIR) of a group G. We ask the ques-
tion: Is there a classical action which upon quantization gives exactly one UIR of the
group G? Recall that if we quantize the rigid rotor we get all UIR’s of the angular
momentum group SO (3). That is not what we want, we want one and only one
representation. The answer to this is the action

S= iz Wy / dt Tr(t, g ) (6.72)

with the choice of {w,} determined by which representation we wish to obtain upon
quantization. This action is known as the co-adjoint orbit action, since it is defined
on the orbit gw,t, g~' of the group G. Often it is also referred to as the Kostant-
Kirillov-Souriau action.

One can use an action similar to (6.72) for noncompact groups as well. The key
here is that, since we are quantizing the system, the representation we obtain is
unitary. Thus if one carries out the quantization of SL(2, R)/U (1), we will get a
UIR of SL(2, R). Such representations are infinite dimensional since SL(2, R) is
noncompact. The representation obtained will be one of the series needed for the
completeness relation for functions on SL (2, R). The infinite dimensionality is also
in agreement with the semiclassical counting of the dimension of the Hilbert space
since the phase volume (= the volume of SL(2, R)/U (1) as measured by its Kéhler
form) is infinite.

6.3.3 A Note on an Index Theorem

It is interesting to see the dimension of the Hilbert space in another way [14]. The
polarization conditions (6.22) and (6.67) express the O-closure of ¥ with a U @)
gauge field A and on a space of Riemannian curvature R;,. Generally, the number of
normalizable zero modes of the d operator for a vector bundle V can be obtained using
the index theorem for the twisted Dolbeault complex. Explicitly, this is expressed as

Index(dy) = / td(M) A ch(V) (6.73)
M

4 We use the term highest weight in the general algebraic sense, although the actual eigenvalue may
be the lowest value in the representation as in some of the previous examples.
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where td is the Todd class of the complex tangent space of the manifold and ch(V) =
Tr(ef/?™) is the Chern character. (F is the curvature of the vector bundle.) The Todd
class itself can be expressed in terms of the Chern classes, which, for a vector bundle
with curvature F, are given by

det (1 + = r) ch (6.74)

The Todd class may also be represented, via the splitting principle, in terms of a
generating function as
Xi
td = ]_[ : (6.75)

1 — e

i

where x; represent the “eigenvalues” of the curvature in a suitable canonical form
(diagonal or the canonical antisymmetric form for real antisymmetric i 7). Explicitly,
the Todd class, up to the 3-form level, is given as

td=1+%C1+%(€f+62)+%6162+~- (6.76)
The curvature iF relevant for us will be the curvature of the complex tangent space
of the manifold, 7, M. After multiplying out td(M) and ch(V), the differential form
of the dimension appropriate to the space of interest should be used as the integrand
in (6.73).

In the two-dimensional case, the Todd class td (M) is R /4m and the Chern character
ch(V) = Tr(ef/?™) is £2 /2 for us. The number of normalizable solutions to (6.22)
for the two-sphere is thus

= 2 R
Index(0Qy) = / 2— —=n+1 (6.77)
M 2T u 4T

Notice that, semiclassically, we should expect the number of states to be f /21 = n.
The extra one comes from the Euler number in this case. (The semiclassical counting

is supposed to apply only for large n, so this is all consistent with expectations.)
For the case of CP?, we have

Index(dy) = b (£ e (L& Le
ndex ( V)_/M 3 r(Z) +§cl I‘(%>+E(61+02)
L@ () (E)]
= —Tr|{ — — —
ul2 2T 2 2
1 R 1
12 MH 2_> R (h%)} 678)
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where §2 = nw. Further, in terms of the Kdhler two-form,

R R R 2
Tree =32 T =3(i) (6.79)
2 2 21 21w 2

With our chosen normalization for the total volume of CP?,

/M (%)2 =1 (6.80)

The index is then easily evaluated as

Index(a_v)‘cpz = %(n +D(n+2) 6.81)

This agrees with what we obtained as the dimension of the Hilbert space with the
explicit construction of the wave functions as in (6.68).

6.3.4 A Short Historical Note

Historically, geometric quantization arose out of representation theory for groups.
The construction of UIR’s of a compact group using the Kihler two-form on G/ T
where T is the maximal torus was carried out in the 1950s. It goes by the name of
Borel-Weil-Bott theory. Geometric quantization was developed in the 1970s (by
Kostant, Souriau, Kirillov and others) as an attempt to generalize this to arbitrary
symplectic manifolds. The use of actions of the form (6.72) for various physical
problems was pursued in the 1970s by Wong, Balachandran and others [10, 11].
This action (6.72) may also be viewed as the prototypical Wess-Zumino term. The
usual Wess-Zumino term was introduced in the context of meson physics by Wess
and Zumino in 1971 as an effective action for anomalies [15]. It was developed and
its full import was realized in the work of Witten [16]. (In this context, Novikov’s
work on the Wess-Zumino term in a (2+1)-dimensional setting should be mentioned,
although the physics implications were not fully evident [17]. There were also a
few other earlier papers which focused on certain aspects of the Wess-Zumino term.)
Also, as mentioned before, geometric quantization applies to the quantum Hall effect
as well, both in two dimensions and in higher dimensions [12, 13].

Problems

6.1 Find the spin connection and curvature and its integral for S2.

6.2 Carry out the infinitesimal transformations generated by the vector fields £, &3
given in (6.27) and show that they are isometries of S2.

6.3 Identify the generators of left translations of g in £2 of (6.47).
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6.4 Consider the geometric quantization of the hyperboloidal space SL(2, R)/U(1).
The canonical two-form is given by

dz A dz
Q=2 0
(1 —2z2)?
This applies to the region zZ < 1. Show that V, = iz?0, —i0:, V_ = —iz?0: +i0,,

V3 = iz0, — iz0; are Hamiltonian vector fields. Identify the nature of the wave
functions, the inner product in the holomorphic polarization and the operators
corresponding to Vi, V3.

6.5 Consider the geometric quantization of the hyperboloidal space SL(2, R) /U (1).
The canonical two-form is given by

dz AdZ
Q2 =2in "5
(1 —z2)?
This applies to the region zZ < 1. Show that V, = iz?0, —i0:, V_ = —iz20: +i0.,

V3 = iz0, — iz0; are Hamiltonian vector fields. Identify the nature of the wave
functions, the inner product in the holomorphic polarization and the operators
corresponding to V., Vi.
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Chapter 7 ®)
The Chern-Simons Theory in 2+1 st
Dimensions

The Chern-Simons (CS) theory is a gauge theory in two space (and one time)
dimensions [18, 19]. The action is given by

k 2
S=—— Tr|:AdA—I——AAA:|
4m |5 x[ti 7] 3
k 3 va 2
= —— d'x e Tr | A, 0,A0 + s ALALV A (7.1)
4m Ex[t,t7] 3
Here A, is the Lie algebra-valued gauge potential, A, = —i 1, A}, corresponding to

a compact Lie group G. t, are hermitian matrices forming a basis of the Lie algebra
in the fundamental representation of the gauge group. We shall take the gauge group
tobe G = SU(N) in what follows and, as before, normalize {#,} to obey the condition
Tr(t,t) = %511},, with the structure constants f;;. defined by [¢,, t,] = 1 fapctc. Thus,
for example, for the case of the gauge group being SU (3), the set of matrices #, can
be taken as the ones given in (6.55). In addition to the choice of the group, the theory
has one parameter k, which is referred to as the level number of the Chern-Simons
form. It is a real constant whose precise value we do not need to specify at this stage.
The two-dimensional spatial manifold is denoted by X'. The classical equations of
motion for the theory are

Fu=0 (7.2)

We will be interested in the case of X' being a Riemann surface, the complex
structure on X' facilitating geometric quantization with holomorphic polarization.
However, it is useful to consider some features of quantization on ¥ = R? first.
We may think of R? as a disc of radius r, with r — 0o eventually. (On a compact
manifold without boundary, the action is invariant under gauge transformations; we
will take F),,, to vanish as » — oo so that we have gauge invariance for X = R? as
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well.) Consider now the gauge Ag = 0. The term involving the time-derivatives in

the action is L
82—8—/EUA?80A(;‘+'” (7.3)

™

The surface term arising from the time-integration in the variation of the action is

k .
58 = ——/ €l A95 A
8w > J

tr
e (7.4)

From this we can read off the symplectic potential and the corresponding canonical
two-form as

k .
a=-k / €1 AL5 A + GplA]
871' ¥ J
k ..
0 = __/ GU(SA?(SAq (75)
81 b /

where p is arbitrary functional of A. Its presence in A indicates the freedom of
canonical transformations. The Hamiltonian vector field corresponding to A¢ is thus

v 47 1) (7.6)
A4 = ——€ ik = a .
J k T5AS
The basic Poisson bracket is thus given by
‘ b AT sabs@)
{A] (x), AT(n)} = 76ij5 07 (x —y) (7.7)

The phase space of the theory is the space of the fields A{(x), i.e., the space of
Lie algebra-valued one-forms on R%. We will assume that these obey some (mild)
conditions which ensure finiteness of the action or [y, F2.

A gauge transformation of the field A is given by

A—>Al=gAg'—dgg!, geG (7.8)
For infinitesimal transformations, g ~ 1 — iz,0“, and we get

5,AY = — (0:0° — fPASOY) = —(D;0)" (7.9)

The basic commutation rule which follows from the Poisson bracket (7.7) is

[A{(x0), A%(»)] = %euaa”é(” (x —y) (7.10)
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Using this relation we can directly check that
[Go(0), A?(x)] =i(D;0)* = —i5A] (7.11)
where
Y

k
Go(0) = 8_/ 0 M g (7.12)
)

We see that Go(0) generates the transformation (7.9). Although G(¢) does generate
gauge transformations, the nature of the functions 6¢(x) is important in obtaining a
consistent action on functionals of A. This can be illustrated by a simple example of
how G () acts on f A2 Again using the commutation rule (7.10), we find

[Gvor [ 4| =ai [ [-ro oo —oarco
X,y ay!
— AP DALDID (- 0] (113)

We can simplify this expression in two ways. If we integrate over x first, we get

[GO(Q),/AZ] = —21/ 690 - A (7.14)
X

We can also write 9,6 (y — x) = —9,0” (y — x) and integrate over y first. This
gives the expression

[Go(a), / A2:| =2i / D,0"A¢
X

=2i [—/ 00 - A* + 0 A? ~dSi| (7.15)
z E)))

Comparing (7.14) and (7.15), we see that the consistent evaluation of the action of
G(0) on functionals of A will require the functions 6“ to vanish on the boundary, or
as r — o0o. The subscript on Gy(#) was introduced in anticipation of this to signify
that the functions 6 must vanish at the boundary.

‘We can now consider reducing the theory to the physical degrees of freedom which
are gauge-invariant by starting with wave functions which are arbitrary functionals
of A and then selecting the physical states by imposing the condition

Go(h¥ =0 (7.16)

This condition is just the Gauss law of the Chern-Simons theory. Notice that it is also
one of the equations of motion in (7.2). The equation F;; = 0 cannot be a Heisenberg
equation of motion, since it only involves spatial derivatives of the data at a fixed time,
namely A{. Therefore it must be viewed as a condition restricting the phase space
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variables to the physical subspace. The condition (7.16) is one way this restriction
can be implemented in the quantum theory.
The analysis given above also clarifies the nature of the space of fields. Let

§ = {Set of all gauge potentials A;} (7.17)

where, as stated before, the potential A; is a Lie algebra-valued one-form on X,
obeying some finiteness condition on integrals like the action or | s F 2. This is the
space of fields we start with; it is also the starting phase space for the Chern-Simons
theory with £2 as in (7.5). We also define the space of gauge transformations as

&, = {g(x) : R> > G, withg — 1 as r — 00} (7.18)

This is the relevant space as seen from our discussion of the boundary value of 6¢ in
Go(6). It is obviously a group under pointwise multiplication. The physical space of
fields is then given by € = §/®.. If we now consider a one-point compactification of
R? to 2, with the point at infinity mapped to a point x, on the sphere, the definition
of &, becomes

&, = {g(x) : $ = G, with g — 1 at xo} (7.19)

Such maps from a compact space to G, with g set to a fixed value (in our case
g = 1) at a specific point x( are called pointed maps. These are the relevant ones to
be factored out in the quantization of the gauge theory [20].

The gauge transforms of a given gauge field or connection A, the set of fields
gAg~' —dgg~! for all g € &, define the orbit of A. Since these are all identified in
¢ =3F/®,, points in € correspond to gauge orbits and € is often referred to as
the gauge-orbit space. Also, wave functions are sections of a line bundle on the
gauge-orbit space €.

We close this section with a couple of remarks. Analogous to G () we can define
the operator

k
G(p) = o= /E ! [<2Opp" AL + fU 0 AL AS] (7.20)

We do not assume that ¢ vanishes as r — oo. It is easy to verify that there is no
subtlety in the action of G (y) on functionals of A. For example,

[G(@),/A2:| :21/8¢”~A (7.21)

Further, we can check that
[Go(0), G(p)] =1Go(0 x ¢), (0 x )" = f*0 " (7.22)

Notice that, since 6 vanishes, (6 x @) — 0 as r — 00. Therefore the expression
on the right hand side of (7.22) can be understood as Gy(f x ). An important
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consequence of this equation is that, if ¥ is a physical state obeying the Gauss law,
i.e., satisfying (7.16),

GoO)|G¥] = GRIGOW +iGo(@ x ¥ =0 (7.23)

This shows that G(p)¥ is a physical state. By different choices of (¢, the action of
G (¢) will generate a number of new physical states from ¥. Even though the data
defining such states is ¢“, only the values of ¢ as r — oo are relevant since the
values at finite r can be modified by the action of G((#). So the states generated by
G(y) are called the edge modes of the theory. They represent physical degrees of
freedom residing on the boundary or at »r — oo. (For more details on edge states for
the Chern-Simons theory, see [18, 21, 22].)

Our second remark is about the gauge-orbit space €. Consider the gauge transform
of a connection A given by A9 = gAg~! — dgg~'. If this is equal to A itself, i.e., if

AV =gAg ' —dgg' = A (7.24)

for a nontrivial g(x) € ®,, i.e., for g # 1, we say that the connection is reducible.
When we make the identification of gauge transforms of A to gofrom§to € = §/8,,
such connections can lead to singularities. Pointed maps however can avoid the
reducible connections for a manifold like S?. Consider solving (7.24) for g for a
given A. Towards this first consider the Wilson line associated to a connection A. It
is defined by

We(x, y, A) = Pexp <—f A) (7.25)
y

,C

where P denotes path-ordering. In general, W¢ (x, y, A) depends on a curve C con-
necting the points y and x and it is also defined by the chosen A. Since W¢(x, y, A)
obeys the equation

n- [8x + A(x)]WC(x, y,A) =0
n-[0,We(x,y, A) — Welx, y, A)A(»)] =0 (7.26)

where n; denotes the tangent to the curve, it is easy to verify that

Welx, y, A%) = g(x) Welx, y, A) g~ () (7.27)
Thus for a reducible connection, we get

9(x) Welx, y, A) g7 (3) = Welx, y, A) (7.28)

Notice also that by reversing the curve, we get the inverse to W (x, y, A) Using these
results, we can write g(x) at any point for a reducible connection as
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g(x) = Welx, y, A) g(y) W' (x, y, A) (7.29)

This gives g(x) at any point x, for any g which preserves A as in (7.24), in terms of g
at the point y. If we choose y = xg, which is the point where we set g = 1 for pointed
maps, we see that this equation implies g(x) = 1 for all x. Thus there is no nontrivial
g(x) consistent with setting g(xo) = 1. The factoring out of &, can be carried out
without encountering singularities. (If the group has a center, then we can set g(xg)
to be an element of the center, and a similar reduction can be done with g(x) equal to
the same element of the center, since such an element will commute with W. The
theory then has sectors labeled by the elements of the center.)

7.1 Analysis on S x R

We now turn to the more detailed analysis of Chern-Simons theory on S? x R [23,
24]. We shall use complex coordinates for X = §%. In terms of local Cartesian
components, the complex gauge fields are A, = %(Al +1A,), A; = %(Al —1iAj).
In terms of the complex components, the symplectic two-form 2 is given by

2 = —% / d/LE TI'((;Az(sAZ)
T Jx

ik
= — dus §A26A¢ 7.30
2 /s fy 0AZ0AT (7.30)

The complex structure on X induces a complex structure on §. We may take
A;, A; as the local complex coordinates on 5§. In fact, we have a Kéhler structure on
3§, £2 being the Kéhler two-form with the Kihler potential

k
K = — | AfA? 7.31
2 ¥ o ( )

The Hamiltonian vector fields corresponding to A, and A; are

2w 6 2w 6

A S0 g =
(& S (& 5

(7.32)

The Poisson brackets for Az, A, are obtained using the general formula (2.11) as

{A%2), AL (w)} =0
[A%(z), AL (w)} =0

{AL(2), A (w)} = —%5”5@& —w) (7.33)

These become commutation rules upon quantization.
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The infinitesimal version of the gauge transformations (7.8) (for g ~ 1 — it,0%)
corresponds to the vector field

a 5 a 6
£ = —L [(DZG) 5T + (D:0) 5A§] (7.34)

where D, and D: denote the corresponding gauge covariant derivatives. By
contracting this with £2 we get

ik
2 = — 6| — | FL6° 7.35
le [ZWL zZ ] ( )

This identifies the generator of infinitesimal gauge transformations is
ik
Go(0) = —/ 0“ FZ (7.36)
2T > “

This is same as (7.12) written using complex components. Notice also that, for finite
transformations, we get

R(AY) — 2(A) = 5[%f Tr(g~'dg FZZ)}
T Jx
=4 [if Tr(g~'6g F)] (7.37)
2w ¥

(F in the second line of this equation is the two-form dA + A A.)

The construction of the wave functions proceeds as follows. One has to consider
a line bundle on the phase space with curvature §2. Sections of this bundle give the
prequantum Hilbert space. In other words we consider functionals @[A_, A;] with
the condition that under the canonical transformation A — A+ 6A, & — ¢4 @,
The inner product on the prequantum Hilbert space is given by

(12) = /d,u(Az,Az) D7[A, Az] P1[A;, Az (7.38)

where du(A;, Az) is the Liouville measure associated with §2. Given the Kih-
ler structure £2, this is just the volume [dA,dA:] associated with the metric
16A]> = [ 0AZ0AY.

The wave functions so constructed depend on all phase space variables. We must
now choose the polarization conditions on the @’s so that they depend only on half
the number of phase space variables, leading to the reduction of the prequantum
Hilbert space to the Hilbert space of the quantum theory. Given the Kéhler structure
of the phase space, the most appropriate choice is the Bargmann polarization. With
a specific choice of p[A] in (7.5), the symplectic potential can be taken as
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ik ik a a a a
A= -5 Tr(Az0A. — A:0Az) = — E(A 0A? — AZOAS)  (7.39)

The covariant (functional) derivatives with A as the potential are

0 k = 0 k
V =

V = _A? , — —Aa 740
((5A‘Z‘ +47T ) (5A? 47 ) (7.40)

The holomorphic (or Bargmann) polarization condition is
Vo=0 (7.41)

The solution of this condition are the wave functions of the form
@ = k[ asae) yrae) = e-2K ypac 4
= exp| = — | AAS Y[AL] = e Y[A?] (7.42)

where K is the Kéhler potential of (7.31). The states are represented by wave func-
tionals /[ AZ] which are holomorphic in Af. Further, the prequantum inner product
can be retained as the inner product of the Hilbert space. Rewriting (7.38) using
(7.42) we get the inner product as

(112) = / [dA? dA%] e KALAD (7.43)

On the holomorphic wave functions,

A“i/)[A“]—ZW )
TRk SAS

PLAL] (7.44)

As we have mentioned before, one has to make a reduction of the Hilbert space
. . . . . . a
by imposing gauge invariance on the states, i.e., by setting the generator F_ to zero
on the wave functionals. This amounts to

5 \° koo e ay _
[(D- 7 ) — gé)zAz} Y[A?] =0. (7.45)

Consistent implementation of gauge invariance can lead to quantization requirements
on the coupling constant k. For nonabelian groups G this is essentially the require-
ment that k should be an integer, based on the invariance of ¢'® under homotopically
nontrivial gauge transformations. It is also the same as the Dirac quantization condi-
tion (5.10). Further, once we impose the gauge invariance condition, the integration
in (7.43) must be restricted to the gauge-invariant volume.
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7.2 Argument for Quantization of k

We will now work out how the quantization of k arises, in some detail, staying
within the geometric quantization framework. Since we are on S, the group of
gauge transformations consists of maps from S? to G. We have chosen G = SU(N),
so obviously

My(&,) =I12(G) =0, M(&,) =113(G) = Z (7.46)

The space of fields § is an affine space with trivial topology. Therefore, the homotopy
groups given above imply that

M, (§/6.) =0, (§/6.) =7 (7.47)

The nontriviality of I1,(F/®,) arises from the nontrivial elements of IT;(®,).
Therefore consider a noncontractible loop C of gauge transformations,

C=g(x,a), O0<acx<l, with g(x,0)=gx,1)=1 (7.48)

With the boundary condition given, g(x, o) may be considered as a map from S° to
G. Such elements fall into homotopy classes corresponding to I13(G) = Z. We can
now use this g(x, ) to construct an example of a noncontractible two-surface in the
gauge -invariant space §/®,. We start with a square in the space of gauge potentials
parmetrized by 0 < «, 0 < 1 with the potentials given by

Alx,a,0) =(gAg™ — dgg o + (1—0)A (7.49)
For our purpose, we can simplify this even further by taking A = 0, so that
Alx,a,0) = —odgg™! (7.50)

This potential goes to zero on the boundaries « = 0 and o = 1 and also on o = 0.
A goes to the pure gauge —dgg~! at o = 1, which is gauge-equivalent to A = 0.
Thus the boundary corresponds to a single point on the quotient §/®, and we have
a closed two-surface. This surface is noncontractible if we take g(x, o) to be a
nontrivial element of I13(G) = 7Z since the contraction of the two-surface would
constitute a homotopy mapping g to the identity; this is impossible if g belongs to a
nontrivial element of I13(G). Using this set of configurations in §2 and carrying out
the integration over o we get

/:z — 27k O[g] (7.51)
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where

Qlgl = / Tr(dgg™ ")’ (7.52)

1

2472
This quantity Q[g] is the winding number (which is an integer) characterizing the
classin I[1; (&,) = I[13(G) to which g belongs. From (5.10) we know that the integral
of £2 over any closed noncontractible two-surface in the phase space must be an
integer. Thus we see that (7.51) and (7.52) lead to the requirement that the level
number k of the Chern-Simons theory has to be an integer. (Even though we presented
the arguments for quantization of the coefficient of the action for X = §2, similar
arguments and results hold more generally.)

7.3 The Ground State Wave Function

We now turn to the solution of (7.45). For this we introduce the Wess-Zumino-Witten
(WZW) action given by [17, 25]

1
Swzw = 8_/ dz-x\/ggabTr(aaKabK_l) + I, [K]
TJy

T, [K] = ﬁ Tr(K~'dK)3 (1.53)
M3

The fields are matrices K which can generally belong to GL(N, C). Also X' is the
two-dimensional space on which the fields are defined. Since it can in general be a
curved manifold, we use the two-dimensional metric tensor g,. (¢* is the inverse
metric and g denotes the determinant of g,;, as a matrix.) (This model can be defined
and used for fields on R? as well, by choosing the boundary condition K — 1 (or
some fixed value independent of directions) as |x| — 00; topologically, such fields
are equivalent to fields on the closed manifold $2.)

The second term in the action, I'y,[K], is the so-called Wess-Zumino term. It
is defined in terms of integration over a three-dimensional space M?> which has ¥
as its boundary. The integrand does not require metrical factors for the integration
since it is a differential three-form. However, it requires an extension of the field K
to the three-space M?>. There can be many spaces M3 with the same boundary X,
or equivalently, there can be many different ways to extend the fields to the three-
space M?. The physical results of the theory are independent of how this extension
is chosen, if we consider actions of the form k Sy, Where k is an integer. By direct
calculation, we can verify the Polyakov-Wiegmann identity [26]'

! In accordance with the convention for A, Az given above (7.30), here we use 0, = %(81 +idh),
0; = %(& — i0h) in terms of real components.
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1
SWZW[K h] = SWZW[K] + Swzw[h] - ; / Tr(K_laiK 811/’ h_l) (7.54)
)

where we have used local complex coordinates. Now, in two dimensions, we can
parametrize a nonabelian gauge potential as

A.=—-0.MM™, A =M'o-M" (7.55)

where M is a complex matrix which may be taken to be in SL (N, C) for gauge fields
corresponding to the gauge group SU (N). The identity (7.54) shows that

6SWZW(MT) = SWZW[MT (1 + 9)] - SWZW[MT] = l / Tr(azAZ 9) (756)
™

With D; denoting the covariant derivative with respect to Az, we also have the identity
0.A: = D:(M"'o.M") (7.57)

Notice that, since 6M™ = M 6, we may write § = M"~'§M; further, from (7.55),
dA: = D:(M™'6M") = D:0. Combining these relations with (7.57), we can
simplify (7.56) as

ISwaw 1

> = —0,A¢ 7.58
T AL 27Taz ( )

where we have also evaluated the trace in terms of the components. Comparing this
with (7.45), we see that we can solve it as

V(A;) = N exp (k Syow[M']) (7.59)

The normalization factor N is to be fixed by using the inner product (7.43). There
is only one state for this theory. On S2, there are no degrees of freedom left for
the Chern-Simons theory after one reduces to the physical configuration space. Thus
there is only the vacuum state of the theory. What we have found is the expression for
the ground state wave function in terms of the variables on §. If we consider higher
genus Riemann surfaces, or two-manifolds with a boundary, then the Chern-Simons
theory will have nontrivial degrees of freedom.

7.4 Abelian Theory on the Torus

We will now consider an Abelian Chern-Simons theory, with G = U (1) and with
X being a torus S' x S!. This will illustrate some of the topological features we
mentioned. The torus can be described by z = & + 7&, where &), & are real and
have periodicity of & — &+ integer, and 7, which is a complex number, is the
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modular parameter of the torus. The metric on the torus is ds? = |d¢; 4+ 7d& %
The two basic noncontractible cycles of the torus are usually labelled as the « and /3
cycles. Further the torus has a holomorphic one-form w with

/w:l, /w:r (7.60)
«a 5

Since w is a zero mode of 9:, we can parametrize A; as’
A;=0:x +i—a (7.61)
Im

where x is a complex function and a is a complex number corresponding to the value
of Az along the zero mode of J,. Also Im7 denotes the imaginary part of 7.

For this space I1p(®,) = Z x Z, because the gauge transformations g,, , can
have nontrivial winding numbers m, n around the two cycles. Consider one con-
nected component of &,, say &,, ,. A homotopically nontrivial U (1) transformation
can be written as g, , = €¢'* e'»», where a(z, 7) is a homotopically trivial gauge
transformation and

iﬂ' Z z
m,nz—[m/@—w+n/ Tc‘u—%wi|, m,ne (7.62)
Imr

With the parametrization of A; as in (7.61), the effect of this gauge transformation
can be represented as

>

X—> X + a, a—a+ m + nt (7.63)

The real part of y can be set to zero by an appropriate choice of a. (The imaginary
part also vanishes when we impose the condition F,; = 0.) The physical subspace
(which has only the zero modes left after reduction) is given by the values of a
modulo the transformation (7.63), or in other words,

C

Physical f des=C=——
ysical space for zero modes 7177

(7.64)

This space is known as the Jacobian variety of the torus. It is also a torus and therefore
we see that the phase space € has nontrivial IT; and H2. In particular, IT;(¢) = Z x Z
and this leads to two angular parameters ¢, and ¢z which are the phases the wave
functions acquire under the gauge transformation g; ;. The symplectic two-form can
be written as

2 In this section, w will denote a one-form obeying (7.60), not the Kihler two-form as in previous
sections.
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k = kmda A da WAW
2 =— [ 00x AOdx —
47r,/ X X+ 4 Imt /EImT
kmda A da
=2, —i— 7.65
T Ty (7:6%)

(Here we are using the notation of holomorphic and antiholomorphic exterior deriva-
tives, so that 0y = 0;0x dz, etc.) Integrating the zero mode part over the physical
space of zero modes &, we get

Q=km (7.66)
¢

showing that £ must be quantized as an even integer for U (1) fields on the torus due
to (5.10).°

The modular parameter of the torus is subject to the so-called modular transforma-
tions which are homotopically nontrivial diffeomorphisms of the torus. The vacuum
angles change under such transformations and can eventually be set to zero. To con-
tinue with the quantization, we focus on the zero modes for which the symplectic
potential can be written as

7k (@a—a)(rda — 7 da)

A=-73 (Im7)?

(7.67)

The polarization condition then becomes

0 .mk(a—a)T .
[% T 2 } V=0 7.68)

with the solution
7k (@ —a)*r

¥ = exp |:—1 s W} f(a) (7.69)

where f(a) is holomorphic in a. Under the gauge transformation (7.63) we find

W(a+m+nr) = _,Wk(& — a)zT B wkn(a — a)t n mktn? (@-+m+n7)
a+m-+nt)=exp|—1 S(Imr)2 Tmr 1 2 fla+m-+nt
(7.70)

3 Since there have been different statements on this point in the literature, a comment might be in
order. In geometric quantization, we are considering the wave functions as sections of a line bundle.
This means that each quantum state has a wave function which is a complex number. One can avoid
the quantization condition on k for the Abelian theory if one is willing to go beyond this and allow
for more general or multicomponent wave functions (for each state). However, the interpretation
of the theory in such a situation will be very different [27].
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Under this gauge transformation A changes by dA,, , where

PR
A, —irkn(ra=7a) 7.71)
’ 2 Imt

The change in ¥ should thus be given by exp(i4,, ,)¥; requiring the transformation
(7.70) to be equal to this, we get

2

fla+m+nt)=exp [—iﬁk" T —i7rkna1| f(a) (1.72)

This transformation rule shows that f(a) is a Jacobi ®-function. The operator a is
realized on these functions f(a) as

2Imr O
km Oa

afa) = [ +a:| f(a) (7.73)

The inner product for the wave functions of the zero modes is

wk aa 7k a? 7k a? -
(flg) = /GXP[ + + ] fg (7.74)

2 Imm  4Im7r 4Imr

It is then convenient to absorb the holomorphic part of the exponent into the wave
function defining the new set of holomorphic wave functions

ka? wka?
@ =exp f(a) =exp O(a) (7.75)
4 Imt 4 Imt
On these functions, a acts as
_ 2Imr 0O (7.76)
a= — .
km  Oa

The key point we wanted to illustrate here is the use of the homotopically nontrivial
gauge transformations.

Problems
7.1 Calculate 2(A9) — £2(A) for finite transformations, i.e., obtain (7.37).

7.2 Derive the Polyakov-Wiegmann identity given in (7.54).

7.3 The WZW action can be quantized as a 1+1 dimensional field theory in its own
right. In lightcone coordinates u = (r — x)/\/i, v=(+ x)/\/i, the action is

k
S=—— / Tr(auggf1 8vgg71) + I'wyz
4
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Identify the canonical two-form. Show that left translations of g, i.e., g — (1 +
(—iz,0%))g are generated by J = (k/4m)(0, gg~")?. Obtain also the commutation
rules

k
[10(0), Ju(@)] = i,(0 x ) — i / 0,6° .
T
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Chapter 8 ®)
0-Vacua in a Nonabelian Gauge Theory st

Consider a nonabelian gauge theory in four spacetime dimensions, the gauge group
is some compact Lie group G. For specificity we may consider the Yang-Mills theory
defined by the action

1 4 auv pa
SZ—@ d.xFle/

Fi, = 0,A% — 0,A% + [ AV A (8.1)
Here e is the coupling constant and £ are the structure constants defined by
(12, 11 =1 f abeta where {t} are the generators of the Lie algebra of G. We can
choose the gauge where Ay = 0 so that there are only the three spatial components
of the gauge potential, namely, A;, considered as an antihermitian Lie algebra-valued
vector field. The choice Ag = 0 does not completely fix the gauge, one can still
do gauge transformations which are independent of time. These are given by

A —> A =gAig™ —Bigg™ (8.2)

The Yang-Mills action gives the symplectic two-form as
Q2= / dx SE* 5AY = -2 / d®x Tr (0E; 6A)) (8.3)

where E¢ is the electric field 9yA? /e, along the Lie algebra direction labeled by
a. The gauge transformation of E; is E; — gE;g~'. By combining this with the
transformation (8.2), we identify the vector field generating infinitesimal gauge
transformations, with g &~ 1 + ¢, as

]
SE° ] 8.4)

0
3
§= —/d x [(Dip)* —7 + [Ei, o]
SA
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This leads to
2= —5/d3x [-(Dip)*Ef] (8.5)

The generator of time-independent gauge transformations is thus

Gp) = — / &x (D) E? (8.6)

For transformations which go to the identity at spatial infinity, G* = (D; E;)?. This is
Gauss law, one of the Yang-Mills equations of motion. As before, it is to be viewed
as a condition on the allowed initial data and enforces a reduction of the phase
space to gauge-invariant variables. We again define the space of fields and gauge
transformations as

§= {Space of gauge potentials A,-} (8.7)

such that g — 1 as |[x| —> o0 8.8)

&, — { Space of gauge transformations g(x) : R?® — G }
The transformations g(x) which go to a constant element g, which is not necessarily
equal to 1 act as a Noether symmetry. The states fall into unitary irreducible repre-
sentations of such transformations, which are isomorphic to the gauge group G, upto
&, -transformations. The true gauge freedom is only &,. The physical configuration
space of the theory is thus € = §/®,,.!
With the boundary condition on the g’s, the gauge functions are equivalent to
a map from §3 to G, and hence there are homotopically distinct transformations
corresponding to the fact that I13(G) = Z. (In other words, [1y(&,) = Z.) These
can be labeled by the winding number Q[g] given in (7.52). We can write &, as the
sum of different components, each of which is connected and is characterized by the
winding number Q, i.e.,

+00
6.= ) @6 (8.9)
Q=—00

where each & consists of all maps with winding number Q. &, and & are dis-
connected from each other for Q # Q’, since if they are connected, gp € &¢ and
go' € G should be homotopically deformable to each other and this is impossi-
ble since Q # Q’. One can easily check that Q[g ¢'] = Qlg] + Qlg'] and hence
this structure is isomorphic to the additive group of integers Z. The space of
gauge potentials § is an affine space and is topologically trivial. Combining
these facts, we see that the configuration space has noncontractible loops, with
I1,(¢) = I13(G) = Z.

! For further elaborations on this question, see [6, 20] and references therein.
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An example of a noncontractible loop in € is as follows. Let g;(x) be a gauge
transformation with winding number equal to 1 and consider the line in § given by

Ailx, ) =A; )1 —T)—i—Al.g‘T (8.10)
for 0 < 7 < 1, or more generally
A;j(x,7) with A;(x,0) =A;(x), Ai(x,1)= Aig' (x) (8.11)

where AY' is the gauge transform of A; by g;(x). This is an open path in §. But
since AY' is the gauge transform of A;, both configurations A; and A?' represent the
same point in € = §/®,. Thus A;(x, 7) describes a closed loop in €. If this loop is
contractible, we can deform the trajectory to a curve purely along the gauge flow
directions which connects g = 1 to g (x). This would imply that g;(x) is smoothly
deformable to the identity. But this is impossible from our discussion of the structure
of &,. In turn this implies that A;(x, 7) of (8.11) is a noncontractible loop. By
considering other values of the winding number, we can easily establish that IT; (¢€) =
Z. Our general discussion from Chap. 5 shows that there must be a vacuum angle 6
which appears in the quantum theory. We can now see how this emerges by writing
out the symplectic potential [28, 29].

We will first construct a flat potential on the space of fields. For this we start with
the instanton number which is given, for a four-dimensional potential, by

1 vaf
VAl = — 35— / d*x Tr (Fuy Fap) €

1
1672

/ d*x /FE{FY, (8.12)

The density in the above integral is a total derivative in terms of the potential A, but it
cannot be written as a total derivative in terms of gauge-invariant quantities. v[A] is an
integer for any field configuration which is nonsingular up to gauge transformations.
It is possible to construct configurations which have a nonzero value of v and which
are nonsingular; these are instantons in a general sense.” An example of a v = —1
configuration, for G = SU(2), is

2

X B X4 +io-x
AN(X) = mw lauw, w = T (813)

2 There is a more specific sense in which the word instanton is used; it applies to self-dual solutions
of the Yang-Mills equations which further have v[A] # 0.
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For our purpose, we can transform this to the gauge with Ag = A4 = 0 obtaining

2
A,-:U(xzj_azw_l&w> vt — U U, U =exp(io-2p)

|x| X4 ™ dp |x|
= ———— |arctan | ——= |+ = |, 7= 8.14
VIxP +a? JixP+az) 2 o wrar O

Again, in these equations, o; are the Pauli matrices and the path is parametrized by
X4, —00 < x4 < 00. x> = x? + x3. Since x4 parametrizes the path, we see that v/[A]
can be written as

—3.3 &x eFTr(6A Fjp) = — / Ex *6ATFG (8.15)
The integral of K, which is a one-form on the configuration space, around a closed
curve is the instanton number v and is nonzero, in particular, for the loop correspond-
ing to (8.14) for which ¥ = —1. We can also see that the one-form K[A] on € is
closed in the following way.

5K[A] d3x 5<TI‘( jk(SA,‘))eijk

1
8 Q2

e &’x Tr ((D;6Ay) 6 4;) €7

1
=~ | ExTr(9,0A00A; +14;,5A54,)
=0 (8.16)

In the last step we have used the antisymmetry of the expression under permutation of
d’s, cyclicity of the trace and have carried out an integration by parts. We see from the
above discussion that K[A] is a closed one-form, but it is not exact since its integral
around the closed curves can be nonzero.

With this flat potential on €, we can construct a general solution for the symplectic
potential corresponding to the £2 in (8.3) as

A= fd3x EfSAY + 6 K[A] (8.17)

Use of this potential will lead to a quantum theory where we need the parameter
0, in addition to other parameters such as the coupling constant, to characterize the
theory. The potential A in (8.17) is obtained from an action
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1
S=—— [ d*x F* F“" 4+ Q[ A] (8.18)
42 Hw

This shows that the effect of using (8.17) can be reproduced in the functional integral
approach by using the action (8.18). Since it is exp(iS) which is important, we see
that @ is an angle with values 0 < 6 < 2x. Alternatively, we can see that one can
formally eliminate the f-term in .A by making a transformation ¥ — exp(if A)W
where

1 2
A=—— | Tr|AdA+-AAA 8.19
Wf r< - ) (8.19)

Notice that 27 A is the Chern-Simons action (7.1) for k = 1. A is not invariant under
homotopically nontrivial transformations. The wave functions get a phase equal to
€2 under a transformation with winding number equal to Q, showing that # can be
restricted to the interval indicated above. This is in agreement with our discussion
after Eq.(5.4).

Problem

8.1 Calculate v[A] for the instanton in (8.13) and (8.14).
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Chapter 9

Fractional Statistics in Quantum Hall Qouck i
Effect

The quantum Hall effect is an important physical phenomenon which has been ana-
lyzed both theoretically and experimentally for a few decades by now [30]. In this
chapter, we will discuss this effect in relation to geometric quantization. We will also
see how fractional statistics for quasiparticles is related to nontrivial H'(M, R) of
the phase space.

9.1 Quantum Hall Effect and the Landau Problem

When an electric field is applied, the electrons in a conducting material will move in
response, leading to an electric current in the direction of the applied field. If there
is also an applied magnetic field (which is usually taken to be uniform), the Lorentz
force due to this will deflect electrons in a direction transverse to their velocity (i.e.,
transverse to the applied electric field) and this can create a voltage and a current in
the transverse direction. This is Hall effect. We can write the transverse current J;,
also referred to as the Hall current, in the form

Ji zaijEj (91)

where E; is the applied field. The indices i, j take values 1, 2, corresponding to a
two-dimensional plane, the magnetic field is taken to be along the third direction.
o;; is the Hall conductivity and, classically, it is proportional to the magnetic field.
At very low temperatures, however, a plot of o;; versus the magnetic field B shows
a series of plateaux, where the value of o;; is independent of B for a certain range
of B, with the system making a transition to another plateau as B is increased or
decreased beyond this range. The general expression is
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&2
J,' = _VgeijEj (92)
where e is the charge of the electron. The coefficient v in (9.2) can take integer values
(1, 2, 3, etc.) or certain rational fractional values. These cases are referred to as the
integer and fractional quantum Hall effects (QHE), respectively. Quantum effects are
crucial for the plateaux behavior with quantized values of v, hence the qualification
as quantum Hall effect.

The quantization of v is seen to be very robust, insensitive to impurities in the
sample (for some range of densities for the impurities) and can be related to the
integrals of certain Chern classes associated with the band structure of electrons in
the material.

The dynamics of charged particles in a uniform magnetic field is known as the
Landau problem. In the specific context of QHE, the electrons are the ones in the
conduction band, i.e., the freely movable electrons in the material. The general expec-
tation is that the analysis in terms of the Landau problem neglecting the mutual
Coulomb interaction of the electrons suffices for the integer QHE. The Coulomb
interaction is expected to be significant for obtaining the fractional QHE states.

Our aim here will be to highlight certain features of the QHE which over-
lap with considerations of geometric quantization. Towards this we start by con-
sidering the Landau problem of charged particles moving on a two-sphere S? =
SU(2)/U (1) [12, 13]. As before, we can parametrize the sphere by g € SU (2) with
the identification g ~ gh, h € U(1) C SU(2). Right translation operators Ry on g,
defined by

Rig=gts, 1= %(01 +ioy), 9.3)

are the translation operators on the sphere. The covariant derivatives are given by
Dy = iR /r, where r is the radius of the sphere. The Hamiltonian for the charged
particle is proportional to the covariant Laplacian and has the form

1 1 1
H=——D=——(D.D_+D_Dy)= ——(R+R_+ R_R,)
2m 4m 4mr?
1
=— _(R.R_—R 9.4
2mr2( + 3) 9.4

where m is the mass of the particle.

In viewing S? as SU(2)/U (1), the U(1) subgroup (generated by R3) is the local
isotropy group of frame rotations, while SU (2), which includes translations as well,
gives the full isometry group. Thus the curvature of S? takes values in the Lie alge-
bra of U(1) and is a constant in the tangent frame basis for S?. A magnetic field
which is uniform will be proportional to the curvature. Since the commutator of
covariant derivatives is proportional to the curvatures, the relation [R;, R_] = 2R3
shows that the value of Rj is proportional to the background magnetic field. (There
can be an additional term proportional to the spin times the spatial curvature if the
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particle has spin.) Taking the eigenvalue of R3 as —%n for some integer n, we see
that, for a spinless particle,'

—n=2R;=[R;,R_]=—r’[D;,D_] = —r*(2eB) 9.5)

This identifies the magnetic field as

B-dS
B=-—"_ ¢ §B-dsy_n 9.6)
2er? 47 2

The condition on the integral of B is consistent with the Dirac quantization condition
on the charge of a monopole. A uniform magnetic field corresponds to a monopole at
the origin of R? if we think of the sphere as embedded in R*. The whole discussion
here is agreement with similar considerations in Chap. 6.

As for the eigenfunctions of H, consider functions on SU(2); i.e., functions of
g = exp(io,6%/2). By the Peter-Weyl theorem, they can be expanded as

w=3CY, (. ple?ljwy = Y €Y, DY) ©.7)
Jpsw Jpsw

We can then reduce this set by the required conditions on the states. The requirement
on Rz implies that we should choose | j, w) = |j, —n/2). The eigenfunctions are thus

W9 = N (), ple??1j, —n/2) 9.8)
The action of H on this identifies the energy eigenvalues as

glg+1)

E =
2mr?

7 2mr?

h+ (9.9)
where we write j = (n/2) +¢q, q =0, 1,2, etc. Equations (9.8) and (9.9) give the
solution of the Landau problem on the sphere.
Defining the left translation operator by L, g = t, g, we see that [L,, R,] = 0,
so that we also have
[L,,H] =0 (9.10)

Thus the left action of SU (2) on the group element g is a symmetry of the Hamiltonian
and leads to degeneracy of the energy levels. In fact, notice that each wave function
in (9.8) transforms as the spin-j representation of SU(2), corresponding to left
translations of the group element; i.e.,

v WUgO) = (. plULj. v (9.11)

I'We take D; = 8; +iA;, D, = 9 + iA; to relate B to the conventional definitions.
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These left translations are referred to as magnetic translations in the context of the
Landau problem. Since we have a uniform magnetic field, there should be a symmetry
under translations on the sphere. The left translations give the explicit realization of
this symmetry.

Obviously, from the expression for the energy levels in (9.9), ¢ = 0 corresponds
to the lowest Landau level. From the form of the Hamiltonian in (9.4), we also see
that the lowest Landau level should satisfy

Rp=0 9.12)

Thus the state | j, w) in (9.7), for the lowest level, not only has Rz equal to —%n, itis
also the lowest weight state of the representation, so we can make the identification
Jj =15, 1e., g =0. The lowest Landau level has a degeneracy equal to 2j + 1 =
n + 1. It is easy to see that the states corresponding to the lowest Landau level agree
with the geometric quantization on the two-sphere carried out in Chap. 6. The wave
functions (9.8), with the parametrization of g as in (6.44), become

[+ 1) zP
= - 9.13
U plin—p)! (1+72)° ©-13)

. dzAadz
=1
(1+zz)?

These are normalized as

w
/ S Uy =0y w (9.14)

(w is the Kihler two-form on S2.) We may restate this correspondence as follows.

1. The Hilbert space of states in the lowest Landau level can be obtained by
geometric quantization of the symplectic form £ = —i5Tr (03 g 'dg g_ldg) on
§?2=SU@Q)/U(1).

2. The two-sphere represents the coordinate space of the particle from the point of
view of the Landau problem; it becomes the phase space for dynamics in the
lowest Landau level.

3. The condition R_v = 0 selects the lowest Landau level for the Hamiltonian (pro-
portional to the Laplace operator); it becomes the polarization condition from the
point of view of the geometric quantization on S2.

The wave functions (9.8) are the single particle wave functions. Quantum Hall
effect is a many-particle phenomenon. If the particles are fermions (as they are in the
physical situation since they are electrons), the many-particle wave function must be
antisymmetric under permutation of particle positions. If the lowest Landau level is
fully occupied (corresponding to v = 1), there should be N = n + 1 particles and
the many-particle wave function is given by
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Pi(x) Ya(x)) - Yy (x)
1 | Y1) Ya(x2) -+ Yy(x2)

- 7 (9.15)

Do) daan) - - Uy ()

It is easy to see the structure of this function by using the form of v, written in terms
of the homogeneous coordinates u,, o = 1, 2. The single particle wave function
9.13) s

Y =Nug, Ua, -+ Ua, (9.16)

This has n factors of u,, with N = n + 1 distinct functions for different choices
of {ajay---,}. Notice that for two particles labeled as i, j, the combination
ea,gufj)ufg]) is antisymmetric under i <> j and is invariant under a common (left)
translation u, — Uy,u,. In the wave function (9.15), u, for each particle must
appear n times, since the single particle function (9.16) has n factors of u,, and
further we must have antisymmetry under exchange of labels. These two features
show that (9.15) is of the form

U(xi, X, ..., xy) =N H[eaﬂu?ugn]

i<j
1
=N _— i — Zj 9.17
U (1 4+ zkzi)? E(Z e ©1D

This is known as the Laughlin wave function for the v = 1 QHE state on the sphere.
Essentially all physical properties of the v = 1 state can be derived from this wave
function.

It is also useful to consider the large radius limit of the sphere and obtain results
for the two-dimensional plane. This can be done by the scaling

1 1 2 n

42> 578 574 M= —
2eB

, 9.18
2rZ 2r ( )

where z, 7 on the right hand side are the coordinates on the plane. Taking > — oo
at fixed eB, we find

Wxpx. . xy) = N e T ER [ — ) (9.19)

i<j

This is the Laughlin wave function for ¥ = 1 on the plane. In comparing this with
the coherent states discussed in Chap. 6, we see that the exponential factor is just
exp(— % K), and we can identify the parameter  as 2/(eB). The large B limit is thus
the analogue of the semiclassical limit of small «.
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9.2 Excitations in Fractional QHE

As mentioned earlier, there are also QHE states corresponding to fractional values of
v in (9.2). There are several such possibilities including the so-called Laughlin states,
the Jain states, etc. [30]. We will focus here on Laughlin states with v = ﬁ, p=
1,2, 3, etc. A wave function which gives an excellent description of the physics of
such states is

N
lI/Laughlin = NeXp (—% Z ZiZi) l_[ (zi — Zj)2p+1 (9.20)
i=1

i 1<i<j<N

where z = x| + ix;, and the subscript, as before, refers to the particle. This is the
wave function on the plane. While keeping factors of e B was important in going
from the sphere to the plane, we now rescale the coordinates as z — +/2/eB z to
eliminate explicit factors of eB. (It should be noted that, so far, this wave function
has not been derived from fundamental principles. Using (9.20) as an ansatz, one
can show numerically that it is a good approximation to an eigenstate of the many-
particle Hamiltonian including the Coulomb interaction of the electrons.) The wave
function (9.20) leads to an electric current of the form

e’ 1
(Ji) = —vs=€;Ej, V=
27 2p+1

(9.21)

This corresponds to the observed Hall conductivity, quantized as the reciprocals of
odd integers.

In Chap. 5, we have discussed how the nontrivial connectivity of the phase space
can lead to physical consequences via vacuum angles or via flat connections (which
can modify the symplectic one-form but not the two-form). We will now show that
excitations in the fractional quantum Hall effect will provide an example of how the
nontrivial connectivity can affect the physics.

Among the excited states of the system are hole-like excitations, sometimes
referred to as quasiparticles, with a wave function of the form

N
Phole = H(Zi —w) l’[/Laughlin

i=1

N N
=N H(z,- — w) exp (—% Ziiz,) l_[ (z; — Zj)2p+1 (9.22)
i=1 i=1

1<i<j<N

where w is the position of the hole. We want to briefly consider the statistics of such
hole-like excitations in fractional quantum Hall effect. We can do this in an effective
description with an action of the form
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3 k ynzel o € ynzet
S= ] d’x 4—6 a,0vaq + a, (] — —c€ 5‘,A0) (9.23)
s 27

where a,, (u =0, 1, 2) is a new auxiliary field and j* denotes the hole current. The
value of the constant k will be specified shortly. Also A, is the electromagnetic vector
potential. (We are using a three-dimensional covariant notation now. B® = €%/9; A ;
is the magnetic field along the x3-axis.) The variation of the action with respect to
A, identifies the electromagnetic current as

IO = =500, (9.24)

The equation of motion for the auxiliary field a,, is

k
Lo, a, + 1t — Lag A, =0 (9.25)
27 27

From (9.24) and this equation, we see that

= g 9.26)
=—-jl——c¢ L Ag. .
k)T 2k
Choosing k = 2p + 1 we see that we can reproduce the Hall conductivity in (9.21)
correctly in the absence of holes. The first term then shows that the charge per hole
ise/k.
For a pair of well-separated holes we can take

J* =) 6P 0 — wi) 4+ 05 6P (x — wy) (9.27)

Leaving the electromagnetic field aside for the moment and focusing on the holes,
the action becomes

k
Shole ZE / d3x e”mau&,aa

.2 22
mws; mw2>

+ / dr <a#(w1)u')’f + a,(w)h + —L + —2 (9.28)

2 2
where we have also added a regular kinetic energy term for the holes. (The specific

form of this will not be important for our purpose.) The time-component of the
equation of motion for a,,, namely (9.25), can be simplified as

d.az — Oea, = —i% (5P (x — wy) + 6@ (x — wy)) (9.29)
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where z = x! 4 ix?, etc. Using the identity

az_l_zaZ ! =716P(x —w) (9.30)
I—w —w

the solution to (9.29) can be worked out as

i 1 1
a; =0, a = = ( + ) (9.31)

k\z—wi z—w,

The coincident point w; = w; has to be excluded for consistency. We will also use
the ay = 0 gauge; the action (9.28) for the dynamics of the holes can be taken as

m . C . - . g
S = fdt [E(wlwl + Wrw2) + ay, w1 + ap, Wi + ay, w2 +aw2w2] (9.32)

where we have removed the singularities at the poles; thus in (9.32),

1
w)p — Wy
1

Wy — Wi

+by,, ap =by,

Ay, =

Ay, =

+ be, agp, = bu_)z (9.33)

e A

where b; are the quantum operators for the gauge fields. The two Eqgs. (9.32) and
(9.33) suffice for our semiclassical consideration of the statistics of holes (for which
b; can be neglected).

The configuration space for the dynamics of the two holes is R? x R? —
{coincident points}. Because the coincident points w; = w, have been excluded,
the closed path of one hole going around the other is not smoothly deformable to
zero. In other words, IT; of the configuration space is nonzero, equal to Z. In fact,
with w, fixed,

aw,dw + ag, d; = d [i log (w; — w2)1| (9.34)

This is evidently closed, a is thus a flat connection on the configuration space. But
a cannot be considered exact since

27
fa:—— #0 (9.35)
c k

where C is a contour enclosing wy.
The Hamiltonian corresponding to the action (9.32) is

21f we quantize the gauge field, (9.29) is the Gauss law. Solving for wave functions (in the as-
diagonal polarization as in Chap. 7) leads to the same result for a,,, ay; in the operators in (9.38).
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L. .
H = Em (wlwl + w2w2) (9.36)

The canonical one-form corresponding to the action (9.32) is

m = . - = . -
A= 5 (wldwl + widw; + wpdw; + wzdwz) +a(l)+a2)
a(l) = ay,dw; + ay,dw;
a(2) = ay,dw;y + ag,dw; (9.37)

This has the structure of the usual symplectic potential for particles plus a flat connec-
tion, in accordance with the general considerations in Chap.5. From A, or directly
from the action, we can also identify the operators

£ .0 - .0
smw| = —1—— — ay sMW|; = —i—— — ay,
6w1 v 2 8w1 !
0 . 0
l . . 1 - .
SMWy; = —1—— — dy MWy, = —1—— —a (9.38)
2 ow, T2 owy "

This shows that, written as a differential operator, the Hamiltonian will involve the
a’s. Because of this, it is convenient to write the wave function as

1
W (x1, x2) = exp |:—E log(w; — wz)] D (x1, x2)

= %) @ (x), xp) (9.39)

The action of H on @ is then the usual one,

Ho = 2(3 0 +ii>q§ (9.40)

“m \ow, dwy | dw, O,

The use of @ (xy, x») as in (9.39) maps the problem to one where the connections a,
a do not appear in the Schrodinger equation.

We can now consider the exchange of the two holes as due to a rotation of the
two points by 7 followed by a translation to bring them back to the same points.
Since @ is the wave function on which H acts without any extra flat connection a,
we can take @ to be symmetric under exchange. As for the prefactor ¢'“in (9.39),
the translation does not change it, but the 7-rotation leads to

eiA(xl,xz) — e—iﬂ'/kei/\(xl,xz) (941)

With k = 2p + 1, we see that the two holes do display fractional statistics. The
origin of this can be traced to the closed but not exact one-form (9.34), which is itself
related to the nontrivial connectivity of the configuration space.
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In two spatial dimensions, it is also possible to have fractional values for the spin
for a particle [31]. The usual argument for the quantization for spin in three spatial
dimensions relies on two ingredients: the fact that the components of the angular
momentum operators do not commute among themselves and the requirement of
unitarity for the representation. In two spatial dimensions, where there is only one
rotation, fractional values for spin are possible. This is true even in a Lorentz-invariant
theory, because of the noncompact nature of the Lorentz group [32]. There is a spin-
statistics theorem in two spatial dimensions as well. In accordance with this, the
result we have shown implies that the holes must also have fractional spin or that
they are “anyons” [31].

Another comment which may be of interest is the following. Consider the
operators

Pk = —4— — [ p]/( = —i—_, k= 17 2, (942)

with similar operators for the derivatives with respect to wy. Notice that if we exclude
the coincident point w; = wj, then a(1) and a(2) are flat connections by virtue of
(9.29). As a result, both sets of operators {pi, Wk, pr, wi} and {p;, Wi, Py, wi}
obey the Heisenberg algebra. Formally, they are related by the transformation,

e pret = p, (9.43)

However, even the pure phase part of this transformation (i.e., /1*4)/2) is not a uni-
tary transformation since it is not single-valued on the space. Therefore, the two sets
{ Pk, Wk, Px, wi} and {p}, Wy, p,, wi} constitute inequivalent representations of the
Heisenberg algebra. The Stone-von Neumann theorem tells us that a finite number
of Heisenberg algebras have unique representations (up to unitary equivalence) if
the underlying space is simply connected, but that they can have inequivalent repre-
sentations if the space is not simply connected. Since the coincident point w; = w;
has been excluded from consideration, the position space for the quasiparticles is not
simply connected. So the result we find can be viewed as exemplifying this particular
feature of the Stone-von Neumann theorem.

Problem

9.1 Obtain the Landau levels for electrons in a uniform Abelian magnetic field on
CP? and show that the lowest level wave functions agree with (6.70).
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Chapter 10 ®)
Fluid Dynamics e

We now turn to considerations about how an action for fluid dynamics can be con-
structed using the results o the geometric quantization of G/H spaces and how
anomalies can be incorporated into fluid dynamics [33]. Co-adjoint orbit actions,
introduced in Chap. 6, will be used to set up a group-theoretic formulation of fluid
dynamics. We will start with the well known formulation of classical nonrelativistic
fluid dynamics.

10.1 The Lagrange Formulation

The so-called Lagrange formulation of fluid dynamics, developed more than two
centuries ago by Euler and Lagrange, is an elegant method of obtaining the equations
of fluid dynamics starting from Newton’s equations for point-particles. Here one
considers a collection of, say, N particles obeying the equations of motion

dX" __ o (10.1)
dt AT 8X,')\ '

where X i\ denote the position of the A-th particle, A = 1, 2, ..., N. For simplicity,
we have taken all particles to have the same mass m, with units adjusted so that
m = 1. We can label the particles by their positions at time ¢ = 0, assuming that
there is no overlap of particles. In this way of labeling particles, A is a three-vector
corresponding to the initial position vector. In the limit of a large number of particles,
we may take )\ to be continuous. Let py(\) be the number density of particles. Then
we sum Eq. (10.1) over a small range of A and go to the continuous A-limit to obtain

ov

d ..
3 i 3
PN EX T XT@N) = —po(N) &) TR,

(10.2)
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Now, the particle at position A at ¢ = 0 moves to X' (¢, \) at time ¢. This is a con-
tinuous transformation of the \’ into X, which is invertible at least for small . We
can therefore solve for A as a function of X' and ¢ and write various quantities
as functions of 7, X’. Since the number of particles is conserved, we should have
po(N) d*X = p(¢, X) d*X. This shows that we can define the density of particles in

terms of X as o
pit, X) = —0

= m (10.3)

The density p so defined obeys an equation of continuity. By direct differentiation
with respect to time, we find

dp . Op o, d 1 po(N) d
_r X = — = — — (1 X
o T oxi PG, G @x o)~ der@X /o) dr (08 detOX/9N)
ON OX y
= P oxign T PV (109

We now define the velocity at a point X as

Vi, X) = X', A)Lm N (10.5)

Equation (10.4) then reduces to the continuity equation

dp

ky —
T Vi(pv®) =0 (10.6)

The equation of motion (10.2) involves the time-'derivative qf the velocity Xi(t, N\
at fixed \. If we substitute for A in terms of X in X?, i.e., use X’ (¢, A(¢, X)), we have

dxt  dx! ax' .
= A 10.7
dr dr i|)\ﬁxed o 1o

Since A’ (being the initial positions) do not depend on time, being initial data, we
also have the identity

_ IN(t, X) + oON(t, X) I

0 B ByC (10.8)
Using this in (10.7) we get
dr | fea dr - ON OX!
_ Y g (10.9)

dt
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Thus the equation of motion (10.2) becomes

ov
0X;

o' ,
p[ ai + kakv’i| =—p (10.10)

This equation, which is known as the Euler equation, along with the continuity
Eq.(10.6), defines perfect fluid dynamics. The right hand side of (10.10) can be
expressed in terms of the gradient of the pressure, but we will not need that for now.

In modern physics, a point-particle is defined as a unitary irreducible representa-
tion (UIR) of the Poincaré group which is the group of spacetime translations and
Lorentz transformations. In addition, we may want to consider particles with internal
symmetries such as nonabelian color charges, the latter being also described by an
appropriate representation of the symmetry group. So we may ask:

Can we do a Lagrange trick and describe fluid dynamics in terms of group theory, with
each particle corresponding to a unitary irreducible representation of the symmetry group
(Poincaré ® internal symmetry group)?

Beyond the formalistic value, there are some good reasons why this will be of interest.
In such a formalism, symmetry would be really foundational and this would facilitate
the inclusion of nonabelian internal symmetries and spin in magnetohydrodynamics
and also incorporate anomalous symmetries as well. These have all become issues
of interest in recent research partly because of the deconfined fluid phase of quarks
and gluons.

We start with a simple case of a nonrelativistic particle which carries an internal
symmetry, say, SU (2) to see how this can all work out. (This internal symmetry
could be “color” or spin or something else depending on the physical context.) The
action for such a particle coupled to an SU (2) gauge field is given by

1
S = /dt [mez —Af Q% —1i ’% Tr(o3 glg)]
1 ., .n -1
= | dt me —IETr(a3g Dy 9) (10.11)

where Q¢ = 7Tr(o3 g 'o%g) and Dy = 9y + A% (=i0%/2). Dy is the covariant
derivative of g with respect to the SU (2) gauge field evaluated on the trajectory of
the particle. This action was proposed in the 1970s by Balachandran and collaborators
[11]; the equations of motion corresponding to this action were written down earlier,
in 1971, by Wong [10]. The last term in (10.11), apart from the gauge field term,
is familiar to us as the action (6.42) for G/H = SU(2)/U(1). The quantization of
the action is also familiar. The usual kinetic term %m)'cz will lead to the usual point
particle dynamics, with a minimal coupling to the gauge field via the charge operator
Q. The degrees of freedom represented by g will lead to a unitary representation of
SU(2), with j = 7. This part will describe the dynamics of the internal symmetry
and how it influences and is influenced by the kinetic motion of the particle and by
the external field.
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We can now see how to generalize to fluids. We will focus on the last term in
(10.11) as it is the key term for obtaining UIRs of the group after quantization. We
consider a large number of particles, using a variable \ to label them. As with the
Lagrangian approach to fluids, we will eventually take A to be continuous and to
correspond to a three-volume. For the last term in (10.11) we get

S = —iffdz Tr(o3 g 'g) — S = —l/dIZn,\Tr(cug;lg'A) (10.12)
2 2 "

We can take the continuum limit by >, — [ J d3x /v, where J is the Jacobian of
the transformation A — x, J = |0A/0x| and v indicates a small volume over which
the dynamics is coarse-grained. Defining a density by j® = n J /v, we get [34]

S = —i/d“x jO Tr(t39™ " 0og), = % (10.13)

where g(t, A) = g(¢, x) is to be considered as a spacetime-dependent group element.
The form of the action (10.13) also suggests a natural relativistic generalization

S= —i/j"’ Tr(t; g~ 0,9) (10.14)

The remaining terms in the action can be added on at this stage, but before doing
that, we pause to consider what happens with the Poincaré group. If we follow the
same strategy we should consider the analog of the term Tr(t3 g~' §) for the Poincaré
group, which has the translational parameters x* and the rotational and Lorentz boost
parameters; the latter set of parameters may be gathered into a Lorentz group element
A. The action is then given by

n

SI—/dT pﬂ)'cu+i4/dTTr(E3A_l A) Xy = ["3 O] (10.15)

00’3

where we have chosen to display the term involving the Lorentz group element A in
terms of the usual spinor representation.! This is almost what we want, but the first
term in the action (10.15) needs some rewriting. This is because, in going over to a
fluid description, the position variables x* are a bit awkward. First of all, there should
only be three independent x’s or corresponding velocities. For the point-particle, this
is naturally implemented by a mass-shell type constraint. It is not clear how to do
this for fluids. Secondly, the role of diffeomorphisms versus translations is not clear
in this language. So we will first deal with this problem before returning to the main
line of development.

! This is like using the 2 x 2-matrix version of g to display the action (10.11). It does not imply
that there is anything special about this representation.
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10.2 Clebsch Variables and the General Form of Action

We return to the usual approach to fluids briefly. It has been known for a long time
that fluid dynamics can be described as a Poisson bracket system. This means that
the equations of motion are derived from a Hamiltonian

o L
H =/d X |:§pv + V(p):| (10.16)

by using the Poisson bracket

OF 0G 0G 0F wij OF 6G
F,Gl=[||—-—0[— —0 | — — 10.17
{ } f|: dp (50,-) + op (5vi> + p Oy 6vji| ( )

We have written the form of the bracket for arbitrary functions F, G of the fluid
variables and w;; = d;v; — 0;v; is the vorticity. The potential energy term in H,
namely V (p), is related to the pressure of the fluid as P = p%—‘p/ - V.

It is then easy to check that any local observable F' will Poisson commute with
the helicity which is defined as

1 .
= W/e”k v; Ojug (10.18)

where we take the velocity to vanish at the boundary of the spatial region of integra-
tion. Denoting the variables p, v; collectively as g, and writing the Poisson brackets
as {g”, q"} = K", we can check from (10.17) that C/Jv; is a zero mode for K.
This means that K*” is not invertible. Comparing with (2.12) we see that we have a
problem. If K has an inverse, that would be the symplectic structure 2, and we
can construct an action. But that is not possible because K** has a zero mode. This
is a problem, but the way to a solution is also clear. Since C Poisson commutes with
any local observable, it must be superselected. We must fix its value and then con-
sider only those velocities which keep the value unchanged. Such a parametrization
is given by the Clebsch variables which expresses the velocity as

v, = 8,9 + « 8,ﬁ (1019)
where 6, a and (3 are 3 independent fields. One can easily check that the integrand
of C is a total derivative with this parametrization and gives zero upon integration.

(We can also accommodate other values of C, see below.) A suitable action which
gives the fluid equations is then

S:/d“x [pé+paﬂ']—/d4x prﬂv} (10.20)
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We can also write this as

S:fd“x [j* (0.0 4+ ad,B)] — fd4x [jo - J;f; +V} (10.21)

where j® = p and we introduce an auxiliary field j. Elimination of j takes us back
to (10.20). This is easily generalized to the relativistic case as

S = /d4x [j* (8,0 + 2 0,8) — Fn)] (10.22)

where F(n)=n+V@®m) and n?=j>=(j%>—j'ji. Notice that n=
VG2 —j-j~j%—(1j1/2j% 4+ -, so that (10.21) is recovered in the
nonrelativistic case.

The Clebsch parametrization can also be written in a group-theoretic form [35,
36]. For this purpose, we can use either SU(1, 1) or SU(2). We parametrize an
element of the group as’

1 1 u et 0
= () (3.5) 1023

We can easily check that
uu

—iT ~ldg) = db + a dB, =—
i 1"(0'39 g) +ads Q A5

, B=Filogu/ii) (10.24)

where the upper sign applies to SU (1, 1) and the lower to SU (2).* We can now write
the usual ordinary fluid dynamics action as

S = /d4x [—ij“ Tr(o3 gilaﬂg) — F(n)] (10.25)

We have thus brought the action, even for the usual fluid dynamics, to a form con-
sistent with the group-theoretic approach. We can now see how the Poincaré group
can be accommodated. For the translational part we use the action in terms of the
Clebsch variables. For the rest of it, we can use the usual group-theoretic way which
we have already discussed. The action for general fluid dynamics is thus given by
[37]

2 Whether we should choose SU(1, 1) or SU (2) depends on the vorticity which is given as da d 3.
The group SU(2) would describe situations with quantized vorticity, SU (1, 1) would give no
quantization condition on vorticity.

3 By the way, we are also saying that ordinary fluid dynamics can display an SU(1, 1) or SU(2)
symmetry, which is effectively replacing the diffeomorphism symmetry. This is a point worth further
exploration.
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i

S = /d4x [ju (0,0 + a8,0) — 3 Jt Tr(Z3 A7'9,4)

—iY jTrqag ' Dug) = F(n)] + (A (1026)

We use g, to denote the diagonal generators of the internal symmetry group G with
g € G.The currents j*, j(‘;) , ji correspond to the transport of mass, spin and internal
quantum numbers, respectively. Generally, we must have different currents j*, j(’;),
j& for mass flow, spin flow and the transport of other quantum numbers, since they
are independent. For example, we may have a cluster of particles of zero total spin
moving off in some direction, giving mass transport but no spin transport; we can
have a similar situation with internal symmetry groups as well. Generally these
currents are independent; any relations among them must be viewed as “constitutive
relations” characteristic of the physical system. The coupling of the system to gauge
fields follows from covariant derivatives on the group elements. The function F ({n})

depends on all the invariants such as n = \/j" j,, na =/ j& jua> Nap =/ J& Jjub
etc., which we can make from the currents and the gauge fields. We have explicitly

indicated the action for the gauge fields. The group-valued fields are related to flow
velocities and currents and are given by the equations of motion,

1 9F .

;% JN = 5u9 + O[allﬁ
L oF iTr(ga g~ "D, 9) tc (10.27)
— — Jua = —111(q, s etc. .
n, On, Ju qda 9 g

10.3 Assorted Comments

Many new concepts (or at least concepts which may not be very familiar) have been
introduced, so a few clarifying remarks are in order at this point.

Helicity

In terms of the group-valued variables, the helicity is given by the topological
invariant

= Tr(g~'dg)? 10.2
C= 50 [T 00) (10.28)

This shows how we may generalize the Clebsch parametrization to situations with
nonzero value of C. We choose a particular g, say g; which gives the desired value
C. Then we use g; g in place of g in (10.24) to get the parametrization for velocities.
g is taken to have zero C. It is easy to check that C[g; g] = C[g1] + Clg] = Clg1].
Notice also that C[g] is basically —Q[g], the winding number in (7.52), for the case
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of g € SU(2). For g € SL(2, R), we still have the expression (10.28) for C, but the
result does not yield a quantized number since I15(SL(2, R)) = 0.

The action and the density matrix

The idea of using an action of the form | j O Tr(o39~"'§) may be seen from another
more general point of view as well. The full quantum dynamics for a state with
density matrix p is given by the action

LU
S:/dtTr (Ui -UTHY (10.29)

where U is a general unitary transformation. The variational equation for this is

g
ia—f —Hp—pH,  p=UpU' (10.30)
which is the expected equation for the time-evolution of the density matrix. The
canonical one-form corresponding to this action is

A=1Tr(po U 6U) (10.31)

where §U includes all possible observables. Suppose we now restrict ourselves to the
dynamics of a smaller number of observables, say those corresponding to symmetry
transformations which can survive into the hydrodynamic regime. Let these symme-
try transformations form a Lie group G. Then for g € G, parametrized in terms of
f*, we can write

g 'dg = —it, £5d0* (10.32)

where t, are the generators of the group and this equation defines the one-forms
£4dO™. For the variation of unitary transformations corresponding to this subset in
the quantum theory, we can then write

U'oU = —ig, &4 664 (10.33)

where g, are the quantum operators corresponding to the generators of the group.
This shows that A restricted to the variables of interest is

A =2ip,Tr(tag™'dg),  pa = Tr(poda) (10.34)

We can now ask the question: What is the action (at the level of the reduced set of
observables 6’s) which gives this A? This is evidently the co-adjoint orbit action of
the form we have been using. The variables 0’s are essentially the relevant collective
variables of the theory in the regime of interest.
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Diffeomorphisms and Clebsch variables

Finally, we can think of the Clebsch variables in another way as well. We start by
looking at the diffeomorphism algebra,

{M(&), M)} = M(€ x &), € x &) =l —roe (10.35)

where M is the generator of spatial diffeomorphisms, given by Tp; where T}, is the
energy-momentum tensor. The algebra (10.35) can be realized by

S W (10.36)

for any number of canonical pairs of variables (7;, ;). We need two such pairs
for a complete characterization in 3 spatial dimensions. Hence, we can see that
diffeomorphism symmetry can be traded for an SU(1, 1) or SU(2) symmetry for
the pairs 7;, ;. The redesignation of variablesas m; = p, m = pa, o1 = 0,0 = 3
takes us back to the usual Clebsch form.*

We can also view 7, ¢; as the modulus and phase of a complex field v, ©*. The
interpretation of «, 3, which will need another complex field, is a little more subtle.
Recall that «, (3 are the fields required to get nonzero vorticity. We may observe that
for vorticity, we need to compare the velocities of nearby particles. Thus in attributing
some nonzero vorticity to each local coarse-graining unit, we see that inside each such
unit (around, say, x), we must have distinct fields representing these particles whose
velocities are to be compared. This means that ¢)(x) and ¥ (x + €) must be counted
as independent fields since we want to replace them by fields at a single point x
upon coarse-graining. This gives some understanding of how the SU(1, 1) or SU(2)
group emerges.

10.4 Examples

10.4.1 Nonabelian Magnetohydrodynamics

We will briefly mention a few examples before going on to the question of anomalies.
Our first example is about nonabelian magnetohydrodynamics, say with SU (2) as the
internal symmetry [34]. Picking out the relevant terms in the general action (10.26),
we see that we can take the action for this case as

S=/j(’:n) (0,0 + a 9,8) —i/j" Tr(o3 9~ ' D,9) —/F(n)
1 Sym (10.37)

4 In principle, we can use the action (10.15) with the translational degrees of freedom x* even in
the fluid case, instead of the Clebsch variables. If we keep x* as fluid velocity, then we do get the
correct fluid equations, but with no pressure.
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As a reminder, our conventions in this expression are as follows.
Dug=0,9+Au9,  jly=naU" j*=nu" (10.38)

Also, A, = —i 1" Aj, 1 = %a“. j(’:ﬂ) denotes the mass current, while j# corresponds
to the current for the diagonal generator of the internal symmetry. We have also
defined the flow velocities U* and u* in terms of the currents; they are 4-vectors
normalized to unity, U? = 1, u?> = 1.

The current which couples to the gauge field may be obtained as

JH = —E = Tr(a3g_1t q9) ].llr = Q, u"
5Az

Q. =nTr(o39 't.9) (10.39)

Notice that the current factorizes into a charge density Q, and a flow velocity u*.
This is known as the Eckart factorization. The equations of motion may be derived
from the action (10.37) by varying all the fields. We show some of the equations
here:

Oj" =0

(D,J", =0

[j* 9" Dug. 031 =0
nut9,(u,F') —nd,F = —JJ)Fy, (10.40)

The first of these equations arises from right transformations of the form g — ¢g(1 +
o3€), the second from general left transformations of g. The third equation is from
arbitrary right translations. The last equation is obtained by applying u*0, to the
equation resulting from variations of j*. The first two are conservation laws, while
the last one is the Euler equation for the (nonabelian) charge transport.> The first
three equations in (10.40) also give

u'(DyQ)a = (DoQ)a +u-(DQ)a =0 (10.41)

This may be viewed as the fluid version of the Wong equations for the transport of
nonabelian charge by a point-particle. We also have 9, T*" = Tr (J*F,,,) where the
energy-momentum tensor 7, has the perfect fluid form.

The group element g may be given a nice physical interpretation. The nonabelian
charge density p = p, t, (which is the time-component of J/') transforms, under
gauge transformations, as

p—p =h"lph, heSUQ) (10.42)

5 There is another equation for mass transport which we are not displaying. Here we are zeroing in
on just the “new” equations, namely, those beyond the usual ones from variation of 0, «, 3, etc.



10.4 Examples 99

Thus we can diagonalize p at each point by an (x, ¢)-dependent transformation g.
Then we can write p = g pdiag g~ !, with Pdiag = poo3. In other words,

Y1) (10.43)

pa=poTr(gosg™" 1a) = j*Tr(gos g~
The group element g diagonalizes the charge density at each point. The eigenvalues
are gauge-invariant and are represented by n. We may thus view g as describing the
degrees of freedom corresponding to the orientation of the local charge density in
color space. Under a gauge transformation, g — h~! g.
The Poisson brackets involving the charge densities are

(@), ') =0

(@), g = —iglo) () dr =)

(). YO} = fave J20) 8(x = y)

(200, 90} = =i (F) 9@) 8 = ) (10.44)

Notice that J(? generates left transformations on g, while j® generates right
transformations along the o3-direction.

10.4.2 Spin and Fluids

Another example we will briefly quote is for fluids with spin [37]. Consider a special
case where mass transport and charge transport are described by the same flow
velocity. In other words, impose a “constitutive relation” (e/m) j,, = je'. Such a
relation is reasonable when we have one species of particles with the same charge.
Further, for dilute systems, if we neglect the possibility of spin-singlets forming (and
moving independently), we can take spin flow velocity ~ charge flow velocity, so
that we can further impose (s/m) ji,, = Jj{;,-* (We will set m = 1 from now on, for
simplicity, by a proper choice of units.) In this case, the action (10.26) simplifies,
with a single current j#, as

S=S(A) + / &3 [ 00 + 0,8+ eA,) - %j”Tr(Eg A9, 4) = F(n, 0)]

(10.45)
The Lorentz group element A may be written as A = B R, where B is a specific
boost transformation taking us from a rest frame to a moving frame and R is a spatial
rotation. Explicitly,

6 Here we are considering a very special case to illustrate certain physical results. The general
formalism allows for the discussion of the case with independent transport of mass, charge and
spin.
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By = — [“0 +1 o-u ] (10.46)

2O +1)Lo-u u® +1

The statement that j(‘in) = j(’;> means that B contains the same velocity u* as for
the mass transport, as in j* = nu*. The function F in (10.45) depends on n and

o= S"F,,, where S* is the spin density,

1 .
$ = STe(S AT I A, I = (10.47)

Here ~* are the Dirac y-matrices, obeying
YA+ Ay =2g" (10.48)

One interesting feature which emerges from this analysis, and the equations of
motion for the action (10.45), is that the spin density is subject to precession effects
due to pressure gradient terms in addition to the expected precession due to the
magnetic field. This is seen explicitly from the equations of motion

U9y (F'uy) —0,F =euFy, + ---
a e
u aasut/ = F [Sl,,)\F)\l/ - Sy/\FAu] + [Sp,)\ f)\u - Sy)\ f/\u] + -
(10.49)

where F' = (OF /On) and
1 ! !
fo=1 [ur O, F — u, OrF'] (10.50)

The first equation in (10.49), which is the Euler equation, shows the expected Lorentz
force formula for charged fluids. The first term on the right hand side of the second
equation describes the precession of the spin density in the electromagnetic field. The
second term, S#A Frw — S, fru, describes a spin precession effect due to pressure
gradient terms which can exist even in the absence of external fields. This is a bit
unusual and is a novel effect in the context of fluid dynamics, although its origin can
be traced to the spin-orbit couplings in the relativistic theory. There are corrections
to both these equations depending on the gradient of the spin density, as indicated
by the ellipsis.
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10.5 Anomalies in Fluid Dynamics

We will now consider how anomalies can affect fluid dynamics. Anomalies arise in
the quantum theory because of the need to regularize the theory. This involves an
upper (ultraviolet) cut-off on the integrations over loop momenta in various Feynman
diagrams. If a situation arises that one cannot find a regulator which preserves all the
classical symmetries, then we have to ensure that the regulator we choose preserves
gauge symmetries (for consistency reasons). This may mean that we have to give up
some of the other non-gauge symmetries, with the corresponding currents not being
conserved. We say that those symmetries are anomalous.

Even though anomalies arise out of ultraviolet regulators, they have a deeper
topological origin and one consequence of this aspect of the anomalies is that they
are not renormalized. Further, they can also be reproduced from infrared physics.
Because of this property, we should expect the anomalies to be present in all phases
of the theory. In particular, we can expect them to be relevant in the hydrodynamical
regime as well.

10.5.1 Anomalous Electrodynamics

First of all we will consider a very simple case, that of an Abelian U (1) theory which
has anomalies. We may think of this as electromagnetism. The basic equations we
need are the conservation laws,

9,T" = F,, J"
auJu — —gﬁﬂya‘ﬁFM/Fa/j (1051)

The first equation is the expected relation for the divergence of the energy-momentum
tensor. The second one is the conservation law for charge which is anomalous, with
the anomaly as given on the right hand side. Here c¢ is a constant, the anomaly
coefficient, which can be calculated from the underlying quantum physics. The lack
of conservation for the electric current will, of course, lead to inconsistencies, so we
must really regard this system as describing a subsystem which is anomalous, with
another subsystem which will cancel this anomaly for the full system, thus avoiding
any inconsistencies. These two Eq.(10.51) are to be supplemented by the form of
T# and J*, given by

T =pnU" U, + 6", P

JH = U v [% 1U, 9 (1 Us) + % wU, auAﬁ] (10.52)

where u is the chemical potential corresponding to the particle number and P is the
pressure. Notice that 7% has the perfect fluid form. These Eqgs. (10.51) and (10.52)
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were written down in [38] as a minimal way to incorporate anomalies. We now turn
to the question of whether we can find an action which leads to these equations. We
may expect such an action in terms of the formalism we have developed. Indeed such
an action can be found, it is given by [39]

S= / d*x [V + Ay + %eﬂmﬂ (Au ViBaVis + Vy AyOaAj)
— /=77 + P (1053)
where V,, = 0,0 + « 9,0 and the flow velocity U* is related to V,, by
V+A),=—pU, (10.54)

It is not difficult to see why the action is of the form (10.53). The terms representing
the anomaly must be independent of the metric, and hence it must be a differential
four-form. The only one-forms available are the electromagnetic gauge potential
A = A, dx" and the velocity of the fluid for which we can use the Clebsch form,
V =V, dx" = df + adB. Thus we can take a linear combination of AV dV and
V A dA. The coefficients can be fixed by comparison with (10.51) and (10.52). This
leads to the action (10.53). The equations which follow from this action have been
analyzed in more detail in [39].

10.5.2 Anomalies in the Fluid Phase of the Standard Model

A more interesting scenario is where there are no gauge anomalies and we ask the
question of how we can include the anomalies for the non-gauge symmetries. The
most physical realization of this would be the standard model, so we will phrase
our arguments in terms of it. We may regard the fluid we are talking about as the
quark-gluon plasma phase for three flavors of quarks, say, u, d, s. In other words,
we consider a phase with thermalized u, d, s quarks, so that they must be described
by fluid variables while the heavier quarks are described by the field corresponding
to each species. We will also neglect the quark masses so that we have the full flavor
symmetry U (3)L x U(3)r. Thus the group G to be used in (10.26) is

G=8SU@B)xUQB)L xUQB)R (10.55)

with individual flows corresponding to the charges. Here we want to focus on the
flavor transport, as this is the sector with anomalies, so we will drop the color group
SU (3). from the equations to follow.

The flavor symmetry is not fully preserved even in the absence of masses; this is
because of the anomalies. It may be useful at this point to recall the argument why we
expect a term in the effective action which reproduces anomalies [40]. We set up a
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gedanken argument, where we consider all flavor symmetries to be gauged with their
anomalies canceled by an extra set of fermions; the latter will not play any role in the
dynamics except for the anomalies, so they are referred to as spectator fermions. The
full theory is nonanomalous. The usual argument is that if, instead of the quarks, we
consider the confined phase with mesons and baryons as the basic degrees of freedom,
the theory will continue to remain nonanomalous. Even though the confined phase
is obtained only at low energy, anomalies, because of their topological origin, are
unaffected. Thus in the effective action for baryons and mesons, we should be able
to find a term which reproduces the original anomalies, thereby ensuring cancellation
with the spectator fermions. This is the Wess-Zumino term written in terms of the
pseudoscalar meson fields. Clearly, we can expect a similar reasoning for the fluid
phase where u, d, s are replaced by fluid variables. We must then have a term in
the fluid action which can reproduce the anomalies so that the cancellation with
spectator fermions still remains valid. How do we write this term? Since we have
formulated fluid dynamics in terms of group-valued variables, the solution is almost
trivial. We can simply use the usual Wess-Zumino term, but interpret the group-valued
variables in it, not in terms of mesons, but as describing the fluid flow velocities for
various flavor quantum numbers.

Adapting (10.26) to the case at hand with U (3). x U (3)g symmetry, the action
for fluid phase of the standard model is [36]

o= ot motom) sl

— lkét Tr (l3 glgl DN gR) — lkg Tr (tg ggl D# gR)
—1j§ Tr (97 ' Dyg) — ik Tr (95 ' Dy gr) (10.56)

—Fr-jr. ki kr, i 'sz)] + Sym(A)
+ Ny(Ar, AR, gL g) — Twa(AL, A, 1)

The three diagonal generators correspond to the #3, fg and the identity for U (3), and
U (3)r, with the corresponding currents j3', ji', j) and k%, k%, k. The function F
can in general depend on all invariants of the form j; - jy = jl“ Jurs ki -k, i kp,
1,I'=0,3,8.

The group elements g;, € U(3)L and gr € U (3)r will describe the various flow
velocities; their relation to the currents is seen upon eliminating the latter by the
equations of motion. Further, I, (AL, AR, gL gg) is the standard Wess-Zumino term
Iy, (AL, AR, U) with U replaced by gr, g;. We have also subtracted Iy, (A, Agr, 1)
which is necessary to bring the analysis to the so-called Bardeen form of the anoma-
lies [41]. The Bardeen form is the one which not only preserves the vector gauge
symmetries, but also gives a manifestly vector-gauge-invariant form to the remaining
axial anomalies. This form is what is appropriate for the fluid phase. The explicit
expression for Iy, (AL, AR, gL, g;;) is
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iN
szz—l—Z/ Te(dU U1
2401 D
iN
=gy Tr[(AL dAL 4+ dAL AL + A)dUU ']
iN Tr[(Ag dAg + dAR Ag + A2) U 'd
~ 182 " r[(Ar dAR + dAR AR + Ax) U dU]
iN
4! 2/ THAL dUU AL dUU~" — Ag U~'dU Ag U~'dU]
967’1’ M
IN —1\3 —1 3
+ Tr[AL(dUU )+ Ap(U™'dU)’
487T M
+dALdU Ag U~'— dAg d(U~ 1) A U]
iN 1 -1 2 -1 152
+—— [ TrARUT ALUWUT'U) — AL U AR U™ @UU Y]
487T M
iN B
- Tr[(dAR A + AR dAR) U~ AL U
4871' M
— (AL AL+ ALdAD) U Ag U’l]
iN
_ 2 2/ THAL U Ag U~ AL dUU" + Ag U~ AL U A U~'dU]
4871' M
iN Tr|A} U"ALU — A} U ARU™!
_4871'2 M f R L - L R

+1UARU T ALU ARU™! AL] (10.57)

with U = g1 ngz- (N is the number of colors, = 3 for us.) This is evidently a very
complicated expression and we will need to pick out some pieces to highlight some
physical effects. The most relevant of such effects is the chiral magnetic effect.

10.5.3 The Chiral Magnetic Effect

The chiral magnetic effect corresponds to the following. In the quark-gluon plasma,
in the presence of a magnetic field, there is charge separation and a chiral induction
which may be displayed as

e? e’

Jo=—V0-B, J=——0B 10.58
0= o 272 ( )

Here 6 is an axial U (1) field, similar to the 7y’-meson. In the plasma, we can replace
¢ by the difference of the chemical potentials y1. and pig corresponding to the U (1)L
and U (1)g subgroups of U(3), x U(3)r as § — %(ML — pR). In this case, we find
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2
e

Ji=——— (u — pr) B; (10.59)
47

We see that the chiral asymmetry of chemical potentials can lead to an electro-
magnetic current in the direction of the magnetic field [42]. In the experiment with
colliding heavy nuclei which produces this fluid phase, if the collision is slightly
off-center, the two nuclei constitute a current which produces, for a very short time,
an intense magnetic field of the order of 10'7 G. The resulting current can affect the
charge distribution of particles, creating an asymmetry in the total charge of particles
coming off in the direction of B versus —B. Such an asymmetry is indeed experi-
mentally observed; however, there are other effects to be taken into account which
could possibly give an alternate explanation. So it is not entirely clear if the observed
asymmetry can be attributed to the chiral magnetic effect. We may also note that the
original calculation of the chiral magnetic effect is via Feynman diagrams, but the
fluid action readily incorporates this effect due to the anomaly.

There are many other anomaly related effects, such as a possible pion asymmetry
[43] or chiral vorticity effects. But the present discussion suffices to illustrate the main
issues of principle; the reader is referred to the cited references for details. The full
set of equations following from (10.56) are necessary to describe full hydrodynamic
transport of flavor charges.

The main thrust of this chapter was to show that the co-adjoint orbit action intro-
duced in Chap. 6, which is the quintessential realization of geometric quantization,
can be used for fluid dynamics and can lead to many new insights.

Problems

10.1 Write the Wilson line for an SU (2) gauge field as a path integral. (Although
this is based on material from Chap. 6, it is included here as it serves as a prelude to
constructing flow equations for charged fluids.)

10.2 The dynamics of a particle moving on Anti-de Sitter space in 4+1 dimensions
(=850(4,2)/S0(4, 1)) can be described by the co-adjoint orbit action

.mR 1. S1 —1- 52 1.
S= [ dt —ITTF(VOQ 9+ 5“(71729 g9) + ETr(sz g9

where v, u =0, 1,2, 3, 5, are the usual Dirac matrices and sy, s, label the two spins
needed since SO (4) is of rank 2. The group element may be parametrized as

(V7 X[z _ .0 _ 1o
g_<0 1/\/5 A, X =x o-X, A=e

Identify the analog of (10.46) for this case and formulate fluid dynamics for mass
and spin flows on AdSs.



106 10 Fluid Dynamics
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Chapter 11 ®)
Quantization Rules Qouck i

In the usual textbook discussions of quantum mechanics, one usually starts with a
quantization rule which assigns an operator for any classical function on the phase
space. The simplest example of this is the correspondence

xX—>x p— [3:—ih2 (11.1)
Ox
For arbitrary functions of x and p, the simple use of this rule can lead to operator
ordering issues. Thus the function xp could be viewed as x p, px or % (xp + px).The
first two versions are not hermitian. The operator %()2 p + px) is the Weyl-ordered
version of xp. More generally for the Weyl-ordered version of a function f(x, p),
one can use

A dxdp dudv . . .
/= f —ZW” — e T f(x p) (11.2)

Effectively, here one is taking the Fourier transform of f (x, p) and then transforming
back with operators X, p in place of x, p. For polynomials of x and p, this leads to
the symmetrized products of the operators which are also hermitian.

There is also an inversion formula due to Wigner for (11.2). Taking the matrix
element of the operator f in an x-diagonal basis of states, the inversion formula is'

f(x,P)=/dze_i”z/h(x+%z|f|x—%z) (11.3)

In the context of geometric quantization, there is a very elegant procedure for
the function-to-operator correspondence known as the Berezin-Toeplitz quantiza-

T'we kept 2 in (11.1) and (11.3), so the reader can see how an h-expansion can be worked out.
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tion [44]. When the phase space is a complex Kéhler manifold (with complex coor-
dinates z,, Zo), we can consider the geometric quantization of a suitable £2 in the
holomorphic polarization. Let {¢);} form a basis of wave functions. Then the matrix
elements of an operator A are given in this basis as

Ajj = /duw?A(z,z) Y, (11.4)

This is the Berezin-Toeplitz quantization rule. Here A(z, z) is a function on the phase
space M, known as the contravariant symbol of the operator A.

There are a couple of questions which arise naturally in this context. The first is
about how operator products work out in relation to the classical theory [44, 45]. The
second question is about the existence of an inverse relation to (11.4) where we can
construct A(z, z) given the matrix elements A;;. We will consider these questions in
turn.

The matrix elements of the products AB of two operators A and B are given by

(AB)ij =) AuBij = f dpdp Y7 (2)A(z,2) K (2, 2) B2, 2);(2)
k

K(z,2) =) (i) (11.5)
k

The reduction of the kernel K (z, z) is what is needed to simplify this expression.

Consider, as an example, the case of the complex plane C as the phase space with
the symplectic form 2 = (i/x)dz A dz. As seen in Chap.6, a basis for the wave
functions in this case is given by

ZI’I

1, -
Py = e 2 (11.6)

5

7
K2

We can then write (11.5) as

n+m
vnlm!

n+m

W

_ntm

For the integral over 7/, 7/, taking B to be power-expandable in Z, we can write

/dudu Z”A(Z Z)e 27/ —z27— ZZ)/hB(Zf Z/)Z

dpdy 7" A(z, 2)e” EHDIR B 4+ 2, 7) (& + )™

deM/ ZnA(Z, Z)e—(zz+z/z/)/n ez/(’): [B(Z, Z/)Zm] (11.7)
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- , = g 1._ _
fd’urefzz/n P 0, [B(Z, Z/)Zm] — /efzznez 0- § ;Z/SG;B(Z, D)Z"
— s

w=0
=> ~ 0.00)° (B(z, w)z")
—~ 5! ' =0
= "% (B(z, w)z") | (11.8)
w=

In combining this with the rest of the terms in (11.7), we can use

e—ZZ/K,eh”,azau’,B(Z’ II]) — elﬁ(’j;@gye—zi/h‘efaw B(Zy 'lI})
= %% e=3/5B(z, 7 + W) (11.9)

We can now substitute this into (11.7) and and do integrations by parts to transfer
the 0, derivatives to act on A(z, 7). Notice that the factor z" is not affected by this.
This is the advantage of the holomorphic polarization. The result is

_ntm

K™ 2

vnlm!

_ f/m dpz"e %/ |:Z(—/€)S(5§A 053):| "

Z/d/M/J;k (A% B) thm (11.10)

(AB) = dpz"A(z, 2)e"%e~%5 Bz, 7 + W)Z"

w=0

s

This shows that the symbol corresponding to the product of the operators is given by
the “star-product” of the symbols for the operators, which is defined by

Ax B = Z(—K)X(a‘;A 9:B)
= AB — k0,AD:B + O(K?) (11.11)

The star-product is given by the ordinary commuting product of the functions plus
terms involving derivatives of the functions. The *-commutator takes the form

A% B—Bx A=k (0:A0.B — 0,Ad:B) + O (k%)
=1i{A, B} + O(k?) (11.12)

where we have used the definition of the Poisson bracket for the given £2 as

{A, B} = ik (0:A0.B — 0.Ad: B) + O(x%) (11.13)



110 11 Quantization Rules

In other words, the symbol corresponding to the commutator is i times the Pois-
son bracket, which is the usual and expected correspondence. (Small values of «
correspond to the semiclassical limit.)

Similar reasoning will apply to other Kéhler manifolds as well [45]. Thus for a
coset manifold of the form G/ H, the wave functions are given by

t[/l.(r) =N (r,iljlr,w) = \/_D(')(g) (11.14)

where N is the dimension of the representation r and the state |, w) is a highest weight
state chosen by the polarization condition. The matrix elements of an operator take
the form as in (11.4), and the relevant kernel for the star-product is

K(g.9) = N(r,w|g"glr, w) (11.15)

The reduction of this needed to write the star-product in a form analogousto (11.11)is
somewhat more involved. The simplest way is to use a complete set of eigenfunctions
of the Laplace operator on the manifold [46]. For the case of SU(2)/U(1) with
Q2 = —i(n/2)Tr(o3g~'dg g~'dg), for example, the star-product takes the form

A(z.3) * B(2.3) = A(2.2) B(z.2) + Y _(=D'cs (R} Az D) (R® B(Z'.2))
s=1

1
=AB+( +2)(R+A)(R B)

2
2(n+2—)(+3)( +A) (RZB)+ -- (11.16)

where Ry are the right translation operators on g, introduced in Chap. 6. The coeffi-
cients ¢y in this expansion can be recursively calculated by successive application of
the completeness relation for the eigenfunctions of the Laplacian. We see from this
equation that we obtain the Poisson bracket as the x-commutator in large n limit,
which is the semiclassical limit in this case.

Consider now the question of constructing the function (or symbol) from the
matrix elements of the operator. We will use a coset manifold of the G/ H -type (with
G and H compact) for this. The result for the case of the plane (or higher dimensional
flat spaces) can be obtained by a suitable large radius limit. Given the symmetry G,
we can consider a tensor operator which transforms according to the irreducible
representation r’ of G, i.e.,

'11)

w§ = ZFe BlgIr, ) (11.17)

For the matrix elements of such an operator, we have the Wigner-Eckart theorem,

(E)ij = (rilr oz r, j) (F) (11.18)
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where (r, i|r', a; r, j) is the Clebsch-Gordan coefficient relating the product of the
representations r’ and r to r and ((F)) is the reduced matrix element defined as

. 1 N
(F) =< 20" Bl ) (B (11.19)
i,j,3
In terms of the representation matrices for g, we have the relation
. / 1
/ (@) Di (9" D @D 9) = s B J'1r ) bl s, ) - (11.20)
Setting 3 = 0, i’ = j = w in this equation, we can write
(E) {roilr’ ar, ) 4, 0 wir, w)
=N f du(g) DL (9" DL(9) (FNDS ()
=N / du(g) D (9D, (") (F)DL (9"
_ d (r)* I (") (r)
= f ) ¥ [(EDL 0] ) (11.21)

where, in the last step, we changed the variables of integration as g — g7, and used
the definition of wave functions in (11.14). We can now define a function F,(g) by

Falg) (', 0: 7, wir, w) = DY) () (F) - (11.22)

Equation (11.21) then takes the form

/ dp(g) &7 Folg) O = (riilr s 7. j) (F)

= (F.)ij - (11.23)

We see that the matrix element of I:”a is reproduced in terms of a function F,(g),
in accordance with the Berezin-Toeplitz formula (11.4). Equation (11.22), along
with (11.18), is the required inverse relation to (11.4), constructing the contravariant
symbol in terms of the matrix elements of the operator. For a general operator, one
can first write it as a linear combination of tensor operators and the result extends by
linearity; i.e.,

F=YCooaF!" = F=) CooF! (11.24)

r,a

r,a

The existence of a function in terms of which one can write the matrix elements
of an operator is essentially the diagonal coherent state representation, originally
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proved by Sudarshan for coherent states in flat space [47]. The arguments given
above were taken from [48].

For completeness, we may note that there is another notion of a function associated
with an operator known as the covariant symbol. It is defined by

1 r r
(A) = 5 D WiAy¥ =) Dil(9) A DY) (11.25)
ij ij

This is different from the contravariant symbol in the sense that if we start from
A(z, z), construct A;; according to (11.4) and then construct (A) as in (11.25), then
(A) # A(z, z) in general. The classical limits will be the same; for example, for the
case of SU(2)/U (1),

1
(A) = A(z, 2) + terms of order — (11.26)
n

A star-product can be defined for the covariant symbols as well. The *x-commutator
will reproduce the Poisson bracket, differing from the x-commutator for the
contravariant symbols only at order 2 or at 1/n?.

There is a close connection between Berezin-Toeplitz quantization, covariant and
contravariant symbols, Landau levels for the quantum Hall effect and fuzzy spaces.
It is difficult to survey this vast field here, the articles [48, 49] and references therein
can facilitate an entrée into the large body of literature.
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Chapter 12 ®)
A Comment on the Metaplectic e
Correction

In Sect.7.1, we considered the quantization of the symplectic form 2 = idz A dz,
obtaining the standard coherent states. (In this chapter, we are setting ¥ = 1 for
convenience.) The quantum operator corresponding to 7z was also identified as zd, +
%, where the extra term % is due to the metaplectic correction. We now consider a
set of symplectic transformations which can elucidate the meaning and importance
of the metaplectic structure.
The symplectic form 2 = idz A dz is invariant under the infinitesimal transfor-
mations
1= 7 =z4+iAz+BZ, 7—>7=7—-iA7+ Bz (12.1)

where A is real. The finite version of these transformations form the Sp(1, R) group.
We can also introduce real variables (p, g) by

1 . S R
z—ﬁ(pﬂq), z—ﬁ(p iq)

for which £2 = dp A dq. This choice of coordinates would be convenient for choos-
ing real polarizations such as wave functions which only depend on ¢. The transfor-
mations (12.1) do not preserve holomorphicity and these are what help to connect

different polarizations. For example, consider for simplicity the case of A = 0. Then
differentiating f(z’, ), we find

(12.2)

0; ~ 0y + B 9y, 0 ~ 0; — Bo, (12.3)

We see that the holomorphic polarization in terms of z, z is not the same as the
holomorphic polarization in terms of z’, z’. This shows that the transformations
(12.1) help implement infinitesimal changes of polarization, which can lead to real
polarizations or polarizations which are not holomorphic. Classically, we have a
closed Poisson bracket algebra for the generators of the transformations,
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{fa, f}=—1/1B, {(fa, f3t=1f5
{fz, fB) =—2ifa (12.4)

for fu = %ZZ, fz = —(i/2)z%, f3 = (i/2)7>. This is the algebra of Sp(1, R).

In going to the quantum theory, since we need to have the facility of changing
polarizations, the unitary implementation of (12.1) is important. The operators cor-
responding to Z, z are the annihilation and creation operators a, a', respectively, with
[a,a’] = 1. In the holomorphic polarization, this corresponds to the identification

i—a' =z Toa=—, (12.5)

9z

so that the quantum version of zZ without the metaplectic correction is a'a.
However, the quantum version of fpz = —(i/2)z%, f3 = (i/2)z? are unambigu-
ously given by the prequantum operators as

Fp=—1a®, A (12.6)

Their commutator is given by

- 1
/3. 8] = <aTa + E) =2[L@la+ 1]
=2/ (12.7)

We see that the closure of the algebra and the quantum implementation of (12.6)
requires us to identify fA = %[aTa + %] as the quantum generator of the A-type
transformations. In other words, we should have zz — (a'a + %). The essence of
the metaplectic correction is thus the quantum realization of the Sp(1, R).

Notice that while the quantum operator corresponding to 7z is identified as a’a +
%, there is no statement about whether one should use this operator for a Hamiltonian.
We bring up this point because, sometimes in the literature, one finds the statement
that the half-form quantization is needed as it leads to the “correct” quantization
which should have the zero-point energy if one applies this to the harmonic oscillator
(for which the classical Hamiltonian is zz). This statement certainly needs some
clarification. The classical Hamiltonian for the oscillator is zz + C for any constant
C, so the question of zero-point energy is completely different. To sharpen this point,
consider the free relativistic scalar field which can be considered as a collection of
harmonic oscillators. In fact, for scalar fields in a cubical box of volume V with
periodic boundary conditions, we can use the mode expansion

G00) =) Ziur(x) + Zy ui (x)
k
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P(x) =m(x) = Y (—iwp) (Zi ux(x) = Zy uj (x))
k

1 "
= ——¢ "7, =Vk? 2 12.8
ug (x) oV e wp =Vk*+m (12.8)

The phase space degrees of freedom correspond to (Z, Zi). From the action of a
free scalar field, we find the symplectic structure and classical Hamiltonian as

2=i[[dz rdZ. H=Y wZiZ+C (12.9)
k k

Classically, this is indeed a collection of harmonic oscillators. However, in quantizing
this, keeping any nonzero value for the zero-point energy is the wrong thing to do.
For this problem, we want to obtain a unitary realization of the Poincaré group. One
of the commutation rules for this group is

[P, K;j1=i68; H (12.10)

where P; is the momentum operator and K; is the Lorentz boost generator. The
Lorentz invariance of the vacuum (in the limit of V' — o0) requires K;|0) = 0. As
a result, we must have (O] H |0) = 0 (upon taking the expectation value of (12.10)),
showing that the quantization we need should have no zero-point energy. The correct
thing to do is thus to define a renormalized form of the quantum Hamiltonian which
has no zero point energy.

Notice that the generators of the symplectic transformations discussed earlier
do have the extra metaplectic correction, but the choice of the Hamiltonian (and how it
should represented as an operator) is determined by imposing desirable symmetries,
the Lorentz invariance of the vacuum in the present context. More explicitly, the
relevant algebraic relations for the symplectic transformations are

larar, a)all = Sala) + 8ralar + Sisa)a + Si5a) ar + (Sisdiy + 8r815)  (12.11)

One does realize this algebra unitarily on the Fock space of the theory. (The finite
transformations corresponding (12.11) are also what are used to generate squeezed
states in quantum optics.) The Hamiltonian however is one of the generators of the
Poincaré algebra, givenby H = ) & Ok aZak (with no term corresponding to the zero-
point energy) and P, = ), k; a,l'ak. For some recent work in relating the metaplectic
correction to coherent state path integrals, see [50].
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Solutions to Problems

Problem 2.1 Derive Eq. (2.18) from the definition of Poisson brackets.

Solution:

icinip(d2) = "1 0" (0a$2) + 048200 + 0,R20,)

=& p” [c’)a(n"Q,,,,,) - (&m”)QW] + cyclicperm.
—£70,(p"0ag) — 1" 0,(§"Oph) — p*0u (" 0y f)
{f.{g, h}} +{g. {h, F}}+{h {f g}}

Problem 5.1 For a particle moving on a circle with coordinate 8, df/(2m) is an
element of 7' (M). Consider the action

S:/dl [%92+%é]

Obtain the energy eigenvalues to show how they depend on the vacuum angle «.

Solution: The solution is straightforward, the eigenvalues are labeled by an integer
n, with E, = 1(n — (a/2m))>.

Problem 6.1 Find the spin connection and curvature and its integral for S2.
Solution: With no torsion, the spin connection w* is defined by de® + w’ e’ = 0
From (6.15), we get
wh =2xe? -2y, W =-u,
R12=(dw+ww)é=4elez, /R12:47r

Problem 6.2 Carry out the infinitesimal transformations generated by the vector fields
&4, & given in (6.27) and show that they are isometries of S2.
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Solution: The metric is given by ds? = dzdz/(1 + zZ)?. The vector field &, corre-
sponds to z — z + iez%, 7 — 7 + ie. The change in the metric is

d(z + iez>)d(Z + i¢) ] dzdz . _ dzdz
2 = i ~ ds?+ 2iez——— —2iez(1 + 27) ———
(1 + (z + 122 1 i) CAg o A+

~ ds?

Thus &, is an isometry; so is £_ since it is the conjugate and ds? is real. Further
[€4, -] = 2i&3, so0 &3 is also an isometry.

Problem 6.3 Identify the generators of left translations of g in £2 of (6.47).
Solution: With V as the generator of left translations of the form Vg = fg,

n _ _ _ _ .n _
iv§2 = —i5Tr[os(g" 099~ 'dg — g~ 'dg g~ '0g] = —iZdTr(o39™'0g)
n
=—d(Qut"),  Qu=3Tr(o39" tug)

Problem 6.4 Consider the geometric quantization of the hyperboloidal space
SL(2,R)/U(1). The canonical two-form is given by

dz Adz
Q=21
(1 —z2)?
This applies to the region zZ < 1. Show that V, = iz, —i0:, V_ = —iz?0: +i0,,

V3 = iz0, — iz0; are Hamiltonian vector fields. Identify the nature of the wave func-
tions, the inner product in the holomorphic polarization and the operators corre-
sponding to Vi, Vj.

Solution: The wave functions are of the form 1) = Ne X/2 f(z), where the Kihler
potential is K = —2Alog(1 — zz), with the inner product

f1*f2

(1 —zz)>2*

1
(112) = —,de/\dz
27i
The operators corresponding to V., V3 are given by

i f=@0.+20f, I f=08.f Jf=@+Nf

This should give the discrete series of representations of SL(2, R) bounded below.
Problem 7.1 Calculate £2(AY9) — £2(A) for finite transformations, i.e., obtain (7.37).

Solution: With § denoting the exterior derivative along the gauge directions, §AY =
g[6A + Dv]g™', with Dv = dv + Av + vA, v = g~ 'dg, and

k
R(A%) - Q2(A) = . f Tr (JADv + DvSA + DvDv)
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féADv:—f(DcM)v:/éFv, /Dva:/szvzfv(Fv—vF)

It should be kept in mind that § and d anticommute. This gives
k 5 k
(A% — 2(A) = — | Tr[(2Q0Fv) + vFv— v F]=0— | Tr(vF)
41 27

Problem 7.2 Derive the Polyakov-Wiegmann identity given in (7.54).

Solution: Straightforward expansion using (Kh)~'d(Kh) = h'K~'dK h + h~'dh
will give the result.

Problem 7.3 The WZW action can be quantized as a 1+1 dimensional field theory in
its own right. In lightcone coordinates u = (t — x)/ ﬁ, v=_(4+x)/ «/5, the action
is

k
S= ——/Tr(augg“ 299™") + Twz
47

Identify the canonical two-form. Show that left translations of g, i.e., g — (1 +
(—it,0%))g are generated by J = (k/4m)(0, gg~")*. Obtain also the commutation
rules

k
L0), T = 1,0 x @) — i f 0,6
T

Solution: From the general formula for the canonical one-form A4 given in (3.7), the
canonical two-form should be

k
2= yy / dv Tr [£0,€ + 2528Ugg_1] ., E=0dgg!

It is easy to check that J,, is the generator of left translations and the Poisson bracket
then follows from the general formula (2.11).

Problem 8.1 Calculate [ A] for the instanton in (8.13), (8.14).

Solution: For the given A, p — 0asxy — —00,p — f(r)asxs — 00.ThusA — 0
asxy — —ooand A - —dUU ! as x4 — 00, where

i

U=¢"+ioid #° = cos f ¢i_x—Sinf f(r)——,L
= iQ, == ’ _V ’ - r2+a2

The instanton number is simplified as
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4_
[A] ! fT AdA 4+ 24° o ! fT duuty?
= —— T — = ——F I
v 872 37 )T 24
= Q[U]
We also find dUU ™! = —io; [(¢'d¢° — d¢¢°) — €;jxdd’ ¢*] so that

Tr@UU™") =Tr [dUU'd@UU™")] = 6(sin® f) df €% df/ d2*

011 =575 [ Gin f)df sinddbdy =~ 1£0) = f(o0)] = 1
27 T

Problem 9.1 Obtain the Landau levels for electrons in a uniform Abelian magnetic
field on CP? and show that the lowest level wave functions agree with (6.70).

Solution: Since CP? = SU(3)/ U (2), the curvatures take values in the Lie algebra
of U(2) ~ SU(2) x U(1) and are constant in the tangent frame basis. A uniform
Abelian magnetic field can be taken to be proportional to the U (1) curvature, so the
one-particle wave functions obey

n
Ryp = ———

/3

using the notation from Chap. 6. The solutions are given by

Y, Rip=0, i=123,

D) 8D = N(T 0 5 [ 9| T53)
where we use the tensor notation T;f ';2;7’ to denote SU (3) representations. (The
indices {3} correspond to fundamental representation and {«} to the conjugate.) Here
p — q = n and the lowest Landau level has g = 0. The energy eigenvalues are

1 1 n?
E=— (RuR,+ R Ry) = c )
4mr2( +iR_i + R_iRy;) 2 |: 2(q +n.q) 3]

1
=52 @gtn+2)+n

C, denotes the quadratic Casimir invariant for SU (3). For the lowest Landau level,
g =0, we get R,7) = 0, and it is easy to check that the wave functions agree with
(6.70). For more information, see [13].

Problem 10.1 Write the Wilson line for an SU (2) gauge field as a path integral.

Solution: Parametrize the curve C as x*(7), x*(1) = x*, x*(0) =y*, 0 <7 < 1.
With A“ = Afx", we do the slicing of the T-interval into segments of length 7; —
Ti_1 = €, so that the Wilson line is
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1
W(C) = [Pexp (i / faAadT)] = [eleA" v e AT i) ]
0

Insert completeness relations for the coherent states and use (z'|z) & (n + 1)e™A°
(Z1talz) ~ Qav 7' =z + €z, to write

(2/le"A"|2) & (n + 1)el] A+ QuAdr (12.12)

This leads to the path-integral expression

Wi (C) = | [Dz] ¥} (2) €55 4y (2)

0 .
S(z,7) = 1§/d7-Tr [039_1 (8_i + A ~xg>:| (12.13)

(n+ Dd’z
[Del = 7r<1+zNzN)2 H @reR(1 + 2:2:)2

with N — 00, e — 0 as usual.

Problem 10.2 The dynamics of a particle moving on Anti-de Sitter space in 4+1
dimensions (= SO (4, 2)/S0 (4, 1)) can be described by the co-adjoint orbit action

.mR _1- S1 1. 52 1.
S=[dt —ITTr(%g 9+ 3Tr(7mg 9+ ETr(%vs 99

where v, u =0, 1, 2, 3, 5, are the usual Dirac matrices and sy, s, label the two spins
needed since SO (4) is of rank 2. The group element may be parametrized as

_ (V7 X/Vz 0 B A
_<O 1)z A, X=x —@-X, A=e "

Identify the analog of (10.46) for this case and formulate fluid dynamics for mass
and spin flows on AdSs.

Solution: This will be left as a challenge problem.
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